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Abstract

Current solar neutrino experiments indicate the possibility of neutrino oscillations
ve — v, or v,. These flavour oscillations should either be confirmed or refuted by
the Subdury Neutrino Observatory (SNO), a 1,000 ton heavy water Cherenkov detector
presently under construction. This detector should measure the 8B v, flux and energy
spectrum via a pure charge current reaction, and independently the 8B total v flux via
a pure neutral current reaction. The experiment is thus self-normalizing and does not
rely on the predictions of solar models to search for oscillations.

Light reflecting concentrators have been developed for SNO and will be fitted to
each of the 9,500 photomultipliers in the detector. These concentrators will enhance the
light collection from the heavy water volume by a factor of at least 1.6, improving the
energy resolution and the statistical component of the vertex reconstruction accuracy
by a factor of 1.3, and also suppressing the high energy tail of the dominant low energy
background events by an order of magnitude.

The real and imaginary parts of the complex refractive index, # = n + ik, and the
thickness, d, of the K,CsSb photocathode (used in SNO) have been reliably determined
(n=27,k=15,d=23 nm) from a measurement at 442 nm of the angular dependence
of the reflectivity of an EMI 9124 photomultiplier immersed in water. A reanalysis of
previous measurements of other optical properties of this photocathode has established
the wavelength dependence of n and k in the 390 to 800 nm range. From the three
parameters n, k and d one can calculate the optical properties (reflectivity, transmissivity
and absorptivity) of this photocathode as a function of the angle of incidence at the
photomultiplier window and for a given refractive index of the medium in contact with
the window.

The theory of light concentration onto 3D flat absorbers and 2D curved absorbers has
been extended to the case of 3D curved absorbers (the near-hemispherical photocathodes
of large photomultipliers). For cylindricaly symmetric concentrators with flat entrance
apertures, it is found that the Liouville theorem imposes a more stringent limit on the
3D case of a curved photocathode than on the corresponding 2D case of the 2D cross-
section of the photocathode. Moreover, conservation of angular momentum imposes
an even more stringent limit on the 3D case of a curved photocathode than either of
these Liouville limits. Together, these three limits effectively specify the theoretical
performance of concentrators for 3D curved photocathodes.

The performance of such concentrators has been measured both in air and in wa-
ter and is found to be consistent with the expected theoretical performance, including
the optical properties of the K,CsSb photocathode derived from the parametrization
discussed above. Two manufacturing methods have been identified for producing 9,500
concentrators which according to accelerated ageing tests should not degrade after 10
years continuous immersion in high purity water.
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Chapter 1

Solar Neutrinos

1.1 Introduction

Nuclear fusion provides the energy source which sustains the Sun’s luminosity and keeps
it from collapsing under gravity. Most of this energy is produced by the proton-proton
(pp) chain of reactions (see Figure 1.1) with a small contribution (~ 1.5%) from the CNO
cycle. Every termination of the pp chain (and also the CNO cycle) can be represented

by the exothermic process
4p + 2¢” — a + 2v. + 47, Q = 27.7MeV (1.1)

which is the sum of several reactions, including beta+ decay and electron capture reac-
tions which produce electron neutrinos. On average, very little of the kinetic energy is
carried away by the neutrinos and hence the overall rate of terminations in the Sun is
directly proportional to the Sun’s luminosity. The integrated flux of solar neutrinos at

the Earth can thus be approximated by

_Lg 1
¢(ve) = T3Mev * 37 D?

= 6.6 x 10'° v, /cm?/sec (1.2)

where ‘Lg is the solar Juminosity (3.86 % 0.004 x 103 erg/sec) and D is the Sun-Earth
distance (1.5 x 10" m). However the individual fluxes from the different neutrino pro-
ducing reactions in the sun can only be predicted by modelling the sun in painstaking

detail.
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Figure 1.1: The Proton-Proton chain [6].

The long-standing discrepancy between the measured v, capture rate in 3’Cl [1] and
the predicted rates from solar models, and the more recent results from Kamiokande-
I1 [2] and SAGE [3] indicate that neutrino oscillations could be taking place. These
experiments, which are sensitive only to electron neutrinos!, seem to detect fewer neu-
trinos than are predicted by solar models. The neutrino oscillation hypothesis is that the
‘missing’ neutrinos have oscillated into different flavour neutrinos which are not detected.

Another hypothesis, first proposed by Cisneros [4], is that the left handed v.’s are
spin flipped into sterile right handed neutrinos by the interaction of their magnetic
moment with the magnetic field of the Sun. The magnitude of the neutrino magnetic
moment required for producing a significant probability of spin flip (0.3-1.0 x10™*°up)
is just inside the existing experimental limit (< 2 x 1071%p [5]). However, these values

are many orders of magnitude greater than typical theoretical values obtained from

1Except Kamiokande-11 which is about 1/6th as sensitive to v,’s or ¥.’s as it is to v.’s.



calculations with relatively conventional models and so the spin flip hypothesis is not
as appealing as the oscillation hypothesis. Nevertheless if either of these hypotheses
is shown to be actually correct then the Sun will have provided a clue as to what lies
beyond the standard model.

In this chapter the assumptions of solar models will be briefly reviewed, with emphasis
on the limitations of the models and how these affect the predicted neutrino fluxes.
Then the possible signatures of neutrino oscillations in solar neutrino experiments will
be examined. In the light of these considerations, the three results from current solar
neutrino experiments will be discussed. Finally, the outlook for the next generation of

solar neutrino experiments and what might be learned from them will be summarized.

1.2 Solar Models

Several groups [6], [7], [8], [9], [10], [11] and [12] have developed codes which model the
Sun in sufficient detail to make quantitative predictions of the solar neutrino spectrum.
Most of these groups predict a neutrino spectrum which is very similar to that of (6]
(Figure 1.2) but one group [7) predicts a significantly lower flux for the high energy ®B
neutrinos which dominate most solar neutrino experiments. Throughout this chapter we
will refer to [6] as representative of the majority and to [7] as the lowest prediction (for
the high energy neutrinos). The underlying assumptions of all of the above models can

be summarized as follows:

1. Hydrostatic Equilibrium: Gravitational attraction is balanced by particle and

radiation pressures.

2. Energy Transport: Energy is transported by photon diffusion or, if the classical

- Schwarzchild criterion is satisfied, by convection. This results in a large central re-
gion dominated by photon diffusion with a convective zone near the surface. Hence

the calculated radiative opacity as a function of temperature, density and elemen-

tal abundances plays a major role in the models as it determines the temperature

profile in the central region of the Sun where the fusion reactions take place.
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3. Energy Generation: Energy is generated locally by the nuclear fusion reactions
of the pp chain and the CNO cycle with a very small contribution from gravitational
effects. The rates of these fusion reactions are calculated by averaging the energy
dependent cross-sections

S(E)
E

o(E)= exp(—2%Z,Z2¢% [ hv) (1.3)

over Maxwell-Boltzmann velocity distributions. The exponential quantity in the
above equation is known as the Gamow penetration factor (barrier tunneling)
where v is the relative velocity of the interacting nuclei with atomic numbers Z; and
Z,. At the temperatures of the solar interior the product of the exponential Gamow
factor and the exponential factor from the Maxwell-Boltzmann distribution peaks
relatively sharply at around 10 KeV. The value of S(E) at these low energies is

taken to be equal to the zero energy s-factor, So.

4. Elemental Abundances: The Sun began as a homogenous mixture with the
same relative abundances of ‘heavy elements’ (above helium) and the same ratio
of hydrogen abundance to the total abundance of heavy elements as is presently
measured on the surface. The initial abundance ratio of hydrogen to helium is
a free parameter of the model. Elemental abundances evolve through the energy

generating nuclear reactions, by convective mixing and (in some cases) by diffusion.

The solution to the system of coupled nonlinear differential equations which em-
body the above assumptions is evolved in an iterative fashion up to the present age
of the Sun (4.55 x 10° years). The model is then compared to the Sun’s measurable
parameters: radius and luminosity; the mass being already fixed (no mass-loss). The
free input parameters of the model (the initial hydrogen to helium abundance ratio and
a';nother entropy-like parameter) are adjusted, and the iterative evolution repeated, until
satisfaﬁtpry agreement with the present radius and luminosity is obtained.

The model can then be used to predict the present radial distribution of physical
variables: temperature, pressure, density and elemental abundances, the spectrum of

acoustic waves and the neutrino spectrum. Table 1.1 shows the predicted neutrino
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Figure 1.2: Predicted solar neutrino spectrum from [6]. The neutrino fluxes from
continuum sources are given in units of number per cm? per second per MeV at one
astronomical unit (the average Sun-Earth distance) and the line sources are given in
units of number per cm? per second. The spectra from the pp chain are drawn in solid
lines and the CNO spectra are drawn in dotted lines.

fluxes, for the different neutrino producing reactions in the Sun, from [6] and [7]. From
the point of view of solar neutrino experiments, the pp, "Be and ®B neutrinos dominate
the solar neutrino spectrum (see Figure 1.2). They contribute nearly all of the event
rates in current or planned detectors. In the predictions of their fluxes, Bahcall & Ulrich
[6] quote errors which they call the ‘total theoretical range’. These are roughly equivalent
to three sigma errors and throughout this work they will be divided by three in order
to facilitate the comparison with the calculations of Turck-Chieze et al. (7] and with
measurements which are all presented in standard one sigma notation.

There are three major sources of uncertainty in the predicted neutrino fluxes from

solar models:

1. The assumed initial abundance ratio of hydrogen to heavy elements which is de-
duced from spectroscopic measurements of the Sun’s surface and chemical analyses

of meteorites. This ratio has a strong effect on the opacity as a result of the dis-



Neutrino Source | Bahcall & Ulrich [6]  Turck-Chieze et al. [7]
PP 6.0(1 £ 0.007) 5.98(1 0.03)
pep 1.40 x 1072(1 £ 0.017) 1.30 x 102
hep 7.6 x 1077 n.a.
"Be 4.7 x 1071(1 £ 0.05) 4.18 x 107!
8B 58 x 10-4(1+£0.12) 3.8x 1074(1.0+ 0.29)
13N 6.1 x 1072(1£0.17) n.a.
150 5.2 x 107%(1£0.19) n.a.
17F 5.2 x 1074(1 £ 0.15) n.a.

Table 1.1: Predicted neutrino fluxes at the Earth (in units of 10'° cm=2s~!) from the
different neutrino producing reactions in the Sun.

proportionate influence of the heavy elements which contribute about 40% of the

inner core opacity.

2. The actual calculation of opacity, for a given elemental abundance, which is an

extremely complex calculation.

3. The So values for the 'H(p,e*v.)?H, 3He(3He,2p)*He, *He(*He,y)"Be and "Be(p,7)°B
reactions. The latter three are ertrapolated from measurements at higher energies
(~ MeV’s) where the Gamow penetration factor is not dominant. In particu-
lar the "Be(p,7)®B cross-section is notoriously difficult to measure because of the

radioactivity of the target.

All of these uncertainties translate into uncertainties in the ‘branching ratios’ of
the pp chain (Figure 1.1) which are directly proportional to the relative fluxes of the
different neutrino types. In particular the ¢("Be)/y(®B) flux ratio is extremely sensitive
to the temperature in the solar core as the "Be(p,v)®B reaction rate is a strong function of
temperature (through the Gamow penetration factor) whereas the "Be(e, v)"Li reaction
rate is-only weakly dependent on temperature. Bahcall [13] estimates, from analysing
the ou’tp'ut of 1000 different solar models where small changes are made to the input
parameters, that the temperature dependence of the three major neutrino fluxes can

be represented by a power law, ¢ = T#, where f is —1.2 for pp neutrinos, 8 for "Be



neutrinos and 18 for 8B neutrinos. Thus the B flux is the least certain of these three
fluxes. The 7Be flux is less sensitive to the uncertainties of solar models and the pp
flux is well constrained — essentially by the luminosity. It should be pointed out that
when the different solar models are corrected for different input parameters their 8B flux
predictions all agree (within errors).

So far, only the so-called ‘standard solar models’ have been considered, where the
physical assumptions and input parameters of the model are all generally accepted.
There exist many other ‘non-standard solar models’ where one or more of these as-
sumptions or parameters is changed in an ad hoc fashion which is contrary to current
knowledge. These models have mostly been invented with the aim of lowering the tem-
perature in the Sun’s core and hence decreasing the expected ®B and "Be fluxes to
accommodate the measured capture rate in 37Cl. They have not gained general accep-
tance and have recently become disfavoured by results from helioseismology [14] (the

spectrum of acoustic waves) which favour the standard solar models.

1.3 Neutrino Oscillations

Pontecorvo [15) [16] was the first to suggest that the electron neutrinos produced in
the Sun might be oscillating into different flavour neutrinos along their voyage to the
Earth. However, in the vacuum oscillations which were proposed, the three neutrino
flavours would have to be maximally mixed in order to account for the factor of three
suppression measured in 37C], and this seems unnatural. In 1987, Mikheyev & Smirnov
[17) [18], following the theoretical framework of Wolfenstein [19] [20], proposed a beautiful
mechanism (now called the MSW effect) in which very large suppressions are more
natural. This has given new impetus to the search for neutrino oscillations in the Sun.
I;\ this chapter the essential features of this MSW effect will be reviewed, starting with

the vacuum oscillations which form the basis of the theory.



1.8.1 Vacuum Oscillations

To simplify the discussion we will consider just two Dirac neutrinos |v.) and |v;) of
equal momentum and of which at least one is massive. These flavour eigenstates of the
weak interaction are not necessarily equal to the mass eigenstates |v,) and |1p) which
propagate in the vacuum (for example, the quark eigenstates of the weak and strong
interactions are not the same but are related to each other by the famous CKM matrix
[21]). A mixing angle 6, (< 7/4 by convention) describes the transformation from one

basis to the other:

|ve)
|vz)

cos b, |vy) + sin 6, |v;)

—sin8,|v;) + cos b,|v). (1.4)

As a function of time (or distance travelled) an arbitrary neutrino state vector |¢(t)) can

be expressed in either basis by

(1)) = ce(t)|ve) + cz(1)lvz)

= a(t)n) + (1)) (1.5)

The time development of this neutrino, in the vacuum, is governed by the Schrodinger

equation:
i% a(t) _ E, 0 c(t) (1.6)
c(1) 0 E; c(t)
where the energy eigenvalues are given by
m?
E = p7+m?§p+-2—}‘; (1.7)

assuming that m <« p, the ultrarelativistic limit (natural units are used throughout

the discussion of vacuum and MSW oscillations). The solutions of this equation are
e1(t) = ¢3(0)e~*Ert and ¢;(t) = c2(0)e B3t

| If the.state att = 0is v, i.e. c;(0) = cos, and c2(0) = sinb,, then the state at a

later time ¢ is given by
[v(1)) = cosB e~ E !y 4 sin By~ Eat|u,y), (1.8)
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The probability that this state is still v, at time (or at a distance L = ct) is given by
P(ve = ve) = |(velv(t))|* = 1 — sin 20, sin®(7L/Ly) (1.9)

where Ly = 27 /|E; — Ey| = 4np/Am? is the vacuum oscillation length? and Am? =

|m2 — m2|. Similarly, the probability of oscillation into the state |v;) is given by
P(ve = vz) = |(v=lv(1))]* = sin® 26, sin*(7L/Ly). (1.10)

It is more convenient to rewrite the distance-dependent dimensionless argument of the

sine function as follows:

7L _ n (1MeV> Am? ( L )
T =19 10 T ~7 ) \Tau (1.11)

where 1 AU is the average Sun-Earth distance. For most parameters of interest (Am? >

5 x 10-1%V?) this dimensionless argument will run through many factors of 27 when
averaging over the beta-decay spectrum of most solar neutrinos (but not of course for
the line spectra of electron capture neutrinos). Thus the sin?(wL/L,) factor in the oscil-
lation probability averages out to 0.5. Thereisa small parameter space (2 X 10~12eV? <
Am? < 5 x 10~1%V?) where some ‘fine tuning’ is possible and the averaged sin?(wL/L,)
factor can be greater than 0.5. Thus the signature of vacuum oscillations in a solar neu-
trino experiment is a reduction in the |ve) flux, by a factor (1 - 0.5 sin? 26, ), without
distorting the energy spectrum, except in the case of fine tuning where the energy de-
pendent oscillation term can cause pronounced distortions in the v, spectrum.

The v,'s into which the ve’s oscillate are most likely to be v, or v;. Other sterile
neutrinos have been postulated but this seems unlikely. Thus the flavour independent
flux measured by a pure neutral current interaction would be unaffected by oscillations.
This provides a way for searching for oscillations which is independent from solar models.

The measured v, flux from a charge current interaction is normalised to an independent

"‘Strictl.y speaking, this derivation of the vacuum length is incorrect since the assumption that the two
different mass eigenstates have the same momenta violates conservation of energy and linear momentum
in the, say, electron capture reaction which produces the neutrino. However, a more rigorous derivation
(22] which includes the phase difference expli(p; = p2)z) and in which the vacuum length is given by

L, = 2x/|p2 = pr = E2 + Ei| produces the same result.



measurement of the total v flux from a neutral current interaction. This method is very
attractive given the inherent uncertainties in solar model flux predictions, particularly

for B neutrinos.

1.3.2 Matter Oscillations

When neutrinos propagate through matter an extra term is introduced in the Hamilto-
nian which determines the time development of the neutrino state vector. This term,
which was first derived by Wolfenstein [19], arises from the coherent forward scattering
of neutrinos through their charged current and neutral current interactions with elec-
trons. In the flavour basis the neutral current component of this term is proportional to
the identity matrix (all neutrinos scatter equally) and the charged current component
is given by v2GFn.|ve)(ve| (only v.’s scatter ofl electrons by W exchange) where GF is
the Fermi coupling constant and and n, is the number density of electrons.

After rewriting (1.6) in the flavour basis and inserting this interaction term, the

propagation through matter of an arbitrary neutrino state is given by

ce(t 2 210 ce(t
i% O 1”-‘-:—'32 ) + (1.12)
cz(1) P 01 cz(1)
. —-Am? cos 20, + V2Grn.p Am?sin 26, ce(t)
s
g Am?sin 26, Am? cos 26, — V2GFn.p c:(1)

where another term proportional to the identity matrix which contains the neutrino’s
momentum and neutral current interaction has been discarded since it only contributes
an overall phase which does not affect oscillation probability amplitudes. The (m? +
m3)/4p term which is also proportional to the identity matrix has been included to
help illustrate the physical interpretation of this equation [23]. In this equation Am? =
m3 — m? so that it can be either positive or negative depending on which neutrino state
is hea{rie.r.

The eigenfunctions, |v1m) and |v2m), of this Hamiltonian are called the matter mass

10



eigenstates and are related to the flavour states through the matter mixing angle 6m:

lve) = cosbm|vim) + sin O |Vom)
lv,) =-— sin Om|vim) + cos O |V2m) (1.13)
where 6y, is given by
2 .
sin 20 = Am? sin 20, - (1.14)
[(Am"’ cos 20, — V2GFn.p)? + (Am?sin 29v)2]
and the matter oscillation length, Ly, is given by
27 47p
L = 7 (1.15)

" E - B [(Am2 cos 20, — V2Grn.p)? + (Am?sin 28v)2] /
in analogy with the vacuum oscillation length. The eigenvalues of the two matter eigen-
states are given by
my 1 2. 2 1 2 2 2 2]1/?
—2—5 = -4—p(m, +my+ V2Grn.p) £ 27: [(Am cos 26, — V2Grn.p)® + (Am*sin 26,) ]
(1.16)
where the plus sign corresponds to |vom) and the negative sign to |Vim). They are shown
in Figure 1.3 as a function of electron density, assuming that m3 > m3. At resonance,
defined by the condition Am?cos26, = V2GFn.p, the energy diﬂ'erence'between the
two eigenstates reaches a minimum of Am?sin?6, /2p. Notice that resonance can only
occur if m3 > mi.
In a medium of constant electron density the neutrino mass eigenstates |vim) and
|vam) propagate with the different phases given by the above eigenstates, just as the

vacuum mass eigenstates |v;) and |v2) propagate in the vacuum. For such a medium of

constant density there are three regions of interest:

1. Well below resonance (\/§Gpn,p & Am,cos26,) where the matter mixing angle
and matter oscillation length are very close to their vacuum values and hence

P(ve — vz) = sin? 26, sin?(xL/L,) as before.

9. At resonance (Am?cos26, = V2GEn.p) where O (res) = = /4 and Lpy(res) =
L,/sin 26, so that P(ve — v;) = sin®[rL sin(26,)/ L) which typically yields 0.5

when averaged over the neutrino energy spectrum.
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Figure 1.3: The matter mass eigenstates |/;m) and vam) are shown as a function of
electron number density, n., for the case m§ > mi.

3. Far above resonance (\@Gpn,p > Amjcos26,) where 6, = 7/2 and the matter
oscillation length is much smaller than the vacuum oscillation length. In this case
the oscillation probability can be written P(ve = vz) = (Lm/Ly)? 5in? 26, sin?(nL/Ly,)

where the factor (Lm/L,)? is considerably suppressing oscillations.

The full power of matter oscillations only emerges when one considers a medium of
varying electron density. Mikheyev & Smirnov [17] were the first to realise the signifi-
cance of matter oscillations in the case of the slowly varying electron density of the solar
interior. Let us rewrite the resonance condition in terms of the electron density required

for resonance

Am? cos 26, Am? 10 MeV?
= ———— ~ 66N 6, . .
n.(res) 2V3Gr E 66N 4 cos?2 (10_‘ eVz) ( 3 ) (1.17)

Now if the energy of the neutrino, E, and the parameter Am? are such that the electron
density at the center of the Sun is larger than the resonance density, i.e. E/Am? >
5MeV/10~4eV2, then the |v.) produced in the center of the Sun will be predominantly
in the |13y ) state since 6, = 7 /2 at these densities. As this neutrino travels out of the
Sun it s;/ili pass through a medium in which the electron density decreases exponentially
over approximately four orders of magnitude. At some point it will pass through a region

where the electron density is equal to the resonance density for this neutrino (see Figure
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1.3). If in this region the electron density is changing sufficiently slowly (the adiabatic
condition) then the wavefunction has sufficient time to follow the rapidly rotating mass
eigenstate |Vzm) and the probability of ‘level jumping’, i.e. the transition from one mass
eigenstate to the other, is negligible. Thus the neutrino emerges from the Sun in the
|V2m) state which in the vacuum is mostly |vz) (for small 6).

Mathematically the adiabatic condition is prescribed by requiring the physical width
of the resonance, Ar, to be larger than the matter oscillation length at resonance,
Lp(res). The physical width of the resonance is defined as the distance Ar over which
the change in electron density causes the eigenvalues to separate by an amount equal to

the intrinsic energy difference at resonance, i.e.

dn.

\/-Q-GFAT
dr

= Am?sin 26, /2E. (1.18)

res

In the non-adiabatic regime, when Ar = Lpy(res), the probability of jumping from
one mass eigenstate to another can be calculated using an approximation developed by

Landau and by Zener, (see for example [24]). The result can be written

xAm?sin? 26, n, x2 Ar
Fiump = exp | = 4F cos 26, (ldn,/drl) = exp "2 L(res) | (1.19)
res

from which it is clear that Pjymp — 0 in the adiabatic limit of Ar > Lpy(res).

Assuming that the |v.) produced in the Sun is initially in the |vom) state, i.e. E/Am?
is greater than the critical value 5 MeV/10~4eV?, then the probability that this neutrino

will emerge from the Sun as |v.) is given by
P(ve — ve) = [(velv(t))|? 2 sin’ 6y + Pump(E) cos 26y (1.20)

where the sin? 6, term represents the |v.) component of a |V2m) state which has emerged
into the vacuum without jumping. This equation is valid for both the adiabatic and
non-adiabatic regimes.

The effect of matter oscillations on the solar neutrino spectrum is shown in Figure
1.4 where the probability P(v, — v.) is plotted as a function of p/ Am? for two values of
sin226,. If p/Am? is smaller than the critical value (5MeV/10-4eV?) then the electron

density required for resonance, n.(res), is greater than the electron density at the center
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Figure 1.4: Probability P(v. — v.) that an electron neutrino created in the center of
the Sun reaches the Earth in the |v.) state, as a function of p/Am? for two given values
of sin?26,.

PROBABILITY AT EARTH P(y,>v,)
o

of the Sun and so the neutrinos do not pass through resonance as they emerge from
the Sun and so cannot be converted (apart from vacuum oscillations). Conversely, if
p/Am? is greater than the critical value then the neutrinos necessarily pass through
resonance. Let us first consider the behaviour of the sin®26, = 0.1 case. Aln this case
the adiabatic condition, Ar > Lp(res), is easily fulfilled for neutrinos with energies
just above the critical value. As p/Am? increases from the critical value the quantity
Ar /L (res) decreases (proportionally) until it reaches unity (the non-adiabatic regime)
and the probability of level jumping, given by (1.19), becomes non-negligible. As p/Am?
increases further, Ar/Ly(res) continues to decrease and Pjump increases exponentially
towards unity. If sin?26, is an order of magnitude smaller (the other case presented in
Figure 1.4) then the quantity Ar/Lpy(res) is decreased everywhere by a factor of ten
and the non-adiabatic regime is shifted down a decade to lower energies. This narrows
. the ene;g)' range over which the adiabatic condition is fulfilled. Nevertheless even if
sin?26, = 0.001 there is still a narrow energy window in which |v.)’s can be totally

converted to |v;)’s.
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Thus the signatures of the MSW effect in solar neutrino experiments would be an
overall reduction of the v, signal and (possibly) a distortion of the v, energy spectrum
with respect to the parent beta-decay shapes and the relative strengths of the different
solar neutrino sources. Many different reduction factors and distortions are possible
according to the values of sin? 26, and Am?, i.e. how the solar neutrino spectrum which
spans about two decades (0.2-20 MeV) is related to the oscillation probability spectrum
shown in Figure 1.4. The range in Am? over which the two spectra overlap (10-7eV2 <
Am? < 10~4eV? for sin? 26, = 0.1) is inaccessible to terrestrial experiments and is made
plausible by some grand unified theories which predict neutrino masses of the order 103
eV.

The same technique of normalizing a measured v, flux to an independent neutral
current measurement as discussed for vacuum oscillations is equally applicable and at-

tractive here.

1.4 The % Cl Experiment

The 37Cl experiment is a radiochemical experiment where the neutrino absorption reac-
tion

Ve+3Cl = 3 Ar + e~ (1.21)

is used to measure an integral flux of solar neutrinos. The threshold for this reaction is
0.814 MeV which is above the endpoint of the predominant pp neutrinos and so these
neutrinos are not detected. The event rate, in solar neutrino units (SNUs) where 1 SNU
is 1 event per 103 target atoms per second, can be calculated by integrating the energy
dependent cross-section over the predicted solar neutrino spectrum (Figure 1.2). For the
two predictions of solar neutrino fluxes discussed in Section 1.2 the total capture rate is
7.94 0.9 SNU (Bahcall & Ulrich [6]) and 5.8 + 1.2 SNU (Turck-Chieze et al. [7]). The
breakd'ov'vn of these total capture rates into individual components of the solar neutrino
spectrum is given in Table 1.2. About 70% of the total capture rate comes from the high

energy B neutrinos which can react via the superallowed transition to the excited (5.2
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Neutrino Source | Bahcall & Ulrich [6] Turck-Chieze et al. (7]

PP 0.0 0.0

pep 0.2 0.2

hep 0.03 n.a.

"Be 1.1 1.0

8B 6.1 4.0

13N 0.1 n.a.

150 0.3 n.a.

17p 0.003 n.a.
Total 79+0.9 58+1.2

Table 1.2: Predicted capture rates in a 37Cl experiment (in SNUs).

MeV) analogue state in 3”Ar. Thus the large uncertainty in the 8B flux prediction (see
Section 1.2) carries over into a large error in the predicted capture rate for 3’Cl.

The target material is 615 tons of liquid perchloroethylene, C;Cly, contained in a
single tank located 4850 ft underground in the Homestake Gold mine. The number of
37Cl atoms in this tank is such that 5.35 SNU is equivalent to the production of one
37Ar atom per day.

At the beginning of each exposure, 0.05 to 0.10 cm3 of isotopically pure 36Ar is
introduced into the tank to act as a carrier. A couple of months later this sample of
36Ar, together with the few atoms of 37Ar produced by solar neutrinos, are removed
from the tank by helium purging and collected in a charcoal trap. The volume of this
recovered At serves as a measure of the efficiency of the extraction process (typically 90-
95%). The Ar is then mixed with tritium-free methane and loaded into a small (0.3 to
0.5 cc) proportional counter which detects the Auger electrons from the electron capture
decay of 37Ar.

: Several tests have been performed to try and check the validity of the assumption
+ that the efficiency for recovering gaseous 36Ar (or 38Ar) is the same as the efficiency
for extracting the neutrino induced 37Ar which is initially created as an 37Ar* jon with
considerable momentum (certainly enough to break free from its parent C,Cl, molecule).

The most convincing of these tests (see [25] and [26]) is one where tetrachloroethylene

16



labeled with 36Cl was introduced into the tank. The beta-decay of **Cl produces a 36Art
jon with approximately the same recoil momentum as the 37Ar* ions from neutrino
events. The efficiency of the extraction of this 36Ar, by the usual helium purge, was
measured by activation analysis to be 100 £ 3%.

For each extraction of neutrino induced 37Ar, data from a proportional counter is
collected over about an eight month period, i.e. several times the 35 day half-life of
37Ar. The few counts which fall in a prescribed window in the pulse height vs. rise
time3 plane are fitted, by a maximum likelihood method, to a flat background and an
exponential decay with a half life of 35 days. For the 61 runs from 1970.8 to 1989.5
the combined result is an inferred production rate of 0.49  0.04 37Ar atoms per day in
the 615 ton tank. Both the chemical extraction efficiency and the counting efficiency
(=~ 50%, estimated by Monte-Carlo and measured by counting known quantities of 37Ar)
are already included in this number. One of the outstanding checks of systematics in this
experiment is the verification that these two efficiencies are indeed well understood by
measuring the production rate of 37Ar from a calibrated neutrino source. Unfortunately,
this extremely difficult and expensive measurement has never been accomplished.

Background induced 37Ar is primarily produced by the 37Cl(p,n)3" Ar réaction where
cosmic ray muons are the principle source of energetic protons in the tank. This back-
ground has been estimated by two independent methods: (1) by exposing 600 gallon
tanks of C,Clq at higher levels in the mine and then extrapolating the 37Ar production
rate back down to the 4850 ft level; and (2) from a theoretical estimate of the average
37Ar yield per muon. These two estimates are in agreement and yield 0.08 £ 0.03 37Ar
atoms per day.

Subtracting this rate from the inferred production rate from the maximum likelihood
aha]ysis yields the neutrino induced productioﬁ rate which can be converted to a capture
rate of 2.19 = 0.24 SNU. Dividing this rate by the predicted capture rates from solar
" models éives the ratios of 0.28(1 £ 0.16) for [6] and 0.38(1 + 0.23) for [7] where we

3Signals from k-capture in 37 At tend to have faster rise times than background signals of the same

pulse height.
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have added the experimental errors and theoretical uncertainties in quadrature. This
discrepancy has been dubbed the ‘solar neutrino problem’.

The possible time correlation between the measured 3"Cl capture rate and the inverse
of the sun-spot number, which has an 11 year period, has attracted much attention. If
such a correlation were confirmed by future experiments with higher statistics then it
would indicate new neutrino properties since it is highly improbable that the neutrino
generating processes, which have an equilibrium time constant of the order 107 years,
could exhibit such a periodicity. A much more plausible explanation would be that the
v. flux is modulated by the Sun’s magnetic field which is known to peak at times of
maximum sun-spot activity. This would imply some sort of spin flip mechanism induced

by a neutrino magnetic moment (and/or electric dipole moment).

1.5 The ""Ga Experiments

These radiochemical experiments detect solar neutrinos via the reaction
Vet "Ga— 'Ge+e™. (1.22)

The very low threshold (0.2332 MeV) of this reaction enables the detection of the abun-
dant pp neutrinos. About 50% of the total capture rate is from pp neutrinos, with a
further 25% from "Be neutrinos. Since the fluxes of these neutrinos are relatively well
constrained by solar model calculations the uncertainty in the total capture rate (132+7
SNU from Bahcall & Ulrich [6] and 125+ 5 SNU from Turck-Chieze et al. [7]) is much
less than for the 37Cl experiment. In fact the dominant source of uncertainty is the
inferred values (from (p,n) measurements) of matrix elements to excited levels of 1Gef.
The minimum capture rate in 7?Ga is 80 SNU [13] assuming that only pp neutrinos (for
which the capture cross-section is smallest) are generated in the Sun and that they are
genera’teﬂ at a rate which sustains the Sun’s luminosity.

Two separate groups are presently taking solar neutrino data with "1Ga: the Soviet

“The superallowed transition does not contribute very much to the measured capture rate in "Ga

because the analogue state in 7 Ge decays mostly (> 90%) by particle emission.
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American Gallium Experiment (SAGE) in Baksan and a European experiment, Gallex,
located in the Gran Sasso laboratory near Rome. Both of these experiments measure
the electron capture decay of "'Ge (;, = 11.4 days) by detecting the Auger electrons in
proportional counters which are very similar to those used in the 37Cl experiment. The
data analysis by a maximum likelihood method is also common to both these experi-
ments. The principle difference between SAGE and Gallex is in the method of extraction
of the 71Ge, although both deduce their efficiency for extracting neutrino induced "' Ge
from the measured efficiency for recovering inert Ge carrier.

In SAGE the gallium is kept in four reactors containing each about 7.5 tons of gallium
metal. After a typical exposure time of 4 weeks, concentrated HCl is added to the liquid
metal and the two are thoroughly mixed in the presence of hydrogen peroxide, resulting
in the extraction of Ge into the acid solution. This solution is then siphoned off from the
reactors and reduced by a series of extractions and back extractions to about 1 litre of
weakly basic solution. The counting gas GeHy, germane, is then synthesized and purified
by gas chromatography. The overall efficiency is typically 80% [3].

In Gallex the gallium is held in a single tank of concentrated GaCl;-HCl solution.
The GeCly which forms in this solution is extracted by a nitrogen purge into a small
volume of H,0 from which germane is synthesized and purified. This process yields an
overall extraction efficiency at least as good as SAGE and probably slightly better [27].

Both SAGE and Gallex intend to perform an overall calibration of their experiments
by measuring the production rate of "*Ge from a calibrated 51Cr neutrino source.

So far, only SAGE has reported any results [3]. The combined result of five extrac-
tions in early 1990 is a ™' Ga capture rate of 20135(stat)+32(syst) SNU, assuming that
the chemical extraction efficiencies for the Ge carrier and the neutrino induced "'Ge
afe the same. This translates into the following upper limits on the 71Ga capture rate:
< 55 SNU (68% C.L.) and < 79 SNU (90% C.L.). Once more there is an indication of
a deﬁcit‘in comparison with the predicted capture rates from solar models. However it
is premature to suggest that this is firm evidence for new neutrino properties. It will be

interesting to see what Gallex reports in the near future. These experiments, particu-

. 19



larly if their calibrations with 31Cr neutrinos are successful, provide an opportunity of

clearly demonstrating that new neutrino properties are required.

1.6 Kamiokande-II

In 1985, the Kamiokande-I detector, which was originally built for searching for pro-
ton decay, was upgraded with the addition of a 47 1.5 m thick H,0 anticounter and
the installation of new improved electronics [28]. These improvements have enabled
Kamiokande-II [29], [2] to measure the high energy ®B solar neutrino flux through the

electron scattering reaction
Veyu,r + € = Veyr+ e . (123)

The diflerential cross-section for this scattering process is given by [30]

do  2Gim, T. \? m.T.
oy (B (3] o

(gL = :t% + sin? 6w, gr = sin? Oy and sin? 6w = 0.23),

where Gg, m., E, and T, are respectively the Fermi coupling constant, the electron rest
mass, the incoming neutrino energy and the electron recoil kinetic energy. The upper
sign in g applies for v,’s (charged and neutral current interaction) and the lower sign
for v,’s and v,’s (neutral current interaction).

The spectrum averaged differential cross-section is obtained by integrating the above
differential cross-section over the normalised neutrino spectrum A(E,) from the mini-
mum neutrino energy necessary to produce a recoil electron of kinetic energy T, to the
maximum neutrino energy in the spectrum. The total cross-section for an experiment
with a given electron recoil energy threshold, T,(thresh), is then determined by inte-
grating the spectrum averaged differential cross-section over T, from T.(thresh) to the
maxjm’ﬁr'n possible T, produced by the maximum neutrino energy in the spectrum. If
the detection efficiency as a function of T, is folded into this second integration then the

effective total cross-section is calculated. For any threshold of interest to solar neutrino
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experiments the ratio of the total cross-section for ve scattering to that of v, or v, scat-
tering is between 6:1 and 7:1. The angular distribution of recoil electrons is strongly
peaked in the forward direction, e.g. if T.(thresh) = 9 MeV then 90% of the electrons
are scattered within 8° of the neutrino’s initial direction.

Kamiokande-1II is a water Cherenkov detector in which 948 fifty centimeter photo-
multipliers (PMTs), equally spaced on the surface of a cylinder of diameter 14.4 m and
height 13.1 m, look inwards at a volume of 2140 tons. This volume is completely sur-
rounded by a 1.5 m thick layer of water which is viewed by 123 PMTs and acts both
as an anticoincidence counter and as shielding from high energy gammas and neutrons
from the walls of the cavity. The cavity itself is located in the Kamioka mine with an
overburden of 2400 mWe (meters of water equivalent).

In June 1988 the gain of the PMTs was increased by a factor of 2 with the addition
of new improved electronics. Before this change the energy scale of the detector was 26
photoelectrons for 10 MeV of recoil energy and afterwards it was 30 photoelectrons per
10 MeV. Both these absolute energy scales have been calibrated to within 3% accuracy
by three separate measurements: (1) the energy spectrum of recoil electrons produced
by Compton scattering from (up to) 9 MeV gammas from the reaction Ni(n,y)Ni; (2)
the Michel spectrum from stopped muons decaying in the tank; and (3) the beta-spectra
of various nuclei which are spallation products of through-going muons. The rms energy
resolution of 22%/(T./10 MeV), the rms angular resolution (28° for T, = 10 MeV)
and the rms vertex-position resolution (1.7 m for T, = 10 MeV) are all obtained from
Monte-Carlo simulations which reproduce quite well the above measured spectra and
the angular and spatial distributions (with respect to the Nickel gamma source) of the
Comptons. The poor rms angular resolution is mostly caused by multiple scattering in
the water of the recoil electron which smears the Cherenkov cone.

In the analysis of 450 + 590 days of data (January 87-May 88: sample 1 [29] and
June 88;April 90: sample 2 [2]) four different cuts are made to reduce as far as possible
the number of background events: (a) only events with less than 30 photoelectrons in

the anticoincidence counter are selected (contained events) and the time interval from
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Figure 1.5: Differential energy distribution for Kamiokande-II events from sample 1
[29] after the following cuts: (a) the anti-coincidence veto; (b) the reduced fiducial mass
from 2140 t to 680 t; (c) the spallation cut; and (d) the y-ray cut, (see text for more
details). Curve (e) represents the anticipated electron recoil spectrum from a Monte-
Carlo simulation with the same cuts as above and based on a predicted B flux [6).

any preceeding event must be longer than 100 usec, to exclude electrons from muon
decays; (b) the fiducial volume is restricted to the inner 618 tonnes in order to increase
the thickness of water attenuating the high energy gammas from the rock; (c) events
which are near in time ( < 100 msec) and distance ( < 3 m) to through-going muons are
rejected as possible beta-decays of muon spallation products; and finally (d) events in
the outer 1 m of the 618 ton volume are rejected if they point inwards from the nearest
wall (cos@ > 0.67 where 6 is the angle between the reconstructed direction of the event
and the normal to the closest part of the wall), to further reduce the number of v events
from the wall. The data reduction afforded by each of these four cuts is shown in Figure
1.5 where the final energy spectrum of the reduced data is still well above the predicted
event rate from 8B neutrino scattering. However the neutrino scattering events point
. away fforﬁ the Sun — within the angular resolution of the experiment — as can be
seen in Figure 1.6 where the number events above a threshold of 9.3 MeV are plotted

against cos fsu, where fsyn is the angle between the electron’s reconstructed direction
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Figure 1.6: Distribution in cosfsu, for the reduced Kamiokande-II data (samples
1 and 2) above a threshold of 9.3 MeV [2]. The histogram represents the anticipated
distribution from a Monte-Carlo simulation based on a predicted ®B flux [6).

and the direction away from the Sun. This distribution in cos fsus has been fitted to a
flat background plus the expected angular distribution of the neutrino signal, simulated
by Monte-Carlo.

The results are expressed as a ratio of the measured value of the 8B solar neutrino
flux, for T. > 9.3 MeV in data sample 1 and T, 2 7.5 MeV in data sample 2, to the

-

predicted value from Bahcall & Ulrich [6]:

Kam-II data
Bahcall & Ulrich

= 0.46 + 0.05(stat) £ 0.06(syst) + 0.05(solar) (1.25)

where we have included the 11% uncertainty from the normalisation to Bahcall & Ulrich’s
solar model. Normalizing the Kamiokande-II data to the predicted 8B flux from Turck-

Chieze et al. [7] gives the following result

Kam-II data
Turck-Chieze et al.

= 0.70 % 0.08(stat) £ 0.09(syst) £ 0.20(solar) (1.26)

which is about 1.3 sigma away from unity, combining all errors quadratically. Therefore
it is concluded that the evidence for a |v.) deficit is dependent on the assumptions of
solar models.

As mentioned in Section 1.3.2 one possible signature of the MSW effect is a distortion
in the energy spectrum of the |v,)’s detected at the Earth. Figure 1.6 shows the energy

distribution of the electron recoil signal, i.e. the number of events per energy bin in the
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Figure 1.7: Energy distributions of electron recoil signals from solar neutrinos for the
combined 1040 days of Kamiokande-II data (samples 1 + 2) [2]. The solid line is the
Monte-Carlo generated signal for the 8B flux prediction of [6] and the dotted line is the
Monte-Carlo signal for the inferred flux, i.e. 0.46 x this prediction.

forward peak after subtracting the flat background. This distribution is (unavoidably)
integrated over the incoming neutrino spectrum. The statistical accuracy of the data is
insufficient to differentiate this spectrum and infer the neutrino spectrum.

Searches were made for day/night effects, seasonal variations and sun-spot correla-
tions. No time variations were found but the statistics do not exclude the possibility of

such time variations with reduced amplitudes.

1.7 Outlook

At best, the combined 37Cl, SAGE and Kamiokande-II results can be regarded as a pos-
sible indication of neutrino oscillations. If in the next few years both SAGE and Gallex
measure a significantly smaller capture rate in 71Ga than can possibly be accounted
for by even the most extreme solar model (i.e. < 79 SNU [13]) and these experiments
" have un:de'rgone successful calibrations with 5Cr neutrino sources, then there would be
considerable evidence for new neutrino properties. Even then, it would be impossible

to infer the precise nature of these new properties (the oscillation parameters and/or
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magnetic moments) from the limited spectral information and low statistical accuracy
data that would be available.

Numerous second generation experiments have been proposed which have one or more
of the following advantages over current experiments for testing the neutrino oscillation
and spin flip hypotheses: (1) increased statistics, (2) spectral information and (3) neutral
current measurements. The discussion here will be restricted to Super Kamiokande,
Borexino and the Sudbury Neutrino Observatory (SNO).

As the name suggests, Super Kamiokande will be a larger version of Kamiokande-
II. The fiducial volume, number of PMTs and coverage will be increased from 680 t,
948 PMTs and 20% coverage to 22,000 t, 11,200 PMTs and 40% coverage. The B
v.—e~ scattering signal is expected to increase from 180/year to 6200/year, whilst the
backgrounds from internal radioactivity and external gammas are expected to decrease
due to improved water purification, more H;O shielding from the rock and the much
improved characteristics of the 50 cm PMTs which will increase the vertex reconstruction
accuracy and to a lesser extent the angular and energy resolutions. On the other hand,
the detector will be situated at the same depth as the Kamiokande-II detector and
the beta-decay rate of spallation nuclei from through-going muons is expected to be
approximately 3500/year (after cuts).

One can expect a precise measurement of the 8B 1, flux above a threshold of about
5 MeV and a reasonably well inferred v, energy spectrum from the measured electron
recoil spectrum. However, neither of these is certain to produce conclusive evidence for
neutrino oscillations given the inherent uncertainties in the solar model predictions of
this flux and the numerous oscillation scenarios which produce minimal distortion in the
v, spectrum over the 5-14 MeV range of the measurements. Nevertheless the spectral
information might prove very useful for confirming the oscillation hypothesis if a severe
distortion is observed. The difference in electron recoil spectra between v, scattering and
v, or v.,' scattering is not significant enough to provide a signature for oscillations but
will further complicate the interpretation of the differentiated electron recoil spectrum.

Borexino will be a 200 t spherical scintillator detector shielded with H,0 and/or
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glycerol and viewed with a few hundred 20 cm PMTs. The amplification of electron
recoil signals obtained by scintillation compared to the signal from the Cherenkov process
should allow the detection of the "Be neutrino line at 0.861 MeV. The flux of these
neutrinos is roughly three orders of magnitude greater than the 8B flux. With a threshold
of 250 KeV one can expect about 50 events/day from solar model predictions. This large
count rate would allow a very precise search for any time correlations in the signal. In
fact, the 7% annual variation due to the Earth’s eccentricity should provide a useful
check on the origin of the signal. The "Be flux can be predicted to 5% accuracy [6] but
it should be noted that the difference between the predicted fluxes from [6] and [7] is
11%. Thus a measurement of this flux would provide useful information for pinning down
a possible MSW distortion in the solar neutrino spectrum. The key to reaching these
physics goals will be the radiopurity of the scintillator since the scintillation process will
also amplify the internal backgrounds. A level of 1071€ g/g of Th and U contamination
is required, (see discussion of internal backgrounds in Chapter 2).

The SNO detector and its physics capabilities will be discussed in detail in Chapter
2. However at this point it is worth mentioning that SNO is the only funded experiment
which can detect solar neutrinos by both a charged current reaction and an independent
neutral current reaction. The experiment is thus self-normalizing and does not rely on
the predictions of solar models to search for neutrino oscillations. Conversely, the 8B flux
measured by the neutral current reaction is an excellent test of solar models, irrespective

of flavour oscillations.
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Chapter 2

Sudbury Neutrino Observatory

2.1 Detector

The Sudbury Neutrino Observatory (SNO) [31] is a heavy water Cherenkov detector
(presently under construction) for measuring the 8B v, energy spectrum and flux via
a charge current reaction and the 8B total v flux via an independent neutral current
rection. One thousand tons of 99.85% enriched D,0 will be contained in a § cm thick
spherical acrylic vessel of 12 m diameter. This sphere will be suspended ix; the middle
of a barrel shaped cavity (30 m high and 22 m in diameter) filled with 7,300 tons of
ultrapure H,0 (see Figure 2.1). A minimum thickness of 5 m of H,O will shield the
D,0 from the walls of the cavity. At present, the cavity is being excavated at the 2070
m level in the INCO nickel mine in Sudbury, Ontario. This overburden of rock (6200
m.w.e.) attenuates the flux of cosmic ray muons to a minimal level of ~ 100 m~2year™!
which is more than two hundred times smaller than in Kamiokande-II.

The central volume of D,0 will be viewed by 9,600 Hamamatsu R1408 photomulti-
pliers located on a concentric sphere (the photomultiplier sphere) of 16.8 m diameter,
ie24m radially outwards from the acrylic vessel. Each of these 20 cm diameter PMTs
will be eqﬁipped with a light reflecting concentrator which will increase its effective area
by a factor of at least 1.6 and restrict its field of vision to the central volume of D;0

and the surrounding 1 m shell of H,0 (500 tons), i.e. a spherical fiducial volume of 14 m
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Figure 2.1: Schematic representation of the SNO detector.
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Figure 2.2: The fiducial volume of the SNO detector subtends a cone of half angle
56.4° at the entrance aperture of the concentrators. The Cherenkov light from an event
at radius R is incident on a particular concentrator entrance aperture at polar angle 6.
The rest of the Cherenkov light is incident on the photomultiplier sphere at angles from
0° to sin~!(R/8.4 m)

diameter, see Figure 2.2. The effective coverage (PMT equivalent) of the photomultiplier

sphere which will be achieved with the concentrators is about 55%.

2.2 Neutrino Reactions

Three neutrino reactions will be used to detect 8B (and perhaps hep) solar neutrinos in

the fiducial volume of SNO. Firstly, the charge current (CC) reaction
ve+d—p+pt+e, Q = -1.44 MeV (2.1)

will be used to measure the 8B v, flux above an expected electron recoil threshold of
about 5 MeV. The recoil energy of the 2 protons is negligible and so the recoil energy
of the electron is given by T, = E, — 1.44 MeV. The cross-section for this reaction,

as a function of neutrino energy, is shown in Figure 2.3. Integrating this cross-section
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over the B neutrino spectrum between E, = 6.44 MeV and the endpoint of the beta
spectrum (~ 14 MeV) gives an expected event rate of 4,300 events per year per kiloton
(kt), assuming the B v, flux measured in Kamiokande-II, i.e. 2.7 x 10° cm=2 s=1. The
accuracy with which the 8B v, flux can be measured by this reaction is limited by
the £10% uncertainty in the absolute cross-section [32]. The direct relation between
E, and T. and the relatively high event rate should allow an accurate measurement
of the 8B v, spectrum above 6.5 MeV. This might provide clear evidence for neutrino
oscillations if a severe distortion with respect to the beta decay spectrum is observed, or,
if no distortion is observed, restrict the available parameter space for oscillations. The
angular distribution of recoil electrons is given by W(fsun) = 1 - 1/3 cosfsyn, i.e. a 2-1
backward to forward asymmetry.

The second reaction for detecting ®B neutrinos is the electron scattering (ES) reaction
Ve,r + € = Veur € (2.2)

which has already been discussed in Section 1.6, in connection with the Kamiokande-
11 detector. The slightly larger fiducial volume (1.5 kt vs. 680 t) and lower expected
threshold (5 MeV vs. 7.5 MeV) of the SNO detector compared with Kamiokande-II,
should result in a larger event rate of 730 per year, vs. 180 per year, for the same flux
of 2.7 x 106 cm~2s~1. It may be possible to deduce the v, , component of this event
rate by subtracting the v, component inferred from the ‘pure’ v, ﬂux measured by the
CC reaction. The accuracy of this procedure will be limited by the £10% uncertainty
in the absolute cross-section of the CC reaction and the fact that the cross-section for
v, .-e~ scattering is about 1/7th that for v.-e~ scattering. Nevertheless the deduced
v, » flux from the combination of the CC and ES reactions might indicate the existence
of neutrino oscillations.

The ‘pure’ neutral current (NC) reaction
Vepurtd = vVe,ur+p+m, Q = -2.23 MeV (2.3)

should provide a more accurate test for neutrino oscillations. The free neutron from this

reaction can be detected by the 4-ray emission (8.5 MeV) from neutron capture on 37CI
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Figure 2.3:

Cross-sections for the principle neutrino reactions in SNO, as a function

of neutrino energy. The cross-section for v.-e” scattering is scaled up by the elec-
tron/deuteron ratio in D20.
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when NaCl is added to the D,0. Although the absolute cross-section for the NC reaction
(see Figure 2.3) is known to £10% accuracy, the ratio of this cross-section to that of the
CC reaction is known to within 0.5% [33]. Therefore the ratio of the fluxes measured
from these two reactions is an accurate test for neutrino oscillations, independent of solar
models. |

If no salt is added to the D,O then approximately 25% of the NC neutrons will
capture on deuterium producing 6.25 MeV 4’s of which less than half would be detected
above the expected electron threshold of about 5 MeV. The rest of the neutrons will be
captured by hydrogen producing 2.2 MeV 4’s which will be well below threshold. If 2.5
t of NaCl are added to the D,0 then approximately 84% of the NC neutrons will be
captured on 37Cl releasing 8.5 MeV of v energy. More than half of these captures would
be detected above the expected 5 MeV threshold. For a total B v, , . flux of 2.7 x 10°
cm~2s~1, j.e. the same flux as measured by Kamiokande-II assuming no oscillations,
about 1,200 NC events per year should be detected (above threshold) with the salt and
about 200 without the salt. The angular distribution of these events will of course be
isotropic.

The current experimental schedule is to start with D;O and no salt in the acrylic
vessel for about a year. This should allow a high statistics measurement of the v,
spectrum from the CC reaction (see Figure 2.6) and a search for neutrino oscillations by
comparing the yields of the CC reaction and of the ES reaction which should be easily
identified by its strong forward peaking. In the second year 2.5 t of NaCl will be added
to the D,0 to enhance the NC signal by a factor of about 6 (see Figure 2.7). Assuming
that the CC signal is constant (with time) one can infer the NC signal in the second
year by subtracting the CC signal measured in the first year from the sum of the CC
and NC signals measured in the second year (they have similar energy distributions).
Alternatively one could use the 2-1 backward to forward asymmetry of the CC signal
to decouple these two signals. At some later stage in the experiment the D;0 will be
replaced with H,O to measure directly some of the backgrounds associated with the CC

and NC signals (see Figure 2.5). Originally this exercise was planned first but because
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Reaction Target Medium | v, Burst | Cooling Phase
(2.1) Vetd—p+p+e” D,0 10 33
(2.2) Veurte€ = Veyur+e D,0/H;0 1.5 24
(23) Vepr+td—=vVeur+p+n D,0 6 760
(2.4) Ve+d—-n+n+et D,0 0 20
(2.5) Ve+p—n+et H,0 0 60

Table 2.1: Predicted number of events in the 1.5 kt fiducial volume of the SNO
detector from the v, burst and cooling phases of a stellar collapse at 10 kpc, assuming

100% detection efficiency.

of fears of the acrylic vessel crazing during a water change, it has been rescheduled to a
later time, after the critical data with the D,O has been obtained.

There are two other neutrino reactions in the fiducial volume of SNO that do not
concern solar neutrinos but would produce detectable signals in the event of a supernova

occurring in our galaxy. These are the charge current reactions
Ve+d—n+n+et, = —4.0 MeV (2.4)

and

v.+p—n+et, Q = —-1.8 MeV. (2.5)

The first reaction could be recognised from the triple coincidence of the e* signal and the
two neutron capture signals (for some events), within 10 msec (neutron capture time)
and 70 cm (neutron mean free path in D0 with salt). The second reaction is limited to
the outer 500 t of H,0 and its neutron would be captured by hydrogen producing a 2.2
MeV gamma which is well below threshold. The cross-sections for these two neutrino
reactions are shown in Figure 2.3.

For a supernova at 10 kpc (the distance to the center of our galaxy) one can expect
the number of events given in Table 2.1 for each of the five neutrino reactions in SNO.
From i-hg time distribution of the 10 prompt v, events (from the neutronisation of the
core) one can expect to set a limit of about 3 eV on the mass of v.. The several hundred
NC events from the cooling phase would allow the possible determination of the v,

and/or v, masses within the range 50 eV< m, <100 KeV. Below about 50 eV the
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spread in time would be masked by the inherent (10 sec) time span of the cooling phase
and above 100 KeV the events would be spread over more than 6 months and would -
be hard to distinguish from the solar neutrino ‘background’. The present experimental

limits on the v, and v, masses are respectively 270 KeV and 35 MeV [34].

2.3 Optics

Neutrino interactions in SNO are detected via the Cherenkov radiation of relativistic
electrons (or positrons). This radiation is emitted when a charged particle traverses a
medium of refractive index n at a velocity v which is greater than ¢/n (the speed of light
in the medium). The number of Cherenkov photons emitted per unit track length per
unit wavelength is given by [35]

d2N
dzdA

1 1
= 271’022 (l - ;2—55) ﬁ (2.6)

where a is the fine structure constant, 8 = v/c, and Z is the charge of the relativistic
particle. The light is emitted at the Cherenkov cone angle, 8c = cos™!(1/nf3), relative
to the momentum vector of the relativistic particle.

For an electron (or positron) in water with 5-15 MeV of kinetic energy about 220
Cherenkov photons are emitted per MeV between 250 and 600 nm wavelength, with a
1/A? wavelength spectrum and at a Cherenkov cone angle of about 42°. The percentage
of these photons which will actually be detected by the PMTs in SNO, as electronic pulses
above a discriminator threshold (photoelectrons), will be determined by (i) the effective
coverage of the photomultiplier sphere; (ii) the anode efficiency (quantum efficiency x
first dynode collection efficiency x discriminator efficiency) of the R1408 PMTs; and
(iii) the light transmission of the H0, D20 and acrylic vessel.

At present, one can estimate these quantities from measurements of (i) the optical
perforx'hance of concentrators (Chapter 6); (ii) the anode efficiency of R1408 PMTs [36];
and (iii) the attenuation lengths in high purity H,0 and D,0 [37] and U.V. transmitting
acrylic [38] as a function of wavelength. Monte-Carlo simulations [39], [40], [41] and

[42]), which include these measurements but do not take into account the wavelength
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Figure 2.4: Effective wavelength spectrum for the detected Cherenkov light from
events inside the acrylic vessel, where (C) is the 1/A? spectrum of Cherenkov radiation,
(Q.) is the measured quantum efficiency of an R1408 PMT (including attenuation in the
glass envelope) and (T4q), (Tn) and (T,) are the average transmissions of the D;0, H,0
and acrylic vessel.

dependence of the reflectivity of the concentrators, indicate that for events in the D0
one can expect about 8-10 photoelectrons per MeV. The effective wavelength spectrum
of this detected light for D;0 events (without including the wavelength dependence
of the reflectivity of the concentrators) is shown in Figure 2.4. The cut-off at short
wavelengths (half-way point at 340 nm) is caused by attenuation in the acrylic vessel.
Events outside the acrylic vessel are expected to show an ~ 30% increase in the
nur;lber of photoelectrons per MeV, due to less absorption in the acrylic vessel. This
estimate should decrease slightly when the wavelength dependence of the concentrators
(which have reduced reflectivity below 340 nm) is included in the simulations. Both of

these energy scales will eventually be calibrated with gammas of known energy and 80Gr
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Cherenkov sources, (see Section 2.5).

2.4 Event Simulation and Reconstruction

The energy, position and initial direction of 5-15 MeV electrons will be deduced from
the number of photoelectrons, Np., and their hit pattern in space and time at the
PMTs. Monte-Carlo simulations [40], [41] and [42], using EGS4 [43] to track electrons
and photons in the 200 KeV-20 MeV energy range, show that the energy resolution
one can expect for events inside the D0 is £110%/,/Npe (the extra 10% is caused
by delta-ray production along the electron track). This has been verified by measuring
the energy resolution of 2-10 MeV monoenergetic electrons injected from a Linac into a
small test detector filled with water [44]. The linearity of N, with electron energy was
also confirmed in this experiment.

The vertex position of an event will be reconstructed from the distribution in space
and time of the PMTs hit. The accuracy of this reconstruction will be limited by (i) the
inherent timing jitter (3 ns FWHM) of the R1408 PMTs, (ii) the few PMT noise hits
which will occur during an event and (iii) the fact that up to 20% of the detected light
will be Rayleigh scattered in the water. Using the simplest possible algorithm in the
Monte-Carlo simulations one obtains a 30 cm (1 sigma) vertex reconstruction accuracy.
This accuracy improves with increasing Np. but the dependence is complicated by the
systematic effects of noise hits and Rayleigh scattering.

The initial direction of the electron will be deduced from the vector sum of Ny, unit
vectors from the reconstructed vertex to each of the PMTs hit. The inherent error in
this procedure is dominated by the multiple scattering of the electron along its track
which smears the Cherenkov cone. For a 7 MeV electron the direction reconstruction
accuracy should be about 25°, and this should improve slightly with energy.

Ga‘rninas in the detector produce showers of relativistic electrons and positrons
through Compton scattering and pair production. The Cherenkov yield for these 7’s

is less than the yield for an electron of the same energy because each charged particle
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in the shower ceases to radiate as it drops below Cherenkov threshold (8 = 1/n, ~ 250
KeV for electrons in water). Monte-Carlo simulations with EGS4 show that 6 MeV v’s
produce 18% less photoelectrons and have a 30% worse energy resolution than 6 MeV
electrons.

The neutron transport in SNO has been calculated [45] using a Monte-Carlo code, a
discrete ordinate code and one-group diffusion theory. The results of all three calcula-
tions are in agreement. In 99.85% enriched D20 one can expect that 24% of the neutrons
from the NC reaction will be captured on deuterium releasing 6.25 MeV gammas and
22% will be captured on hydrogen releasing 2.2 MeV gammas. The rest will leak out
into the H,0 where they will be captured on hydrogen. If 2.5 tonnes of NaCl are added
to the D,O then 84% of the NC neutrons will be captured releasing up to 8.5 MeV in
gammas. The mean distance traveled by a thermal neutron in 99.85% D0 is about 300
cm and with 2.5 t of NaCl it is about 70 cm. In H,O thermal neutrons travel 7 cm, on

average, before capture.

2.5 Calibration

Ideally one would introduce a collimated beam of monoenergetic electrons into the de-
tector and measure, as a function of position, direction and electron energy, the average
number of photoelectrons per electron (energy scale), the width of this distribution (en-
ergy resolution) and the the accuracy of the vertex and initial direction reconstructions.
Unfortunately, no practical method of introducing such a beam has been found.
Instead, gamma sources from (n,¥) reactions will be introduced into the D20 and
H,O to calibrate the absolute energy scales for 7’s at several energies. Gammas from 37C1
(8.6 MeV), 2H (6.25 MeV) and He (22 MeV) are presently anticipated [46]. Since the
gamma showering processes are well understood, this calibration can be used to infer,
by Monte-Carlo, the absolute energy scale for single electrons. The gamma sources
could also be collimated to provide a check on the direction reconstruction accuracy of

gamma events. This reconstruction accuracy is closely related to that of electron events
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and the relation between the two can be inferred by Monte-Carlo. Similarly, the vertez
reconstruction accuracy for gamma events can be (roughly) checked by comparing the
measured spatial distribution of gamma events around a gamma source to the simulated
spatial distribution from the known gamma attenuation lengths and the expected vertex
reconstruction accuracy.

Many other small light sources are being developed. A light diffusing sphere will be
used for the day to day relative calibration of the PMTs. A %0Sr beta-decay Cherenkov
source is being developed for checking the absolute calibration efficiency of the PMTs
(anode efficiency). The light output of this source can be calculated to within £5% [47)
and it has the correct (1/A2) wavelength spectrum. Its small size (~ 5 cm diameter)
makes it ideal for measuring the energy scale of the detector as a function of position.
However, the energy of the decay (end point 2.3 MeV), is too low to reconstruct in-
dividual events so that this source cannot be used to check any of the reconstruction
parameters. A small 24! Am/scintillator source with enough light output to simulate 7-10
MeV electron events is being considered for checking the vertex reconstruction accuracy.
However the wavelength spectrum and angular distribution (isotropic) of this source are
not ideal for simulating the Cherenkov radiation from electron events.

The calibration of the absolute energy scale in the H,0 is much more difficult as this
energy scale will depend strongly on the initial direction of the electrons (and gammas).
Electrons pointing towards the center of the detector will produce up to four times less
photoelectrons than electrons pointing away from the center. This distortion is mostly
due to the difference between double attenuation in the acrylic vessel and no attenuation
in the acrylic vessel.

The rate of stopped muon decays in SNO (< 1/day) will be too small to use the
Michel spectrum for calibration, as is possible in Kamiokande-II. Moreover, too few beta-
emitting spallation nuclei will be produced to use their beta-decay spectra for calibration.

The neutron transport code can be calibrated by introducing calibrated neutron
sources into the centre of the D,0. The efficiency of neutron capture and the mean free

path, in 99.85% D0, can be checked by measuring the yield and radial distribution of
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6.25 MeV gammas. Similarly, the improved capture efficiency and reduced mean free
path, when 2.5 t of NaCl are added, can be measured from the radial distribution of (up
to) 8.5 MeV gammas. At the same time, the mean number of photoelectrons and the

energy resolution of these two gamma signals can be measured.

2.6 Backgrounds

The angular distributions of the CC and NC reactions do not allow the subtraction
of a dominant flat background as is possible for the ES reaction, (c.f. Kamiokande-II).
Therefore, the event rates from these reactions must be well above background. This
implies a background of less than a few events per day in the D,0, above a threshold
of about 5 MeV. The required background levels for the 1 m shell of H,0 are much less
stringent because of the distinctive signature of the ES reaction.

Muon induced background will be much less of a troublein SNO than in Kamiokande.
Only about 24 muons per day will penetrate the photomultiplier sphere and on average
about 1.5 of these will produce beta-emitting spallation nuclei. These beta-decays will
be easily identified from the preceeding muon track.

High energy gammas (up to 10 MeV) are produced in (e, py) and (e, n) followed by
(n,v) reactions in the rock surrounding the cavity. The a’s which initiate these reactions
come from the decays of naturally occurring radionuclides: 232Th, 25U, 238U and their
daughters. The flux of these high energy gammas (> 5 MeV) has been measured in three
separate locations in the half-excavated cavity. After attenuation in the H,0 shielding,
it is expected that less than 4/day will penetrate into the fiducial volume and less than
0.2/day will reach the D,0.

The PMTs, concentrators and their support structure will also be a source of high
energy gammas from (@, py) and (n,7) reactions. Although this source will be much
closer to the fiducial volume its contamination level of radionuclides and mass will be
much smaller. It is estimated that a similar flux of gammas will reach the D,O and

fiducial volume from this source as from the walls of the cavity. The total flux of high
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energy gammas from both of these sources will be measured during a light water fill of
the vessel (see Figure 2.5).

The dominant background for the CC reaction will come from low energy coincident
B-7 decays in the 238U and 232Th chains. In the 238U chain, 2!4Bi decays to 2!*Po by -y
(or B only) releasing 3.26 MeV of kinetic energy; and in the 232Th chain, 2°8Tl decays
to 2%8Pb by -7 releasing 5 MeV. Although the ‘effective’ energies of these decays are
below 5 MeV, the tail of their energy distributions might go beyond 5 MeV because of
the rather poor energy resolution of the detector, or, by two or more of these events
occurring in coincidence. The S-y background has been classified into two categories:
(i) the ‘internal’ 3-y background from 2°8TI and 2!Bi decays in the D;0, acrylic and
H,0; and (ii) the ‘external’ 3-y background from 2%T] and #'*Bi decays in the PMTs,
concentrators and their support structure which are reconstructed as events occurring
in the D,0 (a few of these occur in coincidence with 2%8T1 or 24Bi decays elsewhere in
the detector but most are singles).

Both of these categories of 3-y background have been simulated for the expected
concentration levels of 238U and 232Th in the various detector components. The results
are shown in Figure 2.5 together with the expected electron recoil spectrum from the
ES reaction. This figure corresponds to one year’s data with H;O in the acrylic vessel.
Notice that above a threshold of 6 MeV the ES signal itself should be above background
and should be easily identified by its strong directional signature. The expected energy
distribution of one year’s data with DO and no salt in the acrylic vessel is shown in
Figure 2.6. The CC signal should be clear from background above a threshold of about
5 MeV.

The NC reaction has two types of background: (i) the CC and ES reactions and the

B-v and high energy v backgrounds; and (ii) photodisintegration of the deuteron
7+d—p+n, Q =-2.2MeV (2.7)

which produces free neutrons that will be indistinguishable from the free neutrons pro-

duced by the NC reaction.
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The first category of background can be measured directly by taking D,0 data for
a year without adding salt, when the NC signal will be substantially suppressed (Figure
2.6). When 2.5 tons of NaCl are added to the heavy water the NC signal (+ photodis- |
integration background) will be enhanced by a factor of about 6 (Figure 2.7). Hence it
should be possible to deduce the NC signal (+ photodisintegration background) in salt
by subtracting the CC and ES signals (above 5 MeV) that have been measured in the
previous year without salt. The validity of this subtraction can be checked from the
different angular distributions of these three signals.

The photodisintegration background will be more difficult to assess. There are two
naturally occurring 4’s, with significant rates, which have sufficient energy (> 2.23 MeV)
to disintegrate the deuteron: (i) the 2.615 MeV v in the decay of 2Tl to 208ph which
occurs at the bottom of the 232Th chain; and (ii) the 2.445 MeV 7 in the decay of 214Bi
to 214Po at the bottom of the 238U chain. Assuming equilibrium in both these chains,
a concentration of 3.7 x 10~1% g/g of 232Th and 4.5 x 1074 g/g of 238U in the D;0
corresponds to one free neutron per chain per kt per day. This is to be compared with a
NC production rate of 3.4 neutrons per kt per day assuming a 8B v, flux of 2.7 x 108
cm~2s-1. A water purification system has been developed to attain these extremely low
levels of concentration. At present the system is being refined and tested.

The two 4's which cause the photodisintegration background come from the same
radioactive decays that produce the 8-y background. It may be possible to determine the
rate of these decays in the D,O by monitoring the 8-y background at low energies (3-5
MeV). This would enable a direct measurement of the photodisintegration background
since the branching ratios of the troublesome v’s and the ratios of the photodisintegration
cross-sections to the Compton scattering cross-sections are all well known. However, at
the low energies necessary to monitor these decays there are other backgrounds, e.g.
external backgrounds, which will complicate the task enormously. Furthermore, other
systemaiic effects may make it impossible to interpret these low energy measurements
reliably.

Another possibility for monitoring the 232Th and 23*U chains is to analyse samples
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of D,O by mass spectroscopy. The concentration levels of 232Th and 238U are just
beyond the limits of this technology but recent improvements may render this technique
feasible. Even then, there is a caveat in that there may be disequilibrium in the chains -
(with various other long lived isotopes along both chains) and the measurement of the
concentration levels of the parent nuclei does not unambiguously determine the activity
levels at the bottom of the chains.

The SNO collaboration has developed two methods [48], one for monitoring the
activity level at the bottom of the 232Th chain, and the other for monitoring the 238y
chain. In both these methods, the daughter of the last long-lived isotope of the chain
will be extracted from a sample volume of the DO and concentrated into a counter
which will measure directly the activity at the bottom of the chain. From this measured
activity, the photodisintegration background neutron rate can be deduced, provided that
the chemical extraction and counting efficiencies are known. These efficiencies can be
measured in separate tests with samples of ‘spiked’ water. These methods can be used
to monitor the 232Th and 238U chains in both the H,0 and the D;0. They could also
be used to track down any possible changes in the internal 5-v background, e.g. after a
change of water.

The only other possible source of photodisintegrating gammas is the acrylic vessel
(the PMTs, concentrators, etc. are too far away). This source is not so significant
because of its reduced mass and because only about 25% of the neutrons which are
produced by external v’s are captured in the D20 (with 2.5 t of NaCl). These neutrons
are produced so close (~ 20 cm) to the edge of the D0 that they tend to leak out
(m.f.p. ~ 70 cm) into the H,0 where they are very quickly captured (m.f.p. ~ 7 cm).
Moreover, about 75% of the neutrons which are captured in the D,0 will be captured in
the outer 0.5 m shell of D,O where only 25% of the NC neutrons are captured. Hence
the ph’otodisintegration background from the acrylic vessel can be further reduced by
making 4 fiducial cut inside the D;0. The expected concentration levels of 2*?Th and
2381 in the acrylic vessel are 1.9 x 1072 g/g and 3.6 x 107*? g/g which would produce

2 captured neutrons per day in the whole D,0.
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2.7 Role of Concentrators

The concentrators are low cost devices for maximizing the light collection from the
fiducial volume and at the same time decreasing the light collection from external back-
ground sources such as the PMT 3-v’s. The number of photoelectrons from events inside
the fiducial volume will be increased (relative to an identical detector without concen-
trators) by a factor of at least 1.6. This will improve the energy resolution by a factor
V1.6 = 1.27 and the statistical contribution to the vertex reconstruction accuracy by
a similar factor. The improvement in energy resolution and the reduction in light col-
lection from events outside the fiducial volume have a strong effect on the high energy
tail of the 8-9 background. This background will be suppressed by a factor of about 10
pushing it across to lower energies by about 1 MeV. Thus the expected -y threshold is
~ 5 MeV with concentrators (Figure 2.7) whereas it would be ~ 6 MeV without concen-
trators. Having a low threshold is important for extracting the NC v signal which looks
like a 6 MeV electron signal (when salt is added) with a broad energy distribution.

It is also important that the concentrators collect light uniformly from the fiducial
volume. Otherwise, they will cause distortions in the energy calibration as a function
of position and direction in the detector. However, there is already a 30% discontinuity
in the energy calibration across the acrylic vessel. Outside the acrylic vessel the energy
calibration is a strong function of direction and does depend on position, but inside
the vessel it is a reasonably flat function of position and direction. Therefore it is
essential that inside the vessel, where the vast majority of neutrino events will occur,
the concentrators do not significantly distort the flat energy calibration. Keeping this
function as flat as possible will greatly simplify the data analysis in the future. Outside
the vessel, where fewer neutrino events will occur and some distortions are already

ﬁresent, it is not quite as imperative to avoid any distortions in the energy calibration.
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Chapter 3

Optical Principles of Light

Concentration

3.1 The Liouville Theorem: Conservation of Phase Space

For a detector of given fiducial volume subtending a cone of half angle 6; at a photomul-
tiplier (see Figure 3.1) the concentration which can be achieved optically is limited by
the Liouville theorem of statistical mechanics, viz., the phase space density of particles
(photons) cannot be increased without doing work on the system, but can be decreased
of course by absorption or scattering.

The phase space acceptance of any photomultiplier Wcarn is defined by the double
integral

/2
Ve = / /0 772 Ecacn(02, Featn) 5in(263) @6 dAcarh (3.1)

where 6, is the angle of incidence at an area element d Acasn, of the photocathode, n; is the
refractive index of the medium (usually glass) directly in front of the photocathode and
Euth(02, Icach) is the efficiency of the photocathode as a function of angle of incidence
and point of incidence at the photocathode (see Figure 3.2). In practice Ecacn(62, Teath)
is more ;)r Jess constant over the useful surface area of the photocathode Acaen and for all
angles of incidence within some maximum angle Omax = 7 /2 where it cuts-off relatively

sharply to zero. Hence the double integral reduces to Weath = 7 n3 Ecaeh Acath §in? Omax-
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Figure 3.1: Geometry of detector fiducial volume and photomultiplier.

However in the configuration of Figure 3.1 only a fraction of this available phase
space acceptance is actually being used. The source occupies a phase space volume

¥ ource given by the double integral

6,
Voouree = / / 712 Ecacn(62, Tear) 5in 26 d6 d Apurt (3.2)
0

where 6 is the (polar) angle of incidence at an element dA,u of a flat surface directly
in front of the photomultiplier and ng is the refractive index of the medium in which
the photomultiplier is immersed (see Figure 3.1). In this equation the angle of incidence
and point of incidence at the photocathode, 6; and reah, are functions of the angle of
incidence and point of incidence at the flat surface, 6 and ryu. It is implicitly assumed
that the photomultiplier is cylindrically symmetric, so that the integration over ¢ reduces
to 27. :Assuming that the dimensions of the photomultiplier are small in comparison

with the distance separating it from the fiducial volume, the integration over area can
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Figure 3.2: Phase space acceptance of an area element dA of the photocathode.

be performed first, leaving the following integral over angle
ol
Vyource = /O 7 12 Ecauh Aprog(8) sin 26 d8 (3.3)

where Apro;(6) is the useful area of the photocathode projected onto the surface of in-
tegration at a given angle 6. In most cases, where the photocathode is not excessively
curved and 6, is not too great, Apro;(6) is constant or very nearly so in the range 0 — 6,
s0 that W ource is approximately 7 n3 Ecath Aproj(0) sin26,. Hence the fraction of the
photocathode’s available phase space acceptance which is actually being used is given

by the ratio
Wsou.rce - n(2) Aproj(O) sin’ 6,

Veath n% Acath sin? Omax

(3.4)

which can be quite small.

In principle at least, an optical system can be arranged to modify the phase space
filled by the source and allow the use of the full phase space acceptance of the photocath-
ode. Such a ‘Liouville-exact’ concentrator is schematically represented in Figure 3.3. All
héht incident at the entrance aperture at less than 6, is transmitted to the photocathode
at an angle of incidence 6; < 6pm,y. Conversely all light incident at the entrance aper-
ture at greater than 6, is not transmitted to the photocathode at an angle of incidence
less than 6n.x and is hence rejected by the concentrator/photocathode system — the

concentrator is said to have an ‘ideal’ transmission-angle characteristic (see Figure 3.4).
gu
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Figure 3.3: Schematic representation of a Liouville-exact concentrator which transmits
to the photocathode (at less than fmax) all rays incident at the entrance aperture at
angles < 6, and none incident at > 6; [49]. The ratio of the entrance aperture area
Aconc 10 the photocathode area Acu is given by (3.5) and hence a source of half angle
6, occupies the full phase space acceptance of the photocathode.

Furthermore the ratio of the entrance aperture area Aconc Of this Liouville-exact

concentrator to the area of the photocathode Acan is given by

Aconc _ n% Sin2 0max

Acath n2 sin?#,

(3.5)

so that the phase space acceptance of the concentrator Weenc is equal to that of the

photocathode. This can be proved by evaluating the double integral

/2
Weone = / / 7 12 T(8, Feonc) Ecath 5in 26 46 d Aconc (3.6)
0

where 8 is the (polar) angle of incidence at an area element dAconc Of the concentra-
tor entrance aperture and where T(6, Fconc) is the probability of transmission to the
photocathode (at less than fmax) as a function of both angle of incidence and point of
incidence at the entrance aperture of the concentrator (it is implicitly assumed that the
concentrator is cylindrically symmetric so that the integration over ¢ reduces to 27).
Since tllme" concentrator has the ideal transmission-angle characteristic, i.e. T(6, Fconc)
is 1 for all reonc and 6 < 6, and 0 for all reonc and 6 > 6, Vconc reduces simply to
7 n2 Ecath Aconc sin? 6, which is only equal to Weaen if (3.5) holds true. Hence (3.5) rep-

resents the mazimum concentration ratio allowed by the Liouville theorem.

50



100, [mmommmmmmmmmmmemmemmsememseemeesooeemeoomoeensseoooooes '

60.0

—~ |
5N
~ i
75.0 - t
C
Q
3 50.0F
7
c 25.0F
O
= :
0.00 15.0 30.0 45.0
Polar Angle
Figure 3.4: Ideal transmission-angle curve of a concentrator with a limiting angle

6, = 45°. The probability of transmission to the photocathode (at an angle of incidence
6, < bmax), T(6, Teonc), is averaged over the entrance aperture of the concentrator.

Let us define the concentration factor C(6) as the efficiency of the PMT with the
concentrator Econc as a function of polar angle 6 and divided by the efficiency of the

bare PMT Epm at polar angle § = 0. We write

Econc(o) - f T(9, l'conc) Ecath(OZ ) rc&th) dAconc
Epmt(o) cos @ f Ecath(02s rcath) dAgurf

C(8) = (3.7)

where the cos 8 term has been included to compensate for the reduction in effective area
of the concentrator aperture as a function of polar angle (it varies as cos 6 since the
aperture is flat). In this equation the angle of incidence and point of incidence at the
photocathode (6, and rcan) are, in the numerator, functions of the angle of incidence and
point of incidence at the concentrator aperture (8 and reonc); and, in the denominator,
functions of the angle of incidence and point of incidence at a flat surface directly in
front of the photomultiplier (6 = 0 and ryur, see Figure 3.1).

Foll a Liouville-exact concentrator (ideal transmission-angle characteristic and con-
centration ratio given by (3.5)) the concentration factor (3.7) reduces to

Aconc _ n% Acath sin? omax
Aproj(0) ~ nd Aproj(0) sin’ 6,

CO<6)= (3.8)
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and C(6 > 6;) = 0, after using (3.5) to substitute for Aconc. Thus (3.8) represents the
mazimum concentration factor allowed by the Liouville theorem. Notice that it is the
reciprocal of the fraction of the photocathode’s available phase space acceptance used in
the geometry of Figure 3.1 without a concentrator, (3.4).

For flat photocathodes (where Acath/Apro; = 1 and the concentration ratio (3.5) is
equal to the concentration factor (3.8)) the optical system is realised to a good approx-
imation by the reflecting ‘Winston cone’ which is universally used for the concentration
of light from gas Cherenkov counters onto photomultipliers. The peculiar non-imaging
optics necessary to approach the Liouville limit of concentration have been studied in
detail and presented with great clarity by Welford and Winston [49). The principles
laid down by Welford and Winston and the two dimensional applications represent the
starting point for the developments described in this thesis. Generally the practical three
dimensional concentrators which approach the Liouville limit, e.g. the Winston cone, are
figures of revolution of two dimensional Liouville-exact concentrators (assuming ‘ideal’
reflecting surfaces, i.e. 100% reflectivity). In fact there is a Liouville-exact three dimen-
sional refracting solution, the Luneburg lens [50], but that requires a spatial variation
of refractive index which is not easily achieved. Conventional lens systems with large

f-numbers fail because of the gross and unfavourable aberrations [49].

3.2 The Compound Parabolic Concentrator or Winston

Cone

The Liouville-exact two dimensional reflecting concentrator from which the Winston
cone is generated is an off-axis parabola called the compound parabolic concentrator
(‘CPC’). All the rays which are incident at the concentrator entrance aperture at the
limiting angle 6; are focussed by the parabola onto the edge of the plane photocathode
(see F;gﬁre 3.5). This construction by the so-called ‘edge-ray principle’ ensures that all
rays incident at the concentrator aperture at < 6; necessarily reach the photocathode

whilst those at > 6; cannot find their way to the photocathode and are hence rejected
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(see Figure 3.6). Thus the ideal transmission-angle characteristic is obtained.
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Figure 3.5: Construction of a 2D CPC profile from the edge-ray principle [49].

Figure 3.6: To prove that a 2D CPC has an ideal transmission-angle curve [49].

The concentration ratio of this 2D CPC, i.e. the ratio of half its entrance aperture
length, lconc, to half the length of the photocathode, lcah (see Figure 3.5) can be shown
to be

lCOhC = — 1 (3.9)

which is the maximum concentration ratio allowed (in 2D) by the Liouville theorem

assuming that the index of refraction is constant throughout the optical system and

that the photocathode is uniformly efficient at all angles of incidence, i.e. fmax = 7/2.
- The celebrated Winston cone is the figure of revolution of the 2D CPC. It also has

the maximum concentration ratio allowed (in 3D) by the Liouville theorem:

ACODC — 1

A“[h Sin2 0‘

(3.10)

But its transmission-angle curve (averaged over the entrance aperture) is not quite ideal.

Instead of cutting off perfectly at 6, the transmission cuts-ofl more gently over a small
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range of angles centered about 6; (see Figure 3.7). The steepness of the cut-off can
be quantified by the change in angle (A#) in going from 90% to 10% transmission.
Approximate values of Af for several 3D CPCs are [49)

6, 2° 10° 16° 20° 40° 60°

A6 0.4° 15° 2° 25° 2.7° 2.0°

[ 4
K]
v
E OS5 [2° 10°| 16° 20° 40° 50° 60°
§
-
t 1 1 1 1 | 1
10° 20° 30° 40° 50° €0°
6

Figure 3.7: Transmission-angle curves for 3D CPCs with 6, from 2° to 60° [49].

For a photocathode which detects light uniformly up to a maximum angle of incidence
Omax < 7/2 the edge-ray construction has to be modified. This refinement of the 2D
CPC in which all rays incident at the entrance aperture at angles < 6, are constrained
to intersect the photocathode at angles no greater than fn., is described in .Chapter 5 of
[49). With this construction the ideal transmission-angle characteristic is still achieved

and the 2D concentration ratio is now given by

leonc _ 8iD Omax
Ia[h Sil’l 6‘

(3.11)

which is the maximum ratio allowed by the Liouville theorem for a photocathode efficient
out to an angle fay.

Another interesting development of the CPC is the dielectric-filled CPC presented
in‘.Chapter 5 of [49]. This CPC (see Figure 3.8) relies on total internal reflection which
operates for all rays in the acceptance cone provided that sin 6, < 1-(2n}/n}) or sin6; <
ny/no — (2no/n;) where 6, is the limiting angle outside the dielectric, @; is the limiting
angle inside the dielectric, n; is the refractive index of the dielectric and ng is the

refractive index of the medium directly in front of the dielectric. The 3D concentration
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ratio of this concentrator is given by

Aconc _ sin? Omax n% sin? Omax

A 8in?6. ~ n2sin?6, (3.12)

where Oy is the maximum angle of incidence (at the photomultiplier Qindow) at which
the photocathode effectively detects light when the photomultiplier window is placed in
contact with a medium of refractive index n;.
N
-

N

mox

no

Figure 3.8: A dielectric-filled CPC. The figure is drawn with 6/ = 18° and n,/no = 1.5
so that 6, = 27.6° and the 3D concentration ratio is 10.5 (assuming fmax = 7/2) [49].

3.3 The CPC Design for Off-Axis Rays

So far the 3D CPC has always been generated from the profile of a Liouville-exact 2D
CPC. Appendix F of [49] describes a method for constructing the 2D profile of a 3D
CPC which has an ideal transmission-angle characteristic for a particular set of off-axis
rays of given skewness h. The skewness of a ray is proportional to its axial component

of angular momentum and is given by
h=n(rxt)z (3.13)

where r is the vector from the origin to a point R along the path of the ray; n and t
are the refractive index and the unit vector in the direction of propagation of the ray at
the poiﬁth and # is the unit vector in the z-direction (the axis of symmetry). It can be
shown that for any optical system of cylindrical symmetry (about £) the skewness of a
ray is an invariant with respect to either reflection or refraction throughout the whole

optical system (c.f. conservation of the z-component of angular momentum).
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The first order nonlinear differential equation which is developed in Appendix F of
[49] for constructing the profiles of these 3D CPCs for non-zero skewness is restricted to
flat photocathodes and is based on the edge-ray principle, viz., that all rays of skewness
h incident at the concentrator aperture at the limiting angle 6; are reflected onto the
edge of the photocathode (see Figure 3.9). It can be shown that these ‘skew’ CPCs have
the maximum concentration ratio allowed by Liouville (3.8) and the ideal transmission-
angle characteristic for the particular set of rays of given skewness h. However, just as
in the case of the Winston cone which is optimised for the meridional rays (h = 0), the
3D transmission-angle curves (averaged over the entrance aperture) of these skew CPCs
are not quite ideal. In fact the greater the value of h for which the concentrator has
been optimized, the worse is its 3D transmission cut-off. Some 3D transmission-angle

curves for skew CPCs are shown in Figure 3.10.
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Figure 3.9: Constructing the 2D profile of a skew CPC by reflecting the rays of
skewness h and polar angle 6; onto the edge of the photocathode. [49].
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Figure 3.10: Transmission-angle curves for skew CPCs (optimised for non-zero skew-
ness h). All the concentrators are designed for photocathodes of diameter unity and
bmaz = 7/2. [49].
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3.4 The Tangent-Ray Principle

In Chapter 6 of [49] the edge-ray principle is generalized to the ‘tangent-ray principle’
which enables the construction of Liouville-exact 2D concentrators for non-plane photo-
cathodes. We shall refer to these concentrators as compound tangential concentrators
(‘CTC’s) in order to differentiate them from CPCs which are constructed for plane pho-
tocathodes by the edge-ray principle. In the tangent-ray construction the rays which
are incident at the entrance aperture at the limiting angle 6; are reflected to be tangent
to the photocathode (see Figure 3.11). For generating the portion of the concentrator
profile which is shadowed by the photocathode from rays of polar angle 6; the tangent-
ray principle is modified. Here the rays of polar angle < 6; which are tangent to the
photocathode are reflected to remain tangent to the photocathode, i.e. the normal to
the concentrator is tangent to the photocathode. Hence this portion of the concentrator
profile is the involute of the portion of the photocathode which is also shadowed from
rays of polar angle 6, (see Figure 3.11).

Any 2D CTC constructed in this manner is easily shown to have the ideal transmission-
angle characteristic by considering rays of polar angle slightly greater than or slightly
less than the limiting angle 6, incident at any point P on the concentratof profile (see
Figure 3.11). Furthermore it can be shown to have the maximum concentration ratio

allowed by the Liouville theorem:

ICOHC = — ] (3.14)

where lconc is half the entrance aperture length of the CTC and legn is half the arc-
length of the 2D photocathode. Once more the assumptions are being made that the
photocathode is uniformly efficient at all angles of incidence up to x/2 and that the
refractive index is constant throughout the optical system.

The' development of the 2D CTC was mainly motivated by the design of trough-like
2D CTCs for concentrating solar energy onto tubular absorbers of circular section. Hence
its development was not extended to the 3D case (by taking the surface of revolution)

as it was with the 2D CPC which is the basis of the Winston cone. However, before
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Figure 3.11: Liouville-exact 2D CTC constructed according to the tangent-ray prin-
ciple. The (solid) rays incident at the concentrator entrance aperture at the limiting
angle 6, are reflected to be tangent to the photocathode. The portion of the concentra-
tor profile which is shadowed from these rays is an involute of the photocathode profile
which is also shadowed from these rays. The (dashed) rays with polar angle < 6; which
intersect any point P on the concentrator necessarily intersect the photocathode whilst
those of polar angle > 6, are rejected from the concentrator.

embarking on this development which is the main subject of this thesis we will direct
our attention to the optical properties of the phototathode itself which are crucial to
the arguments relating to conservation of phase space. The main question is what is
the value of fmax, the maximum angle of incidence at the PMT window at which the
photocathode effectively detects light, and how does fmax Vvary as the PMT window is

placed in contact with media of different refractive index?
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Chapter 4

Optical Properties of the K,CsSb
Bialkali Photocathode

4.1 Introduction

Despite the extensive use of the K;CsSb bialkali photocathode for scintillation and
Cherenkov counters, surprisingly little is known of its optical properties. When laid
down on borosilicate glass it typically has the spectral response shown in Figure 4.1
[36] where the cut-off at about 300 nm is caused by absorption in the glass envelope of
the photomultiplier. Shorter wavelengths can be detected at the cost of a high purity
silica window. The only two published measurements [51], [52] of the real and imagi-
nary parts of its complex refractive index report widely differing results, and both of
these experiments determine the complex refractive index from measurements of the
photocathode’s reflectivity and transmissivity at near-normal incidence. This method
is open to considerable uncertainty from an inherent ambiguity in the interpretation of
the measurements.

The situation has been clarified by measuring the angular dependence of the reflec-
tivity ;>f this photocathode when the photomultiplier window is immersed in water. This
measurement has allowed an unambiguous determination of the three photocathode pa-

rameters: real and imaginary parts of the complex refractive index and thickness, which
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Figure 4.1: Typical wavelength dependence of the quantum efficiency of the K;CsSb
bialkali photocathode [36] measured from a Hamamatsu R1408 20 cm photomultiplier
(— ) and an EMI 9351 20 cm photomultiplier (———). The different cut-offs at short
wavelengths are caused by the different quality of borosilicate glass in the envelopes
of the PMTs; whereas at long wavelengths the difference might be due to different
photocathode thicknesses.

are shown to be consistent with the measurements (but not the analysis) of [51].

From these three parameters one can predict the angular dependencies of the pho-
tocathode reflectivity, transmissivity, absorptivity and quantum efficiency. The first two
can be directly calculated from the three parameter model of the photocathode [53]).
'fhe absorptivity is then easily inferred from the first two since by definition these three
quantftiés always add up to unity. Lastly, the quantum efficiency is expected to have
the same angular dependence as the absorptivity since it is the product of the absorp-

tivity and the probability of the photo-electron escaping to the vacuum which should be
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independent of the angle of incidence of the photons.

Greschat et al [55) measured the angular dependencies of the reflectivity, transmis- -
sivity and quantum efficiency of the Cs3Sb photocathode. They established that the
angular behaviour of the reflectivity, transmissivity and hence absorptivity could in-
deed be reproduced by the three parameter model and that the quantum efficiency and
absorptivity had the same angular dependencies.

Later work by Chyba and Mandel [56]) on the multialkali photocathode (Na2KSb:Cs,
S$20), where the same quantities as in [55] were measured, showed that the angular
behaviour of the reflectivity (and hence absorptivity) in the region of total internal
reflection could not be completely reproduced by the three parameter model. They
further observed that the angular dependence of the quantum efficiency which could
be reproduced by the three parameter model was different to that of the absorptivity
and concluded that another mechanism, not included in the three parameter model, was
absorbing 20% of the parallel polarization photons at large angles of incidence without
inducing any photo-electron emission.

Our measurement of the angular dependence of the reflectivity of the bialkali pho-
tocathode establishes that the three parameter model gives a valid description of the
photocathode’s optical properties. There is some evidence for a 3.6 + 1.5% departure
from the three parameter model but this departure is certainly much smaller than the
departure which was observed in the multialkali photocathode [56] and does not signifi-
cantly effect the optical properties of the bialkali photocathode.

Furthermore, the angular dependence of the absorptivity of the bialkali photocath-
ode, calculated from the parametrization obtained here, compares favorably with a
measurement of the angular dependence of the quantum efficiency [60] despite several
differences between the assumptions of the parametrization and the conditions of the
measurement.

Finaily, the angular dependence of the optical properties of the bialkali photocath-
ode are calculated with the photomultiplier window in contact with media of refractive

indices 1.0 (gases), 1.34 (water) and 1.49 (scintillator, oil, glycerol etc.).
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4.2 Experiment

The intensity of the multiple reflections from the front window of an EMI 9124 (30 mm)
photomultiplier (see Figure 4.2) were measured as a function of the angle of incidence at
the PMT window, ;. The K,CsSb photocathode of this photomultiplier is evaporated

onto a 2 mm thick borosilicate glass window.
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Figure 4.2: Multiple reflections from the front window of an EM19124 photomultiplier.

A schematic layout of the apparatus is shown in Figure 4.3. A Liconix Helium-
Cadmium laser provided a polarized beam of diameter 1.1 mm and wavelength 442 nm.
The bearﬁ intensity was continuously monitored with a beam-splitter and photodiode
arrangement. A Perspex cylinder, of diameter 150 mm was located on a rotating table

with its centerline coincident with the vertical axis of rotation of the table. The photo-
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Figure 4.3: Schematic representation of the apparatus.

multiplier tube was mounted through the side of the Perspex cylinder with the centre
of its front window at the axis of rotation of the table. The horizontal laser beam was
aligned to be incident at the centre of the photomultiplier window. The Persﬁex cylinder
was filled with deionized (Millipore) water, completely immersing the photomultiplier.
A photodiode on an independently rotating arm (with the same axis of rotation as the
table) measured the intensity of the reflections from the photomultiplier. All the reflec-
tion measurements were normalised to the beam intensity which was measured with the
same rotating photodiode by pulling the photomultiplier back in its mounting and allow-
ing the beam to pass straight through the Perspex cylinder. Both the straight-through
be_am and the photomultiplier reflections suffer the same losses from reflection at the
Perspex cylinder. Hence these losses factor out upon normalization. However, a variable
’ percenfaée of the beam was scattered by small defects on the Perspex cylinder. The
r.m.s. fluctuation of the photomultiplier reflections caused by the passage twice through

the walls of the scattering Perspex cylinder was measured from the r.m.s. fluctuation
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of the straight through beam which also passes twice through the Perspex. This r.m.s.
fluctuation of £1.5% was the limiting random error of the reflection measurements.

The multiple reflections emerged parallel from the photomultiplier window, sepa-
rated from one another by a distance of order 2 mm (the thickness of the window — see
Figure 4.4). Since the laser beam was 1.1 mm wide it was possible to resolve the multiple
reflections into individual components: glass reflection, primary photocathode reflection,
secondary photocathode reflection, etc. Moreover, the ability to resolve the multiple re-
flections was greatly enhanced by the focussing effect of the water-filled Perspex cylinder
which acted as a thick cylindrical lens. This lens focussed the parallel laser beam into
a vertical line at a distance n,7/2(n; — 1) =~ 2r from the centre of the lens where n, is
the refractive index of water (1.34 at 442 nm) and r is the radius of the lens, i.e. the
radius of the Perspex cylinder. Hence at a distance r from the Perspex cylinder the
straight-through beam appeared as a vertical line and the multiple reflections as a series
of parallel vertical lines. The focussing also caused the multiple reflections to converge
together, but with only half the focussing power of the lens, since the multiple reflections
were produced parallel to each other inside the lens. They were brought together at a
distance nyr/(n; — 1) = 4r from the centre of the lens. Therefore at a distance r from
the Perspex cylinder their separation had only decreased by a third from the initial ~
2 mm whereas each individual reflection was focussed into a >~ 0.1 mm wide line and
hence could easily be resolved by placing a 0.15 mm wide vertical slit in front of the
rotating photodiode, as in Figure 4.3.

Measurements were made of both the glass reflection and the primary photocathode
reflection as a function of the angle of incidence 6; at the PMT window, for both po-
larizations independently, i.e. electric field vector perpendicular or parallel to the plane

defined by the incident and the reflected beams, (respectively TE and TM waves).

64



Incident Glass Primary Secondary

beam reflection, phototathode photocathode
Ry, reflection, reflection,
R; [Ty )? (R3) Ry [Ty )?

5

Glass, n;
-— 44
Photocathode,

| | n i
'primary :Setondary Vacwumn,
'photoufhode photocathode

transmission, transmission,

T Ty TaR3R, Ty

Figure 4.4: The multiple reflections which occur inside the glass window of the pho-
tomultiplier do not interfere with each other. They emerge parallel, separated by a
distance of order 2 mm which depends on the angle of incidence and the thickness of
the window. By contrast, the multiple reflections which occur inside the thin (~20 nm)
photocathode overlap each other and interfere coherently with each other. Their ampli-
tudes must be summed, taking into account their relative phases, in order to calculate
the total amplitudes of the reflected and transmitted waves.

4.3 Theory, Results and Discussion

Measuring the glass reflection and photocathode reflection separately simplifies the anal-
ysis and provides a useful check on the systematics of the experiment as the glass reflec-
tion is well understood. We shall discuss the glass reflection first and the photocathode
reflection later.

The coefficients of reflection (R;3) and transmission (T33) of the water/glass bound-
ary are easily calculated from the well known Fresnel equations which can be written,

for the perpendicular polarization (TE waves)

_ (micosb - ny C0502)2
Bz = (rn cos 6, + njcos b, (4.1)

2n, cos 6, )2 ny cos 6,
le B ('nx cos 9) 4+ njcos 02 n; cos 01 (42)
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and for the parallel polarization (TM waves)

n, cos 6; — n, cos 02>2
Rz = 4.
12 (ﬂg cos 8, + n; cos b, (4.3)
2n, cos b, )2 n, cos 6,
T2 = ( .
12 nacos @) + nycosf,/ mycosb; (4.4)

where n; is the refractive index of water, n; is the refractive index of the borosilicate
glass window, 6, is the angle of incidence at the photomultiplier window and 6; is the

angle of transmission into the window (see Figure 4.4) given by Snell’s law:
n;sinf; = nysiné; (4.5)

The only variable in the calculation of R;; is n; and hence its value can be determined
from the best fit to the glass reflection data which is obtained by minimizing the r.m.s.
fluctuation about the theory, A,pm,, given by

1/2
: 2
Brms(ng) = [l 2 (mea.sured glass reflection ]> ] (4.6)

N < Riz

where N is the number of data. The minimum A,m, occurred at n; = 1.495 and
was 2.2% which is slightly more than the r.m.s. fluctuation of £1.5% from the double
transmission through the Perspex cylinder. This difference can be explained by the
systematic error caused by scattered light from the primary photocathode reflection
finding its way through the slit during the glass reflection measurements. This increase
in the measured glass reflection leads to a slight overestimate of the value of n3. It has
a proportionally greater effect when the glass reflection intensity is smaller. This can be
seen in Figure 4.5 where the glass reflection data is plotted against a theoretical fit with
ny = 1.490 for which A,pm, is 2.5%. The reason why this value for n; is chosen is that
it is the inferred value from the theoretical fit to the photocathode reflection data.

" The coefficients of reflection and transmission of the photocathode are given by an
. extensic.mfof the Fresnel equations where the absorptive properties of the photocathode
are incorporated into the theory by giving the photocathode a complex refractive index,
fi = n3 + ik3 [54). A further complication arises because the multiple reflections which

occur inside the thin photocathode (~ 20 nm) overlap each other and interfere coherently
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Figure 4.5: Glass reflection data fitted to n; = 1.490 (Ayms = 2.5%). This value
for n, which is the best fit to the photocathode reflection data is chosen rather than
1.495, the best fit to the glass reflection data, as n; is more strongly constrained by the
photocéthode reflection data than by the glass reflection data.
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with each other (see Figure 4.4). Their amplitudes must be summed, taking into account

their relative phases, in order to calculate the total amplitudes of the reflected and

transmitted waves. The formalism developed for this summation is clearly presented in

[53) where the intensities of the reflected wave, R3, and the transmitted wave, T are

given by

Rs = |F23|2€" + |F34|2e=2*" 4 2|F23)|F34] cOS(arg 734 — arg 723 + 2un)

37 e 4 |F23]2|Fa4|2€=2vn + 2|F33||F23| cos(arg F23 + arg faq + 2un)

Ts = 9|1.23|2|t-34|2
€2V 4 |F23|2|F34]|2€~2v" 4 2|F23||F23| cos(arg 723 + arg faq + 2un)

where for the perpendicular polarization (TE waves)

ngcos by
n2 Cos 02

n, cos @, — fiz cos b3

ny cos 6, + nz cos 3

fiz cos 3 — ng cos by

T34 = < =
fiz cos 03 + ny cos b4
- 2n; cos b,
tza —4 - =
n, cos @ + Nz cos b3
- 213 cos ;3
lag =

fiz cos @3 + n4 cos by

and for the parallel polarization (TM waves)

n, cos b6,

§= n, cos 4
. fl3 Ccos 92 - Ny COS 83
T23 = - =

fiz cos 6, + na cos 63
. n4 cos 63 — fiz cos 4
T34 = =

n4 cos 03 + fiz cos b,
- 2n, cos 6,
123 =

fi3 cos 6, + na cos 63

- 27.!3 cos 03

nq cos 03 + i3 cos by

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

Here 1 =.21(’d//\0 where Ag is the vacuum wavelength of the incident light and d is the

thickness of the photocathode. We have made the standard substitution

u 4+ tv = fizcos b3
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where fi3 = n3 + tk3 is the complex refractive index of the photocathode and 63, the

complex angle in the photocathode is given by Snell’s law:
ny sin 6; = fzsin 6, (4.18)

Finally, ng = 1.0 is the refractive index of the vacuum inside the photomultiplier tube
and 6, is the angle of transmission into this vacuum (see Figure 4.4) also given by Snell’s
law:
fi3 sin b3 = nysinby (4.19)
From the above equations the reflectivity of the photocathode, R3, can be calculated
as a function of the three photocathode parameters (na, k3 and d), the angle of incidence
at the photocathode from the glass side (6;) and the refractive index of the glass envelope
(ny). However, the primary photocathode reflection was measured as a function of the
angle of incidence at the photomultiplier window, 6,. It is therefore necessary to use
Snell’s law (4.5) to transform 6; into 6, in order to calculate R3 as a function of 6.
Furthermore, the primary photocathode reflection passed twice through the water/glass
boundary (see Figure 4.4) and is hence given by R3(Ty2)?, where Ty, the transmissivity
of the water/glass boundary, can be calculated from (4.2), (4.4) and (4.5), for a given
value of ns.
A computer program was written to calculate R3(T}2)? as a function of 6;, the three
photocathode parameters, and n;. It was used to search the 4D parameter space (nz,
n3, k3 and d) for a best fit to the photocathode reflection data by minimizing the r.m.s.

fluctuation about the theory:

1/2
1 measured primary photocathode reflection 2
Arms(nz, ns, k3,d) = {ﬁ 2 ( P yp _ 1)
6,

R3(T12)?
(4.20)

ir;'here n, was varied from 1.475 to 1.495 in steps of 0.005; n3 from 1.0 to 6.0 in steps of

0.05; Iégl’from 0.0 to 5.0 in steps of 0.05 and d from 5 nm to 50 nm in steps of 0.5 nm.
The best fit occurred at n; = 1.49, n3 = 2.7, k3 = 1.5,d = 23 nm and is illustrated in

Figure 4.6 with the data. It reproduces closely the angular behaviour of the photocath-

ode reflectivity. The most striking features of this angular behaviour are the pronounced
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Figg;g 4.6: Best fit to the primary photocathode reflection data (A,m, = 3.6%).
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peak in the parallel polarization and the small but steep drop in the perpendicular po-
larization, both occurring at about 48° incidence. These abrupt changes in reflectivity
coincide with the onset of total internal reflection at the photocathode/vacuum bound-
ary. The critical angle for this total internal reflection is easily derived by considering

Snell’s law at all the boundaries between the water and the vacuum:
n; sin#; = nysin 6; = fizsin 63 = ngsinfy (4.21)

Hence total internal reflection begins at an angle of incidence at the photomultiplier
window given by 6; ¢ = sin~!(1/n;) = 48.3° which depends only on the refractive index of
the medium in which the photomultiplier window is immersed. Although the abruptness
of the features at 48.3° incidence is explained by the onset of total internal reflection, their
precise nature (e.g. pronounced peak or slight drop) is determined by the interference
effects between the multiple reflections inside the photocathode.

The best theoretical fit has a A,m, of 3.6% which is greater than the 1.5% r.m.s.
fluctuation from the double transmission through the Perspex and cannot be accounted
for by scattered light from another reflection increasing the measured photocathode
reflection. There may be some extra mechanism, not included in the theory, which
absorbs only parallel polarization photons, as has been suggested by Chyba and Mandel
[56]. Nevertheless the 3.6 + 1.5% departure from the three parameter model is certainly
much smaller than the departure found in the multialkali photocathode [56].

The four parameters determined from the best fit to the photocathode reflection data
are strongly constrained by these data. A,n, increases quite steeply as one moves away
from its minimum in the 4D parameter space (n2, n3, k3, d). However, there is a line in
this 4D space running through the best fit along which A,m, rises the least steeply from
its minimum. This line is characterised by approximately constant values of ny, n3/k3
and |f3/°d. Along it, the normal incidence reflectivity of the photocathode remains
constant. which explains why A,,, does not increase so steeply. But, even so, near
the critical angle for total internal reflection the reflectivity does change significantly,

especially the peak in the parallel polarization. This can be seen in Figure 4.7 where
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Figure 4.7: Two fits to the primary photocathode data from the line in the 4D
parameter space (nz,n3, k3, d) along which A, increases the least quickly from its true
minimum since the normal incidence reflectivity along this line is more or less constant.
. The parameter values of these fits have been obtained by minimizing A,m, for fixed
* values of d (20 nm and 26 nm) and n; (1.49). The respective A,,,, values are 5.5% and
5.9%.
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two fits on this line from either side of the true minimum (the two best fits at d = 20
nm and d = 26 nm, keeping n; = 1.490) are plotted with the data. These two fits do
not reproduce the measured height of the peak in the paralle] polarization and hence
they have high A,m, values (5.5% and 5.9% respectively) and can be discounted. Thus
the measurement of the beight of this peak is critical for determining a unique set of
values for ng, k3 and d. The best value for n; is determined by the the data at large
angles where (T}2)? becomes a significant factor. We conclude that for the particular
photomultiplier investigated n; = 1.490 £ 0.005, n3 = 2.70 £ 0.05 and k3 = 1.50 £ 0.05
at 442 nm wavelength, and d = 23 = 1 nm. This parametrization of the photocathode

shall be referred to as P1.

4.4 Other Measurements

Timan [51] has measured the optical parameters of the K;CsSb bialkali photocathode
and reports values of 4.5 and 0.8 for the real and imaginary parts of the refractive index
at 454 nm, and 40.8 nm for the thickness. It is hard to reconcile these values with those
of P1. However it appears that the discrepancy between the two results is caused by an
unfortunate numerical error.

Timan used the ‘three intensities method’ in which the reflectivities of the photo-
cathode from the glass side, Ry, and the vacuum side, R,, and the transmissivity of
the photocathode, T, are all measured at near-normal incidence. These three quantities
(corrected for reflection losses at all air/glass boundaries) can be calculated as a function
of the three photocathode parameters: n3, k3 and d, e.g. Ry and T are equal to R3 and
Ts in the notation of Section 4.3 and can hence be calculated from (4.7)-(4.21) whereas
R, is equal to Rj if ny is substituted by nq and vice-versa in (4.7)-(4.21). Different
equations [57] were used which are strictly only valid at normal incidence but the ap-
proﬁm;tién is justified for unpolarized light in the 10° to 20° range of the measurements.
Numerically these equations agree with (4.7)-(4.21) in the limit where 6;,63,6, — 0,

but Timan’s values for Ry, R, and T quoted for a specific set of parameters n3, k3 and d
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do not agree with the values we calculate for the same parameters using either system of
equations'. Although the discrepancy is small it has affected the results of the analysis.
A new analysis of Timan’s measurements is presented in this section.

The three intensities were measured at five different wavelengths (390, 453.5, 505,
601.5and 798 nm) for two K, CsSb bialkali photocathodes which shall be referred to as B1
and B3, using Timan’s notation. Particular attention will be paid to the measurements
at 453.5 nm which is close to P1 (442 nm), and to those at 390 nm which is close to the
peak of the effective wavelength spectrum of SNO (380 nm, see Figure 2.4).

Since it is not possible to invert the equations which calculate the three intensities as
a function of n3, k3 and d a program was written for fitting the measured triplet Ry(m),
R,(m) and T(m) to calculated triplets Ry(c), Ry(c) and T'(c) by minimizing the r.m.s.

fluctuation about the theory:

2 m 2 2]\ /2
mtontntr= (3| (582 1) (B8 -0) + (765 ) )

The program varied n3 from 1.0 to 6.0 in steps of 0.05, k3 from 0.0 to 5.0 in steps of

0.05 and d from 5.0 nm to 50.0 nm in steps of 1 nm (nz was fixed at 1.5, from [51)).

Each measurement was made twenty times over by Timan who observed an r.m.s.
fluctuation of 5% about the mean of each measurement. The statistical fluctuation in
the mean should therefore be of the order of 1%. However the systematic errors have
not been estimated so we take a pessimistic view and search for fits with a A,p,, of less
than 4%.

For each measured triplet a vast number of such fits with A.py < 4% were found
covering much of the three dimensional parameter space. These fits were arranged in
lines across the 3D space which were characterised by approximately constant values of
ﬁa/k3 and |f3)2d, just as was observed in fitting the angular dependence of reflectivity
(Section 4.3), except that here A,ms changed very slowly along the lines. The measured

triplets do not sufficiently constrain the photocathode parameters.

IThere is a sign error in the equations quoted by Timan [51] from Heavens [57], but using either sign
we calculate a different set of values for Ry, R, and T than Timan quotes for the same set of parameters

n3, k3 and d.
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Ry(c) T(c) Ry(c) d(nm) nz k3 ma/ks dlis[A2 Arms (%)

0.274 0.190 0.451 6 5.70 3.10 1.84 2520 0.6
0.275 0.188 0.449 10 450 245 1.84 2620 1.0
0.277 0.188 0.446 14 390 205 1.90 2710 1.3
0.281 0.191 0.442 18 355 1.75 2.03 2810 2.1
0.282 0.188 0.437 22 3.30 1.60 2.06 2950 2.9
0.281 0.191 0.431 24 320 150 213 2990 3.4
0.277 0.191 0.451 8 245 4.70 0.52 2240 0.7
0.280 0.189 0.451 12 195 3.80 0.51 2180 1.3
0.274 0.192 0.442 16 1.65 3.20 0.52 2070 1.9
0.284 0.190 0.444 20 140 2.85 0.49 2010 23
0.283 0.189 0.439 24 1.25 255 0.49 1930 2.7
0.278 0.189 0.429 28 1.15 2.30 0.50 1850 3.6
0.287 0.194 0.437 44 595 0.55 10.82 15710 3.6
0.284 0.185 0.433 50 535 0.55 9.73 14460 3.8

Table 4.1: Possible fits to the measured triplet of Bl at 453.5 nm. End points
and selected intermediate points of the lines in the 3D parameter space which have a
A,ms < 4% for fitting the measured triplet: Ry = 0.275, T = 0.190 and R, = 0.455.

Tables 4.1 and 4.2 show the end points and some intermediate points of these lines in
the 3D parameter space for the two photocathodes B1 and B3 at 453 nm. The lines cover
a broad range in the parameter space so that it is impossible to determiiye the photo-
cathode parameters unambiguously from these measured triplets. Timan suggests that
by measuring the triplets at many different wavelengths one can resolve this ambiguity
since there should be only one value for d which is found at every wavelength amongst
the many possible fits. However we find that there is a broad range of values of d which
allow equally good fits at all the wavelengths and the ambiguity remains. Furthermore
the total r.m.s. fluctuations about the theory of these fits across all wavelengths are all
greater than 2% which retrospectively justifies the search for fits with Appms < 4% at
iﬁdividua] wavelengths.

Ne'vgrtheless we can select, out of the many possible fits in Tables 4.1 and 4.2, the
closest set of values of n3 and k3 to those of P1 (2.7,1.5). The values selected are
n3 = 3.2, k3 = 1.5 for Bl and n3 = 3.25, k3 = 1.5 for B3 which fixes d at 24 nm

for B1 and 29 nm for B3. Having fixed the thickness of each photocathode one can
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Ry(c) T(c) Ry(c) d(nm) mn3 ks n3/ks dfiz|A2  Arms (%)

0.307 0.156 0.484 6 595 3.60 1.65 2900 3.3
0.309 0.156 0.482 10 470 2.80 1.68 2990 2.9
0.308 0.157 0.477 14 4.05 235 1.72 3060 2.5
0.313 0.155 0.475 18 3.70 2.05 1.80 3220 1.8
0.312 0.157 0.466 22 345 1.80 1.92 3330 1.2
0.315 0.154 0.460 26 3.30 1.65 2.00 3530 0.5
0.319 0.156 0.455 29 3.25 150 2.17 3710 1.1
0.317 0.155 0.449 31 320 145 221 3820 1.4
0.327 0.155 0.446 35 3.25 130 2.50 4280 2.7
0.326 0.155 0.434 40 3.40 1.15 296 5150 3.9
0.307 0.155 0.483 8 290 495 0.59 2630 3.1
0.307 0.156 0.479 12 2.25 4.00 0.56 2520 2.8
0.313 0.155 0.479 16 1.85 3.45 0.54 2450 2.4
0.314 0.153 0.476 20 1.60 3.05 0.52 2370 2.1
0.317 0.152 0.473 24 1.40 275 0.31 2280 1.9
0.316 0.152 0.466 28 1.25 2.50 0.50 2180 1.3
0.321 0.154 0.463 32 1.10 2.30 0.8 2080 1.3
0.314 0.154 0.453 35 1.05 2.15 0.49 2000 1.0
0.318 0.154 0.456 33 5.85 1.05 5.57 11650 0.9
0.320 0.153 0.447 37 495 1.05 4.71 9470 2.1
0.323 0.155 0.435 41 400 1.05 3.81 7010 3.6
0.322 0.154 0471 45 595 0.65 9.15 16120 1.9
0.318 0.160 0.464 50 5.45 0.60 9.08 15030 2.0

Table 4.2: Possible fits to the measured triplet of B3 at 453.5 nm. End points
and selected intermediate points of the lines in the 3D parameter space wWhich have a
Arms < 4% for fitting the measured triplet: Ry = 0.315, T = 0.155 and R, = 0.460.

then uniquely determine the values of nz and k3 at the other wavelengths where the
three intensities have been measured by searching only for fits with the given values of
d. This extra constraint resolves the ambiguity at all the other wavelengths except for
390 nm where a certain ambiguity remains as many fits are possible even with the fixed
thicknesses. However these numerous fits at 390 nm cover relatively well defined regions
in the.2D space (n3,k3), as can be seen in Figure 4.8 where a strong anticorrelation is
noted ’bétween n3 and k3.

The full sets of values for n3 and k3 as a function of wavelength obtained by fixing —

somewhat artificially — the thicknesses of photocathodes B1 and B3 are shown in Figures
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Figure 4.8: Allowed fits (A,ms < 4%) at 390 nm for photocathode B1 (crosses) with
d fixed at 24 nm and for photocathode B3 (pluses) with d fixed at 29 nm. The boxed
cross is P2 and the boxed plus is P3.

4.9 and 4.10. It is satisfying that one can obtain such good agreement between the
refractive indices of the EMI photocathode and those of the B1 and B3 photocathodes.
The magnitude and wavelength dependence of the real part of the refractive index shown
in Figure 4.9 is very similar to that of the Cs3Sb photocathode as measured by Wallis
[58) and reported in [59]. The wavelength dependence of the imaginary part of the
refractive index mirrors the wavelength dependence of the quantum efficiency of the
bialkali photocathode (Figure 4.1) as one would expect.

Ghosh and Varma [52] have measured the complex refractive index of a bialkali
photocathode as a function of wavelength. They report a value of 2.4 +12.55 at 442 nm,
c.f. 2.7 + i1.5 from P1. Their wavelength dependence of the real part of the refractive
index is similar to that shown in Figure 4.9. However for the imaginary part of the
refractjve index the wavelength dependence is the same as in Figure 4.10 but shifted to
longer'wévelengths by about 100 nm. From the paper it would seem that the imaginary
part of the refractive index is determined from a direct measurement of transmission at

normal incidence. This method is highly dependent on an accurate knowledge of the
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Figure 4.9: Wavelength dependence of the real part of the bialkali complex refractive
index from the re-analysis of the measurements in [51] and the results of Section 4.3.

thickness of the photocathode. There is no mention of how the thickness was estimated
nor are any of the reflectivity or transmissivity data presented.

The angular dependence of the quantum efficiency of a bialkali photocathode has
been measured by Radcliffe and Leslie [60]. The result of this measurement is shown
in Figure 4.11. It can be compared to the angular dependence of the absorptivity, A,
which is inferred from the calculated reflectivity, R3, and transmissivity, T3, using the
relation Az+ R3+ T3 = 1. This calculation of A; as a function of the angle of incidence at
the photocathode, 6;, which assumes P1,i.e.n3 = 2.7, k3 = 1.5,d = 23 nm and A = 442

nm, is shown in Figure 4.12. It can be seen from the figure that the absorptivity exhibits

: qualitai‘ively the same angular behaviour as the quantum efficiency. Unfortunately there

are three significant differences between the experimental conditions of the quantum

efficiency measurement and the assumptions of the absorptivity calculation which limit
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Figure 4.10: Wavelength dependence of the imaginary part of the bialkali complex
refractive index from the re-analysis of the measurements in [51] and the results of
Section 4.3.

a detailed comparison:

1. The absorptivity calculation assumes monochromatic illumination at 442 nm whereas
the light source used in the quantum efficiency measurement was an optical pulser

with a broad spectral distribution (250-450 nm) peaking at ~350 nm.

‘2. The photocathode parameters, in particular the thickness, which are used in the
absorptivity calculation are derived from a different photocathode — even a dif-
ferent manufacturer — than the one which was used in the quantum efficiency

measurement.
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3. The photomultiplier used in the quantum efficiency measurement had a plano-
concave window so that the measured angle of incidence, 6;, does not correspond -
exactly to the angle of incidence at the photocathode, ; — 6; is slightly less than
6, but the exact relation between the two is not known because of uncertainties
in the thickness of the glass window. This fact also precludes us from fitting the

quantum efficiency data directly to the three parameter model.

Given these differences, the similarity in angular behaviour between the measured quan-

tum efficiency and the calculated absorptivity is pleasing.

4.5 Inferred Optical Properties

From the theory presented in Section 4.3 and a given parametrization of the photocath-
ode it is possible to calculate the optical properties of a photomultiplier with its window
in contact with any medium of refractive index n;. The optical properties we shall con-
sider are the total reflectivity, Ry, total transmissivity, T, and total absorptivity, Ay,
of the photomultiplier as a function of the angle of incidence at the PMT window, 6.
These ‘total’ quantities are calculated by summing the geometrical series of the multiple
reflections inside the photomultiplier window (Figure 4.4). With the aid of the usual

combinatorial expansions they can be expressed as

_ R3(Th2)?
Ri= Rz + - Ri.Rs (4.23)
T1.T3
= - 24
AsTh,
= — 4.
Ay 1= Risks (4.25)

where Rj2, T2, R3, T3 and A3 are the same quantities as in Section 4.3.

Assuming P1 for the photocathode, i.e. the values ny = 1.49, n3 = 2.7, ks = 1.5,
d=23 nm and Ao = 442 nm, these three total quantities have each been calculated
for the three cases of the PMT window in contact with media of refractive indices 1.0
(gases), 1.34 (water) and 1.49 (scintillator, oil, glycerol etc.). The polarization averaged

results are shown in Figures 4.13, 4.14 and 4.15.
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/\o = 442 nm.

For the photomultiplier in air the total reflectivity, transmissivity and absorptivity
are constant at angles of incidence < 50°. Beyond 50° the reflectivity of the air/glass
boundary begins to increase from its normal incidence 4%. At 75° it is already 25%
and by 85° it has reached 61%. It is this sharp rise in reflectivity which dominates the
cut-off in both absorptivity and transmissivity at large angles. The 54% absorptivity at
near-normal incidence is consistent with the typical 24% quantum efficiency of bialkali

photocathodes at this wavelength (see Figure 4.1) as roughly half the photo-electrons are
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lost to the glass side of the photocathode and a few are trapped inside the photocathode.

When the photomultiplier is immersed in water the angular behaviour changes dra-
matically. Below the critical angle 6, ¢ for total internal reflection (48.3°) the absorp-
tivity, transmissivity and reflectivity are more or less constant. In the region of total
internal reflection the absorptivity increases up to 80% as the transmissivity drops to
zero and the reflectivity stays roughly the same apart from its narrow peak. The cut-off
in absorptivity at large angles is dominated by the reflectivity of the water/glass bound-
ary which is smaller than the reflectivity of the air/glass boundary, e.g. water/glass is
10% at 75° and 45% at 85°. Hence the photomultiplier is effective at larger angles of
incidence in water than it is in air.

In scintillator (n; = 1.49) the behaviour of the photomultiplier is similar to its
behaviour in water. The critical angle 6; . for total internal reflection is of course smaller
(42.2°) and the reflectivity of the scintillator/glass boundary is clearly zero at all angles
of incidence. Hence the total quantities Ry, T; and A, are simply given by R3, T3 and
Aj. The cut-off in absorptivity at large angles is now caused by the rise in reflectivity of
the glass/photocathode boundary which it is interesting to note is similar to that of the
water/glass boundary, e.g. at 75° Ra has increased by 9.5% from its normal incidence
19.5% and at 85° it has increased by 38%.

In SNO the effective wavelength spectrum of light which is detected by the photo-
multipliers peaks at about 380 nm with half maximum points at about 350 and 480 nm
(Figure 2.4). Although P1 was measured at 442 nm, which is relatively well suited to the
wavelength range of interest, and it is the most reliable parametrization obtained so far,
it will be instructive to consider the parametrization which was obtained at 390 nm from
the reanalysis of [51] in Section 4.4. Unfortunately the photocathode’s complex refrac-
tive index is not uniquely determined from this measurement but is constrained to small
regions of the 2D space (n3, k3) (see Figure 4.8). We shall consider two parametrizations
whichllié within the allowed regions of this 2D space: P2: i3 = 2.15+ 2.1 withd = 24
nm for B1, and P3: iz = 2.3+ 1.8 with d = 29 nm for B3.
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Figure 4.16: Calculated angular dependencies of the polarization averaged total ab-
sorptivity (begins at ~ 60%), reflectivity (rises to 100% at 90°) and transmissivity of a
photomultiplier in air (n; = 1.0) assuming P2 (——-) and P3 (— ), (see Table 4.3 for
details).

Assuming these two parametrizations at 390 nm, the polarization averaged total ab-
sorptivity, reflectivity and transmissivity for the three cases n; = 1.0, n; = 1.34 and
n; = 1.49 are shown in Figures 4.16, 4.17 and 4.18. The most striking feature of these
three figures is how insensitive the optical properties are to the different parametriza-
tions. The most significant difference between the three parametrizations considered so
far is the increase (decrease) in the reflectivity (transmissivity) of the photocathode at

390 nm (P2 and P3) compared with 442 nm (P1).
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Figure 4.17: Calculated angular dependencies of the polarization averaged total ab-
sorptivity (begins at ~ 62%), reflectivity (rises to 100% at 90°) and transmissivity of a
photomultiplier in water (n; = 1.34) assuming P2 (-=—- ) and P3 (— ), (see Table 4.3
for details).

In many PMTs, most of the light which is transmitted by the photocathode is re-
flected back onto the photocathode by an evaporated Al layer on the back hemisphere
of the bulb (e.g. see Figure 6.1). Thus the transmitted light has a second chance of
being absorbed. The net effect is to increase the overall efficiency of the PMT for angles
of incidence 6, < 6,.. This makes the overall PMT efficiency a much more uniform
function of the angle of incidence at the PMT window, even when the PMT window is

in contact with media of refractive indices n; = 1.34 or 1.49 (see Figures 4.14-4.18).
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Figure 4.18: Calculated angular dependencies of the polarization averaged total ab-
sorptivity (begins at ~ 62%), reflectivity (rises to 100% at 90°) and transmissivity of
a photomultiplier in scintillator (ny = 1.49) assuming P2 (———) and P3 (— ), (see

Table 4.3

for details).

Let us quantify the cut-off in absorptivity of the PMT window/photocathode system

at large angles that is observed in Figures 4.13 to 4.18, by defining .y, as the angle at

which this absorptivity drops to 50% of its peak value. Table 4.3 shows the values of

6.y for the three different photocathode parametrizations and the three different values

of n; investigated. It is clear from this table that 6., does not depend significantly on

the photocathode parametrization (at least for P1, P2 and P3) and depends only weakly

on the value of n; (provided n; < n3). If ny > ny then by, is a few degrees less than
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Param. | Ao (nm) n3 k3 d(nm) Ocue(1.0) 60cu(1.34) 64 (1.49)
P1 442 2.7 1.5 23 84.0° 86.6° 85.4°
P2 390 215 2.1 24 84.4° 86.4° 84.1°
P3 390 23 185 29 85.0° 86.5° 84.7°

‘average’ - - - - 84.5° 86.5° 84.7°

Table 4.3: The angle 6, at which the absorptivity of the glass envelope/photocathode
system drops to 50% of its peak value as a function of the refractive index (n,) of the
medium in contact with the window (1.0, 1.34 and 1.49) for P1, P2 and P3.

the critical angle for total internal reflection at the n,/n; boundary which is given by

sin~!(ny/ny).

4.6 Conclusion

The detailed measurement of the angular dependence of the reflectivity in water of the
bialkali photocathode, in particular the magnitude of the peak in the parallel polariza-
tion, allows an unambiguous determination of the photocathode’s optical parameters.
This measurement is able to avoid the ambiguities which are inherent in the interpre-
tation of other measurements such as the three intensities. Thus the thickness and
complex refractive index of the particular photocathode investigated have been reliably
and accurately determined (P1).

A possible departure of 3.6 £ 1.5% from the three parameter model is observed in
this measurement. It is much smaller than the departure reported for the multialkali
photocathode under similar circumstances [56).

The results are consistent with a re-interpretation of the measurements of [51] from
which the wavelength dependence of the real and imaginary parts of the refractive index,
and two parametrizations at 390 nm (P2 and P3), have been obtained.

Fo; the purposes of SNO, or any other Cherenkov detector, it would be very valuable
to obtain more parametrizations of the bialkali photocathode across the wavelength

range of interest and, in particular, for the actual PMTs used in the detector. The
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method of determining photocathode parameters developed in Sections 4.2 and 4.3 is
ideal for this purpose. It does not rely on photocathode transmission measurements,
which are notoriously difficult and require the fabrication of special PMTs, but only on
the measurement of the angular dependence of the PMT’s front reflectivity in water,
which can be measured relatively easily by laser with standard production PMTs.

The comparison of the angular dependences of the calculated absorptivity (for P1)
and measured quantum efficiency [60] of a bialkali photocathode shows qualitative agree-
ment. Unfortunately the comparison is limited by the differences between the assump-
tions of the absorptivity calculation and the experimental conditions of the quantum
efficiency measurement. It would be most interesting to measure the angular depen-
dences of the quantum efficiency and reflectivity of the same bialkali photocathode. The
absorptivity could be deduced from the parametrization obtained from the reflectivity
measurement. It could then be directly compared to the quantum efficiency to establish
whether they both have the same angular dependences.

For the three photocathode parametrizations obtained here one can calculate the
optical properties of a photomultiplier placed in any medium of given refractive index n;.
Three cases have been studied in detail (n; = 1.0, n; = 1.34 and n; = 1.49) from which
it is concluded that the optical properties are relatively insensitive to the differences in
the three photocathode parametrizations, apart from an overall change in the magnitude
of the photocathode reflectivity and transmissivity between the parametrization at 442
nm wavelength (P1) and the parametrizations at 390 nm (P2 and P3). The overall
efficiency of the PMT is approximately uniform with respect to the angle of incidence
at the PMT window out to an angle 6., which is largely insensitive to the different
parametrizations and only weakly dependent on the value of n,, as long as it does not

exceed ny, the refractive index of the PMT window (see Table 4.3).
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Figure 6.19: Measured concentration factor in air for the front surface glass/Al/MgF,
concentrator. The three simulations assume P1 (++++-), P2 (-=—-) and P3 (— ), and
847 reflectivity.

of the CTC and PMT are completely understood at the 1% level. However the global
properties are clearly well understood and there are no significant errors in the ray-
tracing simulation.

When the concentration factor of this front surface glass/Al/MgF; CTC was mea-
sured in water, the Al layer gradually lost its reflectivity, as it dissolved in the water!
This behaviour of the Al/MgF; layer was not entirely unexpected (see Chapter 7) but the
time scale of the corrosion was indeed surprising. Further measurements of glass/Al/Si0
conceritrators are planned, in which this effect should not recur.

The measurements of the concentration factors of the Omega prototype CTC in air

and in water are shown in Figures 6.21 and 6.22. In both cases, the data below 20° has
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Figure 6.20: Measured concentration factor in air for the front surface glass/Al/MgF,
concentrator. The three simulations assume 84% reflectivity, P3 and the following rela-
tive efficiencies for the band of photocathode below the equator: 0.25 (=—=),0.5 (—)

been fitted, by eye, to simulated concentration factors in which the effective reflectivity
of Omega is the only free parameter. For all three parametrizations the best fit values
for this reflectivity are 85+ 1% in air, which is consistent with the direct measurements
of Omega reflectivity shown in Figure 6.11, and 80 + 1% in water which is perhaps a
little lower than expected, although the computer prediction of Figure 6.11 has recently
come into question.

These effective reflectivities should be slightly higher for D20 events in SNO where
they will be averaged over the wavelength range 340-460 nm instead of the range 320-460

nm of this measurement. The theoretical concentration factors shown in Figures 6.21
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Figure 6.21: Measured concentration factor in air for the prototype Omega concen-
trator. The three simulations assume a (constant) effective reflectivity of 85%, and P1
(veee ), P2 (===)and P3 (—).

and 6.22, for the three parametrizations, are simulated assuming that the above effective
reflectivities do not depend on polar angle. From the excellent agreement between the
data and the simulations with both P2 and especially P3, it is concluded that the effective
reflectivities of Omega in air and in water do not vary significantly with polar angle. This

result simplifies the simulation task enormously.
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6.5 Conclusion

The measurement of the front surface glass/Al/MgF; CTC’s concentration factor in
air demonstrates that the ray-tracing programme accurately simulates the behaviour of
both the concentrator and the photomultiplier. Furthermore, this data favours P2 and
P3.

The measured concentration factors in air and in water of the prototype Omega CTC
can be reproduced by a simulation in which the effective reflectivity is 85 & 1% in air
and 80 £ 1% in water and in both cases, independent of polar angle. In SNO, one can
expect these values to increase slightly for events in the D0 and decrease for events in
the H,0.

Unfortunately the concentration factors of back surface glass/Al/TiO CTCs made
with good quality U.V.transmitting glass have not been measured. However it is esti-
mated that the edge-effect caused by the ground glass rims in these CTCs would be of
the same order of magnitude as the edge-effect caused by the black lips in the Omega
CTCs. In theory the reflectivity of these CTCs would be 89% in both air and water
(Figure 6.8). In practice it tends to be about 87%, as measured by laser (442 nm) on
samples of evaporated glass/Al/TiO.

Thus the concentration factors of the two prototype SNO concentrators are most
likely to be very similar with the glass/Al CTC probably a few percent higher than the
Omega CTC. Therefore the decision between the two was made on the basis of practical
considerations such as water survival, robustness and cost (see Chapter 7); the Omega
design being finally adopted.

At present, the design phase of the Omega SNO concentrator is coming to a close.
Drawings for injection moulded plastic holders will soon be sent to potential manufac-
furers. The parameters of the final design are as follows: (i) an exit aperture of polar
radius:98 mm; (ii) a Liouville cut-off angle of 56.4°; (iii) a skew parameter of hye) = 0.6
(see Section 5.6); (iv) a 24% truncation in axial length corresponding to a 2% decrease

in entrance aperture area; and (V) a 24-sided polygonal holder with 2 mm lips at either
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Figure 6.23: Simulated concentration factor in water of the SNO Omega concentrator
(see text for details) assuming a constant effective reflectivity of 80% and P3.

end to hold in the petals with a compressive stress of 0.8 N/mm (see Figure 6.15 for the
resulting profile of the petals).

The concentration factor of this CTC in water has been simulated assuming P3,
the radial dependence of the photocathode efficiency shown in Figure 6.3, a constant
effective reflectivity of 80% and a bare PMT which is not masked off beyond ryo1ar = 98
mm in the normalisation of the concentration factor. The resulting angular response
is shown in Figure 6.23 where the 8% dip in concentration factor at small polar angles
is caused by light being funneled, at these polar angles, onto the lower lip of the black
pla.stic': holder and the edge of the photocathode where the efficiency is lower.

The corresponding radial response for this angular response, ignoring absorption in

the acrylic, H,0 and D,O0, is shown in Figure 6.24. The 7% non-uniformity inside
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Chapter 5

Theoretical Performance of

CTCs

5.1 Introduction

The concentration of light onto photomultipliers is an important consideration for all
scintillation and Cherenkov counters, particularly the latter as the light intensities are
about two orders of magnitude lower, and concentration becomes a major concern for
large volume detectors (up to the order of 10 m®) employing large numbers of photo-
multipliers. It should be pointed out that the use of concentrators is not restricted to
the geometry of Figure 3.1. They are equally efficient in any situation where the source
fills a cone of half angle 6,. Another example of such a geometry is a cylindrical light
guide which relies on total internal reflection, see Figure 5.1. In this case 6; is given by
T _ g, where 6., the critical angle for total internal reflection, is given by sin~!(no/n1).

2

Typical values of §; for commonly occurring ratios ng/n; are

no/ny 6. 6;

1.0/1.49 42.2° 47.8°
1.0/1.34 48.3° 41.5°
1.34/1.49 64.1° 25.9°

All of the bigger photomultipliers, and some as small as 50 mm diameter, have convex

photocathodes due to the practical necessity to provide mechanical strength for the glass
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Photomultiplier

Concentrator Lightguide

Figure 5.1: Geometry of photomultiplier/concentrator with totally internally reflect-
ing light guide.

entrance window and to optimize the collection of photo-electrons by the first dynode
and the transit time spread. The curvature of the photocathode is not always spherical
and is dictated by the requirements of the electron optics of the photomultiplier and the
minimisation of stresses in the glass bulb.

The most general photocathode shape that will be considered here is an axisymmet-
ric conver photocathode of which the 2D profile can be defined in terms of the polar
coordinates (7, 6) where r is a known function of § and where 6 is restricted to the range
—B.ath — Beach (see Figure 5.2). In 3D, the shape of this photocathode can be defined in
terms of the spherical coordinates (7, 6, ¢) where r is the same function of 6 as for the
2D profile and where 6 is restricted to the range 0 — fcan and ¢ to the range 0 — 27.
The angle between the normal to the photocathode at the photocathode edge (where
6 = Bcan) and the vertical (2) is called acach and the polar radius (in 3D) of the edge of
photocathode is called rpolar.

It has been established in Chapter 4 that the overall efficiency of a PMT with a
K,CsSb bialkali photocathode is approximately uniform with respect to angle of inci-
de.nce at the PMT window out to an angle 6., which is respectively 84.5°, 86.5° and
- 84.7° when the PMT window is immersed in media of refractive indices 1.0, 1.34 and
1.49, (see Table 4.3). Compared with an ‘ideal’ photocathode (uniformly efficient out

to 90° incidence) this represents a decrease in the phase space acceptance (sin? Opmax) of
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Figure 5.2: Cross-section of a generic convex photocathode. Notice that ac,n does
not necessarily equal f., 1 unless the photocathode is spherical.

about 1%, 0.5% and 1%, respectively. These are very small corrections which in this
chapter will be disregarded and the PMT window /photocathode system will be approx-
imated by a (single surface) ideal photocathode. Thus the profile of the concentrator
can be generated by applying the tangent-ray principle and the sin? fpmax factor in the
Liouville limit on concentration, (3.5) and (3.8), can be ignored.

Furthermore it will be assumed throughout this chapter that all concentrators are
made with ‘ideal’ reflective surfaces (100% reflectivity). Thus the discussion in this
chapter will aim to establish the theoretical performance of CTCs and how these depend
on the shapes of the CTC and of the photocathode. The effect of real reflective surfaces
and the complicated angular behaviour of the K;CsSb photocathode on the performance
of CTCs will be investigated in Chapter 6.

It will also be assumed, unti] Section 5.7, that the refractive index is constant
throughout the optical system so that the (nz/ng)? factor in the Liouville limit on

concentration, (3.5) and (3.8), can also be disregarded.
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5.2 Application of the Tangent-Ray Principle

Strictly the tangent-ray principle described in Section 3.4 which operates on the 2D
cross-section of the photocathode is sufficient for the design of a CTC only in the cases
where (i) 6; + acarn = §, Where the entire profile is generated by the stated tangent-ray
principle; and (ii) 6; + Gcath > 7, where the lower section of the profile is an involute
of the photocathode and the upper section is generated by the tangent-ray principle
(Figure 3.11). The third case where 6; + acath < § can also be solved in terms of the
tangent-ray principle by the device of providing the edge of the photocathode with an
extension of small meridional radius of curvature € out to the angle acath = § — 0i (see
Figure 5.3). The concentrator can then be designed for arbitrarily small ¢. In the limit
of € — 0 the uppermost section of the CTC profile becomes an off-axis parabola identical
to the off-axis parabola from which the entire profile of the Winston cone is constructed
(Figure 3.5).

The first order linear differential equations for generating the CTC profile from the
tangent-ray principle have been derived in Appendix H of [49]. These equations are
valid for the general convex photocathode considered here (Figure 5.2) but have only
been specifically formulated for the case 6, + acach > 5 asitis assumed that the 2D
profile of the absorber (photocathode) is a closed 100p, i.e. @cath = 7. In Appendix A of
this thesis the derivation of these differential equations is reproduced and the resulting
equations are adapted so that the 2D profiles of CTCs can be constructed for all three
of the above cases (8; + Qcath >,=,< J)-

Thus the profile of a 2D CTC can be constructed for any combination of limiting
angle and convex photocathode shape. The resulting Liouville-exact 2D CTC will have

both the ideal transmission-angle characteristic and the maximum concentration ratio

in 2D, i.e.

lconc 1
_conc 5.1
lcatn sin 6, ( )

where lconc is half the entrance aperture length of the CTC, lcath is half the arc-length of

the 2D cross-section of the photocathode and 6; is the limiting angle defining the angular
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Qcah = § — 6, is added to the edge of the photocathode. In the limit of ¢ — 0 the upper

- portion of the profile becomes an off-axis parabola.

96



acceptance of the CTC.

A 3D CTC for a convex photocathode is simply the surface of revolution of the
corresponding 2D CTC constructed with reference to the 2D cross-section of the pho-
tocathode and with the appropriate limiting angle ;. The transmission-angle curves
of these 3D CTCs have been investigated by computer simulation using a ray tracing
method. At each polar angle (), 9,600 rays starting on a square grid across the CTC
entrance aperture were traced until they were either transmitted to the photocathode or
rejected by the CTC (assuming 100% reflectivity). The transmission-angle curves of the
corresponding 2D CTCs were also simulated by tracing, at each polar angle (6), 9,600
rays equally spaced on the meridional diameter of the concentrator entrance aperture.
Typical results of the ray tracing simulation are shown in Figure 5.4. In the simula-
tion the 2D profile of the concentrator was approximated by about 400 straight line
segments which joined points on the true profile; and the 3D shape of the concentrator
was represented by the corresponding 400 conical segments. If the number of straight
line segments (and hence also conical segments) was increased the 2D transmission-angle
curves moved even closer to the perfect cut-off at §; but the 3D transmission-angle curves

did not change.

5.3 The Liouville Theorem Revisited

At first it might seem from the transmission-angle curves in Figure 5.4 that the 3D
CTCs are not conserving the phase space acceptance of the photocathode since their
transmission cut-offs are not spread symmetrically about 6; as in the case of Winston
cones (Figure 3.7). In fact the 3D transmission-angle curves in Figure 5.4 conserve phase
space exactly and the Liouville theorem itself implies that the 3D cut-off should occur
a't a srpaller angle than 6,.

The .3D CTC has a flat entrance aperture and so its area Aconc is related to the

half-length of its 2D entrance aperture, lconc, by the simple relation

Aconc = Tne- (5.2)
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Figure 5.4: Computed transmission-angle curves for 2D (=== and 3D ( )
CTCs with limiting angles 6, = 20°, 40° and 60° and which have all been constructed
with reference to the same photocathode shape (a spherical photocathode of half angle
Beath = 60°).

In contrast the relation between the area of the photocathode Acath and its half-arc-
length in 2D, lcath. is more complicated but it can be shown for any convez photocathode

that

Acath < chz;ath' (53)

Dividing (5.2) by (5.3) one obtains the following inequality which can be related to the

limiting angle 6, through (5.1):

ACODC 12

conc _

1
Acalh lg&lh Sin2 6|

(5.4)

This inequality implies that the 3D CTC has a greater concentration ratio than is allowed
by the L'iouville theorem, i.e. (3.5) assuming sin?0max = 1 and ny/ng = 1. The entrance
area Ac;nc of the 3D CTC is too great for it to collect all the light within the angle 6,
(that it was designed for in 2D) without violating the conservation of phase space.

Let us define 6, as the limiting angle of a Liouville-exact concentrator with the same
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entrance aperture area as the given 3D CTC, i.e.

ACOHC — 1

(5.5) -

By substituting Aconc in this equation with lcaen from (5.2) and (5.1) one finds that

Acath .
oy sin 6, (5.6)

cath

sin 0, =

where the factor in the square root depends only on the shape of the photocathode and
is necessarily less than 1 for all convex photocathodes (see (5.3)). In Figure 5.5 the 3D
CTC transmission-angle curves of Figure 5.4 are compared to the ideal transmission-
angle curves of the corresponding Liouville-exact concentrators with limiting angles 6,
given by (5.6). It is clear from the figure that the 3D CTCs have the same phase space
acceptance as the Liouville-exact concentrators which by definition conserve the phase
space acceptance of the photocathode.

This can be confirmed numerically by calculating the phase space acceptances of the

Liouville-exact concentrators and the 3D CTCs which are both given by
Weone = 7 Aconc Ecath / * T(6) sin 26 d6 (5.7)
o :

where E s, is the (constant) efficiency of the photocathode and T'(6) is the probability
of transmission to the photocathode as a function of polar angle 6 averaged over the
concentrator's entrance aperture, i.e. the transmission-angle curve. Evaluating these
integrals numerically it is found that the 3D CTCs in Figure 5.5 conserve the phase
space acceptance of the photocathode to better than 1 part in 10,000.

However it is also clear from Figure 5.5 that the 3D CTCs do not have the desired
ideal transmission-angle characteristic. This departure from the ideal can be quantified
by calculating the fraction AV of the photocathode’s available phase space which is not

accepted by the concentrator inside the angle 6, i.e.

Ops
AV = [71’ Acone Ecatn / " (1-T(6)) sin 26 d()] /¥ cath (5.8)
0

For the three CTCs in Figure 5.5, AV is respectively 5.5%, 4.5% and 4.2%, starting with

the CTC of smallest limiting angle.
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Figure 5.5: Comparison of computed transmission-angle curves for 3D CTCs (—)
with limiting angles 6, = 20°, 40° and 60° and ideal transmission-angle curves (—:—-— )
of the corresponding Liouville-exact concentrators with limiting angles 6, calculated
from (5.6).

We have shown that any 3D CTC will have an overall 3D transmission cut-off at a
smaller angle (6p¢) than the 2D cut-off of its meridional rays (6;). Hence by conservation
of phase space all 3D CTCs must reject some off-axis rays at smaller angles than 6
because they will necessarily collect some meridional rays at larger angles than 6. To
derive this result we have assumed only that the 3D CTC has a flat entrance aperture
and is cylindrically symmetric and that the photocathode is convex. Therefore it is
impossible to construct, for any convex photocathode, a 3D Liouville-exact concentrator
of cylindrical symmetry and flat entrance aperture. If the photocathode is flat then
the inequality in (5.3) becomes an equality, (5.6) can be rewritten 6, = 6; and the
arguments discussed above become irrelevant.

For 3D CTCs (constructed with ideal reflective surfaces and for ideal photocathodes)
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the concentration factor defined by (3.7) reduces simply to

Aconc T(O) - Auth T(a)

6) = =
) Aproj(0) Aproj(0) sin? bps

(5.9)

where T(6) is the usual transmission-angle curve and where (5.5) has been used to

substitute for Aconc.

5.4 The Angular Momentum Limit

The transmission-angle curves of 3D CTCs are constrained by another limitation which
is in some sense more stringent than the Liouville theorem. This limitation is a direct
consequence of the conservation of the axial component of angular momentum or skew
invariance in an axisymmetric optical system.

Assuming for the moment that the refractive index is constant throughout the optical
system and can therefore be ignored, the maximum skewness (see (3.13) for the definition
of skewness) that a ray can have at the photocathode is hmax = Tpolar Which occurs
when the ray is tangent to the photocathode edge with its direction of propagation
perpendicular to 2. Now, for a given polar angle 6 the most extreme (off-axis) ray at
the concentrator entrance aperture has a skewness lconc sin6. Hence there is a polar
angle 8, at which this most extreme ray has the maximum skewness allowed at the
photocathode, i.e.

lconc 81N 8am = Tpolar (5.10)

At polar angles > 6, the extreme rays at the concentrator entrance aperture will have
greater values of skewness than is allowed at the photocathode and so they cannot be
concentrated onto the photocathode without violating skew invariance. Thus fam is
the maximum angle at which the 3D CTC can transmit 100% of the incident light. In
Figure 5.6 it can be seen that the the transmission-angle curves of 3D CTCs begin to
. cut-off "at’ precisely this angle. However the percentage of rays which are rejected by
the concentrator at polar angles > 6 is greater than the percentage of rays which are
necessarily rejected by skew invariance. Hence skew invariance is not the only cause of

rejected rays.
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Figure 5.6: The computed transmission-angle curves for 3D CTCs (—— ) begin to
cut-off at the angle 8,y (-+++ ) given by (5.9). The ——— curves represent the percentage
of rays incident at the concentrator entrance aperture with skewness h > hmax and
therefore necessarily rejected by the concentrator (skew invariance). The —-—-— line is
the Liouville-exact cut-off at 6.

The angular momentum condition (5.10) can be rewritten

2
ﬂlconc - ACOHC —- 1

2 (0 sin?f.
Trlar  Aproj(0)  sin Oam

(5.11)

This equation represents a much more stringent limitation on the concentration ra-
tio than the Liouville theorem imposes (5.5) since the maximum aperture area of the
concentrator is decreased by a factor Acath/Aproj which can be quite substantial for pho-
tocathodes of large curvature (for flat photocathodes it reduces to 1 and the angular
momentum and Liouville limits are identical). In essence, conservation of angular mo-
mentum is not allowing us to make full use of the extra phase space acceptance of a
convex photocathode with respect to a flat photocathode of equal projected area.

Let us now consider two different concentrators, one a CTC with a given limiting
angle 6, for a given convex photocathode, the other a Winston cone constructed according

to the edge-ray principle with reference to a flat photocathode with the same area as
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the projected area of the given convex photocathode. If the limiting angle in the edge-
ray construction is equal to the angle 8.m given by (5.11) then these two concentrators
will have identical entrance aperture areas. One might then ask how they compare in
their ability to transmit light to the given convex photocathode. This question has been
investigated assuming a spherical photocathode of half angle fcarn = 60° and limiting
angles 6, = 20°, 40° and 60°. The results are shown in Figure 5.7 where it can be seen
that the Winston cones are able to transmit slightly more light at angles just beyond 6am
but much less light at angles near the Liouville cut-off angle 6,,, especially when 6; is
greater. Starting with the concentrators of smallest limiting angle the integrated phase
space acceptances W onc Of the three Winston cones are respectively 98.4%, 96.1% and
92.5% (c.f. 100% for the CTCs) and the fractions AV of the photocathode’s phase space
acceptance which are not accepted inside 6, are 4.9%, 5.8% and 7.2% respectively (c.f.
5.5%, 4.5% and 4.2% for the CTCs). So there is perhaps an argument for preferring the
Winston cone in the case of limiting angle 6, = 20° but not in the other two cases. It
should also be pointed out that the ratio of the axial length (along 2) of the Winston cone
to that of the CTC is given by tan#,/tan6am which is respectively 1.23, 1.33 and 1.69
for the three cases considered here, starting with the concentrators of smallest limiting
angle.

Substituting leonc in (5.10) with leath from (5.1) the angular momentum condition

can be rewritten

§in Oprn = [’l‘”‘”] sin 6, (5.12)

cath

where the factor in the square brackets depends only on the shape of the photocathode
and is necessarily less than 1 for all convex photocathodes. Furthermore it can be shown

for any convex photocathode that

Tpolar A°;‘*‘ <1 (5.13)
lC&lh ch&(h

hence it follows from (5.6) and (5.12) that fam < Ops < 6;. The transmission-angle
curves of most 3D CTCs are dominated by the respective values of these three angles and

especially the differences between them. The more ‘curved’ a photocathode the greater
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Figure 5.7: Comparison of the 3D transmission-angle curves of CTCs (—— ) with
limiting angles, 6,, of 20°, 40° and 60° and Winston cones (==-) where the limiting

angle is the angle f.m given by (5.10) so that both sets of concentrators have equal en-
trance aperture areas. For both sets of concentrators the transmission onto the spherical
photocathode of half angle B.ah, = 60° is computed. The ——— line is the Liouville-exact
cut-off at 6.

the difference between the three angles. Conversely if the photocathode is almost flat
the three angles converge and the transmission-angle curve is then very similar to that

of the Winston cone.

5.5 Spherical Photocathodes

The dependence of the transmission-angle curve of CTCs on the amount of curvature
in the photocathode is more easily quantified for the special, but not unusual, case of a
spherical photocathode of constant radius of curvature rcaeh and of half angle fcan. For
this pﬁoiocathode it can be shown that Acarn = 4712, §in%(Ocath/2), lcath = Tcath feath

and Tpolar = Tcath SiD Bcan. Hence (5.6) and (5.12) can be rewritten

in(fcan/2)] .
sinfps = [El—r-le{-ﬁ-:-/}l?/—)-] sin 6; (5.14)
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and
. Sinfcan| .
$infam = |——| siné, (5.15)
Bcath

where it is now much clearer that the factors in the square brackets depend purely on the
amount of curvature in the photocathode. In the limit where f.a:n — 0 the photocathode
becomes flat and fam = bps = 6..

Figure 5.8 shows the transmission-angle curves of nine 3D CTCs constructed with
limiting angles 20°, 40° and 60° and for spherical photocathodes of half angles 20°, 40°
and 60°. Also shown in this figure are the transmission-angle curves of three Winston
cbnes constructed with the same limiting angles. This figure illustrates the dependence
of the transmission-angle curve on both the curvature of the photocathode and the value
of the limiting angle itself. This dependence can be further quantified by calculating for
each of the above concentrators the percentage A¥ of the photocathode’s phase space

acceptance which is not accepted within the Liouville-exact cut-off angle (see Table 5.1).
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0, | Flat Ocap = 20°  Oeaer, = 40°  Ocpey, = 60°

20° | 3.3% 3.6% 4.0% 5.5%
40° | 1.6% 1.8% 2.4% 4.5%
60° | 0.6% 0.7% 1.9% 4.2%

Table 5.1: The parameter AV as a function of 6; and s, for CTCs constructed for
spherical photocathodes; and as a function of 6; for Winston cones constructed for flat
photocathodes.

In terms of this parameter the performance of a 3D CTC improves as 6, increases and
0.atr, decreases.
For spherical photocathodes, the concentration factor of 3D CTCs, given by (5.9),

can be rewritten
T(6)
c052(Bcath/2) sin? Ops

c) = (5.16)

from which it is clear that the deterioration in the transmission-angle curve as fcah

increases is somewhat compensated by an increase in the overall concentration factor.

5.6 Skew CTCs

Although we have shown how the transmission-angle curves of CTCs for convex pho-
tocathodes are characterised by three angles: 6,, 6, and 6am, there is still room for
approaching closer to the ideal transmission-angle curve without violating the funda-
mental constraints of conservation of phase space and z-component of angular momen-
tum (see Figure 5.6). However, having specified the 2D profile of the CTC by applying
the tangent-ray principle no further optimisation of the 3D CTC is possible without
destroying the CTC’s ideal transmission of meridional (2D) rays. Nevertheless, it is the
off-axis rays (of large skewness) which are first rejected by the 3D CTC and so it might
be pos;si"b]e to improve the CTC by optimising the transmission of these rays.

The CPC design for skew rays which is found in [49] (see Section 3.3) has been

extended to accommodate non-plane (convex) photocathodes by replacing the edge-ray
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principle with the tangent-ray principle. This development is described in Appendix B
of this thesis where the differential equations are derived for generating the 2D profiles '
of ‘skew’ CTCs optimised for the transmission of rays given skewness h.

The profile of a skew CTC for a particular convex photocathode is determined by the
choice of 2 parameters: the usual limiting angle 6, and the skewness h which is allowed
to assume any value between 0 and rpolar SiN 6,. If h exceeds this range then a continuous
profile starting at the photocathode edge cannot be generated (see Appendix B). Let us

hence define a relative scale of skewness

h
ho = —————— 5.17
rel Tpolar il 6; ( )

in which h,e is constrained to the range 0 — 1.

The greater the value of hrel (keeping f; constant) that the profile is constructed
for, the smaller the aperture area Aconc of the resulting skew CTC. This phenomenon
is a consequence of the complicated relationship between the 2D and 3D phase space
transformations of a convex photocathode onto a concentrator of flat entrance aperture.
It is not observed for flat photocathodes (see Appendix H of [49]). It is to some extent
compensated by the transmission-angle curve of the skew CTC cutting off at larger
angles as hye increases, so that the phase space acceptance is conserved (to first order).
Figure 5.9 shows the transmission-angle curves of 8 CTCs constructed for a spherical
photocathode of half angle fcan = 60° and with 6, = 40° or 60° and h;q = 0.0, 0.4,
0.6 or 0.8. The case of 8; = 20° has not been shown because there is so little difference
between the transmission-angle curves (or aperture areas) for different values of Arel.
This is largely due to the fact that when 6, is small the maximum design value of
skewness (Tpolar SIT 6,) is small compared with the maximum skewness allowed at the
photocathode (Amax = Tpolar)-

In order to compare the transmission-angle curves of skew CTCs designed with dif-
ferent h;,l values it is useful to adjust their respective values of 6; accordingly so that the
aperture areas of the CTCs are all the same. A comparison of such transmission-angles

curves is shown in Figures 5.10 and 5.11 for the CTCs considered in Figure 5.9. Clearly,
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Figure 5.9: Computed transmission-angle curves for skew CTCs with limiting angles

, = 40° and 60° and optimised for the following values of relative skewness: hre) = 0.0
(— )y hra =04 (- )y hret = 0.6 (===) and h = 0.8 (=== ). In all cases the
photocathode is spherical with a half angle Ocan = 60°.

there is very little advantage, if any, in the skew design. In Figure 5.11 the hye = 0.4
and hye = 0.6 CPCs are slightly more efficient in the sense that they transmit slightly
more light inside the Liouville cut-off angle, but this is not the case in Figure 5.10. One
marginal advantage of the skew design is that the axial length of the CPC is slightly
reduced which might decrease manufacturing costs or simplify mounting by saving space.
A summary of the relative merits of the 8 CTCs of Figures 5.10 and 5.11 is given in

Table 5.2
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Figure 5.10: Computed transmission-angle curves of skew CTCs constructed to have
the same entrance aperture areas. The values of 6; and hy are as follows: ; = 40° and
hra = 0.0 ( ), 6, = 39.57° and hye = 0.4 (----- ), 6; = 39.05° and hye = 0.6 (---)
and 6, = 38.35° and Ay = 0.8 (=== ). In all cases the photocathode is spherical with
a half angle 6. = 60°.
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Figure 5.11: Computed transmission-angle curves of skew CTCs constructed to have
the same entrance aperture areas. The values of 8; and hye) are as follows: 6; = 60° and
hyet = 0.0 ( ), 6, = 58.45° and hye = 0.4 (-+---), 6 = 56.64° and hry = 0.6 (==-)
and 6, = 54.33° and hyeq = 0.8 (—-—-— ). In all cases the photocathode is spherical with
a half angle 6. = 60°.
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9:’ hrel L/LO AV wconc/\pcath

40.0° 0.0 1.0 4.5% 100.0%
39.57° 0.4 0.97 4.5% 100.0%
39.05° 0.6 092 4.6% 100.0%
38.35° 0.8 0.84 5.5% 100.0%
60.0° 00 1.0 4.2% 100.0%
58.45° 0.4 0.97 4.1% 99.9%
56.64° 0.6 0.92 3.9% 99.8%
54.33° 0.8 0.81 4.8% 99.9%

Table 5.2: Relative merits of the various skew CTCs of Figures 5.10 and 5.11. The
limiting angles 6, are chosen so that the entrance aperture areas of the two sets of four
CTCs are the same. L/Lg is the ratio of the axial length of the CTC to the axial length
of the corresponding CTC with Ay = 0.0. In all cases the photocathode is spherical
with a half angle 6.an = 60°.

5.7 Refractive Indices: The Dielectric-filled CTC

Let us now consider the effect of allowing the refractive index to vary in the optical sys-
tem, e.g. as in the dielectric-filled CPC of [49] (Figure 3.8). In many of the applications
of the tangent-ray principle to conver photocathodes there will be an involute section
in the profile of the CTC (6, + @cath > 7). Now the light which is transmitted to the
photocathode by the CTC is incident at the involute at all angles from 0° to 90°. Hence
total internal reflection is not suitable as a reflection mechanism, at least not for the
Jlower section of the CTC. However one can still consider a dielectric-filled CTC which
relies on specular reflection from a metallic surface, e.g. a solid acrylic CTC coated
with aluminium or silver, or a hollow aluminium CTC filled with water or any other
transparent liquid of high refractive index.

Such a CTC filled with a dielectric of refractive index n, and in contact at the
entrance aperture with a medium of refractive index no is shown in Figure 5.12. All
the ras's' incident with polar angle 6 at the entrance aperture are transmitted into the

dielectric with a polar angle §' where

sin 8 = —2 sin 6. (5.18)

n
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Figure 5.12: A CTC filled with a dielectric of refractive index n; and in contact at
its entrance aperture with a medium of refractive index ng. The rays which are incident
at the entrance aperture at the limiting angle 6, are transmitted into the dielectric with

polar angle 8, given by (5.18).

The other boundary where refraction takes place is the boundary between the di-
electric and the photomultiplier window of refractive index ny. There are three separate
ca"ses to be considered here. Firstly, if n; = ny then there is no refraction and this
bounda'ry can be altogether ignored. Moreover, in Chapter 4 it was established that the
photocathode is (more-or-less) uniformly efficient out to an angle of incidence of about
84.7° which to a good approximation can be treated as 90°. Secondly, there is the case

where n; < n. In this caselight is refracted towards the photocathode and the maximum
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angle of incidence which can occur at the photocathode is given by sin~1(n;/n;). This
means that only a fraction (n;/nz)? of the photocathode’s total phase space acceptance
sin? 6, is being exploited. There is also a reflection loss at the n; /n; boundary which
increases dramatically with angle, but even if n; = 1.0 the PMT window /photocathode
system is efficient out to an angle of incidence of about 84.5° at the PMT window. Thus
the outer surface of the photomultiplier window effectively acts as a photocathode which
to a good approximation is uniformly efficient out to 90° incidence. Lastly, there is the
case where n; > ny and the light is refracted away from the photocathode. At the crit-
ical angle 6. = sin™!(n,/n,) total internal internal reflection begins to take place at the
n,/ny boundary. Thus the PMT window /photocathode system cannot be approximated
by a single surface absorber which is efficient out to 90° incidence.

Let us start by considering the first two cases together (n; < n2) in which the PMT
window /photocathode system can be approximated by a single surface ideal photocath-
ode (uniformly efficient out to 90° incidence) in direct contact with the medium n; (we
will return to the case n; > n later). The effective phase space acceptance of this ideal

photocathode is given by the double integral

Uesn(ny < 72) = //0* 712 Ecach(61, Tearh) 5in 261 d6; dAcath (5.19)

where the surface of integration is the nj/n; boundary in the case n; < n2 and the
photocathode itself in the case n; = n; and where 6; and rcun are respectively the angle
of incidence and point of incidence at the surface of integration. This integral reduces

to

Veath(n1 £ n?) =7 n? Ecath Acath (520)

assuming that the photocathode is uniformly efficient over its useful surface area Acath.
} Let us now define, as before, 8, as the polar angle at which the transmission of a
Liouville-exact concentrator cuts-off sharply in the unprimed coordinate frame. Let us
also define 6, as the corresponding angle in the primed coordinate frame. The phase

space acceptance of this Liouville-exact concentrator in both the primed and unprimed
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coordinate frames is given by the double integrals
6ps 2 . e'ps 2 . , ,
Weone = // 7 n2 Ecaup 5in 26 d8 dA = // snd Eqnsin20' d'dA  (5.21)
0 0

where the surface of integration is the no/n; boundary (the entrance aperture of the
concentrator) and where 8 and ' are respectively the angles of incidence and transmission

at this boundary. These integrals reduce simply to
Weone = 712 Ecath Aconc 8in? fps = 717 Ecath Aconc sin 0. (5.22)

Equating this Wconc with Wean(n) € nz) one obtains the following equation

Aconc _ 1 n%

= = 5.23
Acach  sin?6),,  nj sin? Ops (5.23)

which represent the maximum concentration ratio allowed by the Liouville theorem for
the case n; < np. c.f. (5.5) where the effect of refractive indices is ignored. Notice that
if n; = ny then (5.23) is identical to the ‘ultimate’ Liouville limit given by (3.5) with
bmax = 7/2 and 6, = 6p,.

Any dielectric-filled 2D CTC constructed with a limiting angle 6; will have a limiting
angle 6, in the unprimed coordinate frame where the transformation from primed to
unprimed coordinate frame is given by (5.16). The concentration ratio of this 2D CTC

is therefore given by

lconc _ 1 m

= = .24
lath  sinf,  mgsiné, (5.24)

Now relation (5.2) between Aconc and leonc is obviously still valid so that substituting
Aconc in (5.23) with loan through (5.2) and (5.24) one obtains the following relations

between 6 and 6, and between 9;5 and 6;:

Aca )
sin fps = ﬂ; ':;‘ sin 6, (5.25)
ca
and
sin 6, = fl%‘%‘ sin 6, (5.26)
cat

which are identical to each other and to the relation (5.6) between 6, and 6; when

refractive indices are ignored.
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The maximum skewness allowed at our ideal photocathode (for the case ny < ny) is
n) Tpolar (see (3.11) for the definition of skewness including the effect of refractive index).
At the same time the skewness of the most extreme ray at the concentrator aperture is
now given by ng lconc 5in @ = ny lconc sin @', Let us define 6., and 6., as the polar angles
in the primed and unprimed coordinate frames at which this most extreme ray has the

maximum skewness allowed at the photocathode, i.e.
10 leone 51N Bam = 71 leonc 6iD O = M1 Tpolar (5.27)

This equation can be rewritten

2 2
m Iconc - Aconc _ 1 _ n3

2 - . Y Y I Y]
T Tpolar Aproj(0)  sin®6,,,  ng sin® fam

(5.28)

which shows how the angular momentum limit on concentration also scales by a factor
(ny/n0)? from its value (5.11) when refractive indices are ignored. Substituting lconc in
(5.27) with lcan from (5.24) one obtains the following relations between 6, and 6, and

. ! ’.
between 6, and 6;:

$in O = [%} sin 6 (5.29)
ca

sinf. = [?’":’] sin’ 6, (5.30)
cal

which are identical to each other and to the relation (5.12) between 6am and 6; when
refractive indices are ignored.

So the properties of dielectric-filled CTCs (with n; < n;) are very similar to those of
‘normal CTCs’ (constant refractive index) apart from the (ny/no)? factor which appears
in both the Liouville and angular momentum limits on concentration. This factor can be
quite appreciable, especially for gas Cherenkov detectors where ng is practically unity.

The transmission-angle curve of a dielectric-filled CTC in the unprimed coordinate 6
\;vill be very similar to that of a normal CTC with the same 6, value and designed for the
same bhétocathode shape as they will both have exactly the same 6, and 6, values. A
comparison between the transmission-angle curves of two such CTCs is shown in Figure

5.13.
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Figure 5.13: Comparison of 3D transmission-angle curves of a normal CTC (—)
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Let us now return to the case n; > nz. In this case the n;/n; boundary effectively
acts as a photocathode which is uniformly efficient out to an angle of incidence 6. =
sin"!(ny/n;). Hence the effective phase space acceptance of this photocathode is given
by

Vean(ng > n3) = 703 Ecaeh Acarh 5in® 6. (5.31)

which is equal to the Wcan given by (5.20) with ny = na. Equating ¥catn(n1 > n2)
(5.31) with the phase space acceptance Wconc (5.22) of a Liouville-exact concentrator
one obtains the following limit on the concentration ratio

Aconc _ 7} sin? 6. n3

Acah  n2sin?8,,  nd sin?6y,

2

(5.32)

which is the same limit as in the case where n; = nj.
Similarly, when n; > n; the maximum skewness at the photocathode is given by
N Tpolar Sin f. so that the angular momentum limit can be written

Aconc _ nisin?6. n3

Aproj 13 sin?6am 12 sin?bam

(5.33)

which is also the same limit as when n; = n,. So there is no advantage in choosing
ny > ny. There are, however, many disadvantages such as the increased reflection losses
at both the ng/n; and nj/n, boundaries and the fact that the CTC can no longer be
constructed by the tangent-ray principle. The optimum concentrator design is therefore
a CTC filled with a dielectric of refractive index n; equal to the refractive index n; of
the PMT window. This concentrator has the ultimate concentration ratio allowed by
the Liouville theorem and the usual transmission-angle curve characterised by the three
angles: 6,, 6, and Gam.

A note of warning should however be added to the dielectric-filled CTC. If the
medium of refractive index no is allowed to permeate between the dielectric and the
PMT *‘vvindowA' then total internal reflection will occur at the boundary between the di-
electric, n;, and the permeate, ng. This boundary will effectively act as a photocathode

which is efficient out to an angle 8, = sin~!(no/ny). In this case the Liouville and
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angular momentum limits reduce to

Aconc  n? sin?8, 1
= = 5.34
Acatn  n2 sin6p,  sinfp, (5.34)
and
Aconc _ 1} sinf, 1 (5.35)

Aproj n2sin?6yn  sinfam
which are identical to the limits of a normal CTC which is not filled with a dielectric.
It is therefore essential that the dielectric, n,, is in direct optical contact with the PMT
window, n,, and that the medium of refractive index ng is not allowed to permeate

between the two.

5.8 CTCs in the SNO Detector

In SNO, the maximum increase in light concentration that can be achieved with dielectric-
filled CTCs compared with normal CTCs is given by (na/no)? = (1.49/1.34)? = 1.24,
where 1.49 is the refractive index of the PMT windows and 1.34 is the refractive in-
dex of water. This represents a 24% increase in light collection efficiency. However,
there are many practical difficulties associated with dielectric-filled CTCs. The weight
of the 10,000 concentrators would increase from about 3 tons to about 50 tons which is
a substantial load for the support structure. More importantly, the dielectric medium
would have to be sealed to the PMTs so that water could not permeate between the
dielectric and the PMT windows over the 10 year life time of the detector. This sealing
requirement raises serious technical difficulties which make the potential gain of 24% in
light collection much less attractive. Thus dielectric-filled CTCs have not been pursued
for SNO. From now on in this thesis the discussion will be restricted to CTCs where
the refractive index on either side of the CTC’s entrance aperture is the same and never
greater than the refractive index of the PMT window, i.e. n; = ng < na.

Th'e photomultipliers in SNO have to be mounted 2.5 m away from the D0 volume
in order to reduce their contribution to the 3-v background. Thus the fiducial volume
subtends a cone of half angle 56.4° at the entrance aperture of the CTCs; and the D,0

volume a cone of half angle 45.6° (see figure 2.2).
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Let us consider the most curved of the candidate PMTs for SNO: the EMI 9351 20
cm PMT which has a spherical photocathode with 6carn = 60° and which would induce |
the least favourable CTC transmission-angle curve. A CTC designed for this PMT with
a Liouville cut-off angle, 6, equal to the fiducial volume cone angle, 56.4°, will have
an angular momentum cut-off angle fum = 46.2° and a 2D limiting angle 6, = 60.7°
(see (5.14) and (5.15)). As the angular momentum cut-off angle, 46.2°, is greater than
the D,0 cone angle, 45.6°, one can expect this CTC to collect light uniformly from the
entire volume of D,0. The transmission-angle curve of this CTC will be very similar to
that of the 8, = 60°, 6ca, = 60° CTC shown in Figure 5.4.

The response of the SNO detector as a function of radius has been simulated by
Monte-Carlo for three different cases: (i) CTCs as discussed above (fps = 56.4°) on
EMI 9351 PMTs (fcacn = 60°); (ii) Liouville-exact concentrators with the same entrance
aperture area as the CTCs and hence an ideal transmission-angle cut-off at 6, = 56.4°;
and (iii) bare EMI 9351 photomultipliers without concentrators. In all three cases, ideal
reflective surfaces and ideal photocathodes were assumed, and the number of PMTs was
9,500. The simulation calculates the average number of photons detected per 7 MeV
electron, Np.. as a function of radius R in the detector by tracking 200 electrons with
random initial directions at each R. The results are shown in Figure 5.14 where the
x-axis is linear in R3 since equal increments in R3 represent equal volume steps.

The concentration factor of the CTCs is given by (5.16) which reduces to C(6) =
1.92 x T(6) for the given values fps = 56.4° and B.ach = 60°. This concentration factor is
reflected in the ratio of Np. with and without the CTCs. Inside the D,0O, where T'(6) = 1
as 6 is always less than fam, this ratio is 1.92. Outside the D;0 it decreases slightly
as a consequence of the non-ideal transmission-angle curve of the CTCs. At the edge
o;f the fiducial volume (7 m) it is has dropped by 10%. By comparison, the Liouville-
exact ¢oncentrator exhibits a concentration factor of 1.92 throughout the fiducial volume
(within gtatistics), as expected. This difference in radial response between the CTC and
the Liouville-exact concentrator is, however, not as marked as the difference between

their angular responses (see Figure 5.5). The reason for this is that light from an isotropic
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Figure 5.14: Monte-Carlo simulation of the radial response of the SNO detector,
assuming, in all cases 9,500 EM] 9351 PMTs with ideal photocathodes, and for both the
CTCs and the Liouville-exact concentrators ideal reflective surfaces.
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event at a given radius R in the detector (see Figure 2.2) is incident at the PMT sphere
at all polar angles between 0° and sin"!(R/8.4m). Thus the average detector response
as a function of R is a convolution of the concentrator’s angular response with the
distribution in polar angle at the PMT sphere from an event at radius R. The net effect
is to ‘soften’ even the sharpest angular cut-off of a Liouville-exact concentrator.

The (- background in SNO increases exponentially with R in the vicinity of the
photomultipliers (R approaching 8.5 m). Beyond 7.5 m the CTC and the Liouville-
exact concentrator provide the same pulse height reduction which decreases the number
of PMT $-7 events reconstructed in the D20 by more than an order of magnitude. The
slight rise in N at very large radii, for the simulation with bare PMTs, is a consequence
of the curved shape of the photocathode which results in Apro; increasing at large polar
angles.

In passing from the heavy water to the light water there is a discontinuity in the
response because there is less absorption in the acrylic vessel. This 10% discontinuity
in Ny at 6 m has been re-evaluated to a 30% discontinuity in a recent simulation [39]
with more up to date values for acrylic absorption and PMT quantum efficiencies’. It is
also apparent from this simulation that for events in the light water Ny, will be a strong
function of direction, varying by up to a factor of 4 according to whether the electron
starts off in the direction of the nearest PMT or in the opposite direction. Compared
with these systematic effects, the 10% drop in Np. at 7 m from the CTC’s imperfect
transmission-angle curve is negligeable. Therefore it is concluded that fixing the Liouville
cut-off angle, 6, at the half angle of the cone subtended by the fiducial volume, 55.6°,
is the optimum choice for the design of CTCs for SNO. However, it is implicitly assumed
in this conclusion that the real properties of photocathodes and reflective surfaces do not
h.ave a significant effect on the angular response of CTCs. The validity of this assumption

will be investigated in Chapter 6.

1This simulation does not include the wavelength dependence of the reflectivity of the SNO CTC
which should decrease the discontinuity to perhaps 20%.
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Chapter 6

Simulated and Measured

Performances of Prototype CTCs

6.1 Introduction

In real CTCs, the reflectivity (Rconc) is @ function of wavelength (A), polarization! at
the reflective surface (&), refractive index of the medium in contact with the reflective
surface (n; ), point of incidence on the reflective surface (rref) and angle ofincildence at the
reflective surface (6p — not to be confused with 6, the polar angle at the CTC entrance
aperture, and 6;, the angle of incidence at the photomultiplier window). Similarly, in real
PMTs the efficiency of the photocathode (Ecacn) is a function of wavelength, polarization
at the photomultiplier window (¢, ), refractive index of the medium in contact with the
photomultiplier window (n,), point of incidence on the photomultiplier window (rean)
and angle of incidence at the photomultiplier window (6;). Thus the concentration

factor, defined by (3.7), can be rewritten

ff T(e x'conc) Rconc()‘ €0, M1, Tref, 90) Ec&th(A €1,71, Feath, 01 ) dAconc d\

C 6)
) T Ecan (X €1, 11 Fonth 1) dAyart 42

(6.1)

where dAconc is an area element of the entrance aperture of the CTC; dA,uf is an

area element of a flat surface directly in front of the bare photomultiplier (see Figure

)The polarization at any surface is given by ¢ = (Jrg = Irm)/(J7E + ITm) where ITg and ITn are

the intensities of the TE and TM waves, respectively.
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3.1); T(6,reonc) is a geometrical factor expressing the probability of transmission to the
photocathode for a CTC with the same shape as the real CTC but with ideal reflective
surfaces (see below); and 8 = 0,1,2,3,... is a function of 6 and reon expressing the
number of times a photon is reflected by the CTC before reaching the photomultiplier.
The variables €, €1, Fref, Fcath, 80 and 6, in the numerator on the r.h.s. of this equation
are functions of the variables €, 6 and rconc Which are the polarization, angle of incidence
and point of incidence of a photon at the CTC entrance aperture. Similarly, the variables
€1, Feath, and 6 in the denominator are functions of the variables ¢, # = 0 and ryuy
which are the polarization, angle of incidence and point of incidence of a photon at the
flat surface in front of the bare PMT. For CTCs with ideal reflective surfaces (100%
reflectivity for all A, €, ny, Frer and 6g) and PMTs with ideal photocathodes (uniform
efficiency for all A, €;, ny, Tcaeh and 6;) (6.1) reduces to (5.9).

The question, then, is what are the effects of realistic functions for Reonc(A, €0, R1, Fref, 60)
and Ecah(X, €1, 71, Feath. 61) on the concentration factor, C(6)? The discussion here will
be restricted to prototype CTCs for the SNO detector. However, many of the conclusions
reached will be generally applicable to most CTCs and Winston Cones.

All of the simulations and measurements in this chapter are based on, or made with,
the R1408 Hamamatsu photomultiplier which will be used in SNO. The shape of the
glass envelope of this PMT is shown in Figure 6.1. It is spherical over most of the front
face with a toroidal section around the equator.

As discussed in Section 5.8, the optimum design constraint for SNO CTCs is to fix
the Liouville cut-off angle, 6, at 56.4°. This constraint will be assumed throughout
this chapter. Another property of all CTCs in this chapter is that their axial lengths
are truncated by an amount such that their entrance aperture areas, Aconc, are reduced
by 2%. This results in a ~ 25% reduction in the axial length of the CTCs which makes
both ma'nufacture and mounting cheaper and easier. A comparison of the concentration
factors of a truncated CTC and a full-length CTC, assuming ideal reflective surfaces
and ideal photocathodes, is shown in Figure 6.2. The truncated CTC shows a 2% drop

in concentration factor, with respect to the full-length CTC, from the 2% drop in its
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Figure 6.1: Shape of the glass bulb of the Hamamatsu R1408 photomultiplier. At the
equator rpolar = 101.3 (all dimensions are in mm).

entrance aperture area. However, at large polar angles the truncated CTC has a slightly
larger concentration factor from light which is able to reach the photocathode directly,
without being reflected by the CTC. This light would be blocked by the uppermost
section of a full-length CTC (the extra 25% axial length).

In the ray-tracing simulations of concentrator performance presented here the effect
of polar'iz:ation‘ will be ignored. It will be assumed that ¢ = gg = €, = 0 (unpolarised
light). Although this procedure is not physically correct, it is expected to be a fair

approximation for calculating concentration factors for unpolarised light at the concen-
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Figure 6.2: Comparison of the concentration factors of a full-length CTC (— ) and
a truncated CTC (= —-) in which the entrance aperture area has been decreased by
2%. The simulation assumes ideal reflective surfaces and ideal photocathodes.

trator aperture (¢ = 0). Nevertheless, since Cherenkov photons are polarized (e-vector

perpendicular to Cherenkov cone surface), a correct treatment of polarization will have

to be included in the full Monte-Carlo simulation of the SNO detector.

6.2 Realistic Photocathodes

In this section, the effect of realistic functions for the (unpolarised) photocathode effi-

ciency, Ecan(A, €1 = 0,7, Fearh, 61), On the concentration factor will be investigated by
ray-traciﬁg, assuming CTCs with ideal reflective surfaces.

The relative efficiency of the R1408 PMT as a function of polar radius, rpolar, has

been measured with a collimated (= 2 mm) ®Sr Cherenkov light source [61]. The results,
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Figure 6.3: Measurement of the relative photocathode efficiency, averaged over five
R1408 PMTs, as a function of rpqlar [61].

averaged over 5 PMTs, are shown in Figure 6.3 where the cut-off in efficiency at the edge
of the photocathode is probably caused by both poor electron collection efficiency at the
first dynode for electron trajectories beginning near the equator of the bulb, and the
presence of an opaque aluminium layer which is deposited on the inside of the glass bulb
before the photocathode and which extends a few millimetres above the equator (see
Figure 6.1).

. The concentration factors of four different CTCs have been computed, assuming the
above radial dependence of the photocathode efficiency (no ¢ dependence) and ignoring
the dependence on A, n; and 6,. The four CTCs were simulated with the same Liouville
cut-off angle (6,, = 56.4°) and photocathode shape (R1408 PMT bulb) but assuming

that the photocathode extended to four different polar radii: 97, 98, 99 and 100 mm.
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Figure 6.4: Concentration factor for four CTCs of exit aperture polar radii: 97 mm
(=-=-- ), 98 mm (— ), 99 mm (----- ) and 100 mm (- --). The simulation assumes
ideal reflective surfaces and an R1408 photocathode with an efficiency that depends on
Tpolar (see Figure 6.3) but not on ¢, A, ny, or 6,.

Thus the exit and entrance aperture areas of the CTCs were all different but their ratios
Aconc/Acath Were all the same, (5.5). As expected, the CTC constructed for the largest
polar radius (100 mm), which uses the most of the photocathode area and consequently
has the largest entrance aperture area, achieves the largest overall concentration factor
(see Figure 6.4). However, at small polar angles the CTCs funnel light onto the outer
edge of their exit apertures. The larger the polar radius of construction, the poorer the
' photocéthode efficiency at the outer edge of the exit aperture and hence the greater the
depression in concentration factor at small polar angles. Clearly, there is a compromise

between mazimum and uniform concentration. For the SNO detector, where uniformity
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in the D, 0 is critical, the CTC of polar radius 98 mm has been chosen.

Let us now assume an R1408 photocathode with an efficiency that does not depend
on Tpolar (for rpolar < 98 mm) or ¢ but does depend on wavelength, angle of incidence
at the PMT window and refractive index, n,, of the medium in contact with the PMT
window. Unfortunately, there is not sufficient data (Figures 4.9 and 4.10) to prescribe
in detail the wavelength dependence of the real and imaginary parts of the K;CsSb
photocathode over the wavelength range of interest to SNO (Figure 2.4). Nevertheless,
three relevant parametrizations of the K;CsSb photocathode (P1, P2 and P3) have been
obtained in Chapter 4 (see Table 4.3).

A technical problem in simulating concentration factors with these parametrizations
comes from the difficulty in treating the small (but significant) fraction of light which
is transmitted by the photocathode. In the R1408 photomultiplier this light can be
reflected back onto the photocathode by the evaporated layer of aluminium on the back
hemisphere of the bulb (see Figure 6.1). The difficulty in simulating this effect is caused
by the poor knowledge of the reflectivity of the metal cylinder which houses the dynode
structure and of the relative efficiency of a ~ 2 cm band of photocathode below the
equator which is deposited on top of the aluminium layer (to ensure good electrical
contact). The reflectivity of the metal cylinder was estimated by passing a 442 nm
wavelength laser beam through the glass stem of the PMT bulb, onto the metal cylinder,
back through the glass stem and onto a photodiode. After correcting for reflection
losses at the glass stem, the specular component of the metal cylinder reflectivity was
about 30%. The diffuse component could not be accurately measured but was estimated
at about 10% giving a total reflectivity of about 40%. The relative efficiency of the
equatorial band of photocathode was fixed at the plausible value of 50% in the absence
of any direct evidence. This estimate was guided by the measurements of concentration
factors i'nfSection 6.4.

Having established these parameters, the effect on the concentration factor of the an-
gular behaviour of the K;CsSb photocathode can be simulated by ray-tracing. For each

of the three parametrizations in Table 4.3 the concentration factor has been computed
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Figure 6.5: Concentration factors in gir assuming P1 (- ), P2 (=== and P3 (— );
and an ideal photocathode (—-—-— ). The simulation assumes no radial or ¢ dependence

for the efficiency of the photocathode; and ideal reflective surfaces for the CTC.

assuming three different values for the refractive index, n;, of the medium in contact
with the PMT window. The results for n; = 1.0 (air), ny = 1.34 (water) and n; = 1.49
(scintillator) are shown in Figures 6.5, 6.6 and 6.7 together with the concentration factor
simulated for an ideal photocathode.

In all three figures, the slight increase in concentration factor, at polar angles of
20°-50°, for all three parametrizations with respect to the ideal photocathode, is caused
by the behaviour of the rays which are transmitted by the photocathode into the bulb.
- At small ﬁolar angles, 0°-20°, most of these rays are reflected by the back hemisphere of
Al (90% reflectivity) on to the metal cylinder (40% reflectivity). Then they are mostly

reflected onto the equatorial band of photocathode (50% relative efficiency) and so do
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Figure 6.6: Concentration factors in water assuming P1 (seeee ), P2(---)and P3
(—); and an ideal photocathode (—-—-- ). The simulation assumes no radial or ¢
dependence for the efficiency of the photocathode; and ideal reflective surfaces for the
CTC.

not contribute very much to the overall efficiency of the PMT. As the polar angle at the
concentrator aperture increases beyond 20°, a greater fraction of the transmitted rays
is reflected by the Al directly onto ‘good’ photocathode (above the equator). Thus the
contribution to the overall efficiency of the PMT from the transmitted rays increases
with polar angle. This effect is about twice as pronounced for P1 as it is for P2 and P3
in which the transmission coefficient of the photocathode is about half that for P1, (see
Chapter' 4).

In air, the cut-off in concentration factor occurs at a slightly smaller polar angle (~ 1°
less) for the three parametrizations than for the ideal photocathode (see Figure 6.5). This

effect is caused by the cut-off in photocathode absorptivity at about 84.5° incidence at
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P3 (— ); and an ideal photocathode (—-—-— ). The simulation assumes no radial or

¢ dependence for the efficiency of the photocathode; and ideal reflective surfaces for the

CTC.

the PMT window for the three parametrizations, (see Table 4.3 and Figures 4.13 and
4.16). In water, the case relevant to SNO, this effect is much smaller (~ 0.1°) because
the photocathode absorptivity for the three parametrizations cuts-off at a greater angle
(~ 86.5°) at the PMT window and also peaks at about 70° incidence (see Figures 4.14
and 4.17). This peak in absorptivity at about 70° incidence at the PMT window causes a
slight increase in the concentration factor at polar angles beyond 45°. The small ‘dip’ in
| the con;:ehtration factor at a polar angle of about 43° is caused by the peak in reflectivity
of the photocathode at 50° incidence at the PMT window. In scintillator the shift in the
cut-off angle of the concentration factor is about 0.5°. The photocathode absorptivity

cuts-off at about 84.5° and peaks at about 60° incidence at the PMT window (see Figures
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4.15 and 4.17). This produces a marked increase in the concentration factor at polar
angles beyond 40°. The slight dip in concentration factor at 40° is caused by the peak

in photocathode reflectivity at 45° incidence at the PMT window.

6.3 Realistic Reflective Surfaces

In this section the effect of realistic reflective surfaces on the concentration factor will
be investigated with ray-tracing simulations in which the photocathode is assumed to
be ideal.

In the application of the CTC design to SNO the reflective surface is required to
have a high (and reasonably uniform) reflectivity for all angles of incidence, over the
wavelength range given in Figure 2.4. This requirement eliminates the possibility of
relying on total internal reflection or multi-layer dielectric stacks which are both known
for their extremely high reflectivity in limited angular ranges. On the other hand, the
specular reflectivity of metallic films is known to be very uniform with respect to angle of
incidence (see Figure 6.8). Of these metallic films the two most suited to the wavelength
range of scintillation or Cherenkov counters are aluminium and silver. Aluminium has
an approximately constant reflectivity of 90% across the whole wavelength range 250-
600 nm, whereas the reflectivity of silver is 95% at 620 nm and 90% at 500 nm dropping
to 80% at 380 nm and 50% at 335 nm. Hence in most circumstances aluminium is
favoured since the bialkali photocathode is efficient down to a wavelength of 300 nm
defined by the transmission cut-off of its glass envelope (see figure 4.1). However there
might be circumstances (e.g. a scintillator with poor U.V.-transmission) in which silver
is preferred by virtue of its higher reflectivity above 500 nm wavelength. In SNO, silver
is:ruled out for practical reasons (see Chapter 7).

Two prototype aluminium CTCs have been developed for SNO. Their manufacturing
methods are described in detail in Chapter 7. The first is a glass CTC (Figure 6.9) in
which Al is evaporated on the outer surface of the glass dish and hence the CTC actsas a

‘back surface reflector’ since light is incident on the Al film after passing through the glass
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Figure 6.8: Total reflectivity of a back surface glass/Al CTC in water as a function of
angle of incidence at the water/glass boundary. The calculation is at 410 nm wavelength
(where n = 0.523 and k = 5.024 for Al [62]) but does not change significantly over the
wavelength range 250-500 nm.

substrate. The total reflectivity (water/glass + glass/Al) of this CTC is approximately
constant (=~ 89%) with respect to angle of incidence at the water/glass boundary (see
Figure 6.8) and across the wavelength range of interest to SNO. The second prototype
CTC is a polygonal concentrator (Figure 6.10) in which an evaporated multi-layer film,
Sng/A]/MgFg/Pr203+Ti02, is deposited on anodised Al sheet. This coated sheet,
called ‘Omega’, acts as a ‘front surface reflector’ since light is directly incident on the
evaporited film (in which the Al layer provides the reflectivity). The reflectivity of
Omega has been measured in air, as a function of wavelength, at 0° and 45° incidence.
The results of this measurement are shown in Figure 6.11 together with a computer

simulation of the reflectivity in water at 47° incidence (63).
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Recently, the validity of this computer simulation, which does not include absorption
in the Pr,03+4TiO; laver, has come into question. Hence it has not been used to model
the complicated angular and wavelength dependence of Omega reflectivity in air and in
water. Instead. an ‘effective’ reflectivity (a weighted average over wavelength, an.gle of
incidence and polarization) has been included as a single parameter in the ray-tracing
simulation programme. At different polar angles at the concentrator entrance aperture,
this effective reflectivity is averaged over a different distribution in angle of incidence at
the reflective surface. Hence it is not necessarily constant with polar angle. Its value, as
a function of polar angle, can be deduced from the measured concentration factors in air
and in water of prototype Omega CTCs (see Section 6.4). It is expected to be between
807 and 907 both in air and in water and perhaps slightly higher in air than in water.

Figure 6.12 shows the expected concentration factor for four CTCs with constant
reflectivities (for all A, €0, n1, Fref, and 6p) of 100%, 90%, 80% and 70%. The decrease
in concentration factor of the 90%, 80% and 70% reflective CTCs with respect to the
100% r'eﬂ'ective CTC is significantly less than the corresponding decrease in reflectivity.
This is because up to half of the concentrated light at a given polar angle is directly

incident on the photocathode without being reflected by the CTC (i.e. the average value
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Figure 6.12: Concentration factor for four CTCs with different reflectivities: 100%
(=—- ), 90% (— ), 80% (———) and 70% (-+--+). The simulation assumes an ideal
photocathode.

of B in (6.1) is less than 1). At large polar angles (40°-60°) the proportion of this direct
light decreases (3 increases) and hence the concentration factor decreases slightly. At
small polar angles (0°~10°) much of the light which is incident on the CTC is multiply-
reflected before reaching the photocathode (causing 3 to increase slightly) and hence the
concentration factor shows a slight dip at 0°.

The Omega concentrator is not a perfect CTC in that it is made from a number of
shaped strips which fit together like the petals of a flower but without overlapping (see
Figuré 6.10). The 2D profile of the centerline of each ‘petal’ is constrained to the 2D
profile from which the usual figure-of-revolution 3D CTC is constructed. The concen-

tration factors of such polygonal CTCs have been simulated by ray-tracing. Figure 6.13
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Figure 6.13: Concentration factor for three polygonal CTCs with different numbers
of petals: 18 (—-—-— ), 24 (-=——) and 30 (----* ) and the corresponding figure-of-
revolution CTC (— ). The simulation assumes a constant reflectivity of 90% and an
ideal photocathode.

shows the results of these simulations for 18, 24, and 30-sided polygonal CTCs compared
with the concentration factor of the usual figure-of-revolution CTC. The differences are
very small which is not surprising, given the uncritical nature of a non-imaging device
such as the CTC. For SNO the 24-sided case has been chosen. In the limit where the
number of sides of the polygon goes to infinity the concentration factor approaches that
61’ the figure-of-revolution CTC. This provides a useful check on the simulation.

A .'pllastic polygonal holder is used to constrain the petals, which are cut from flat
sheet, into the required 2D profile. This holder is made slightly larger than the desired

polygonal CTC by an amount equal to the thickness of the petals (0.3 mm). The petals
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Figure 6.14: Concentration factor for four 24-sided polygonal CTCs with different
longitudinal (black) lip thicknesses: 0 mm (—), 1.0 mm (----- ), 1.5 mm (——-) and
2mm (--—-— ). The simulation assumes a constant reflectivity of 90% and an ideal
photocathode.

are held against the plastic holder by the compressive force exerted by plastic lips at
either end of the holder (see Figure 6.10). The effect of these black lips (ABS plastic) on
the concentration factor has been simulated for different lip thicknesses (in the direction
of the petal surface): 1, 1.5 and 2 mm. The results are shown in Figure 6.14 where the
decrease in concentration factor is strongest at small polar angles when light is funneled
onto the lower lip.

The conformation of the petals to the required profile of the plastic holder is not
absolutely perfect. At the bottom end of the CTC (near the exit aperture), where the

curvature of the profile is greatest, the petals do not rest on the plastic backing but
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Figure 6.15: Conformation of the midsection profile of a petal to the required 2D
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Figure 6.16: Concentration factor of four 24-sided polygonal CTCs assuming the petal
2D midsection profiles of Figure 6.15: ideal profile (— ), 0.4 N/mm (-----), 0.8 N/mm
(==--)and 1.6 N/mm (----- ). The simulation assumes 90% reflective CTCs with 1.5
mm (black) lips and ideal photocathodes.

are suspended from the plastic in the shape of an Euler strut. The resulting profile of
the midsection of a petal has been calculated [64] for various stresses at either end of
the petal: 0.4, 0.8 and 1.6 N/mm (see Figure 6.15). From an analysis of the breaking
stress of the plastic lips which hold the petal and of the creep in length of the plastic
holder under a given stress, it is estimated that a stress of 0.8 N/mm is acceptable
[64] The concentration factors for 24-sided CTCs of 90% reflectivity with the four
petal midéection profiles given in Figure 6.15 and with 1.5 mm lips, are shown in Figure
| 6.16. As expected, the change in shape has a small effect on the CTC’s angular cut-off.

The effect of this small change in angular response on the radial response of the SNO
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Figure 6.17: Radial dependence of the concentration factor calculated from the four
angular responses shown in Figure 6.16: ideal profile (— ), 0.4 N/mm (.- ), 0.8 N/mm
(=== and 1.6 N/mm (- ). The calculation does not take into account any absorption
in the acrylic vessel, D,0 or H,O.

detector can be calculated by convolving the four angular responses in Figure 6.16 with
the distribution in polar angle at the photomultiplier sphere of isotropic light from an
event at radius R (Figure 2.2). This calculation does not include absorption in the D,0,
H,0 or acrylic sphere. The results are shown in Figure 6.17 where it is clear that the
change in shape has a marginal effect on the radial response.

: The concentration factor of the back surface glass/Al CTC will be slightly reduced
by imi)effect transmission through the ground glass rims at the top and bottom of the
CTC. This edge-effect is very difficult to simulate accurately and no attempt has been

made here as it should be much easier to assess this edge-effect from direct measurements
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of the concentration factors of prototype glass/Al CTCs.

6.4 Measurement of CTC Concentration Factors

An experiment was carried out to verify that the concentration factors of CTCs are
indeed as predicted by the ray-tracing simulation and also to measure the concentration
factors of prototype CTCs for SNO. To carry out the former, a front surface glass/Al
concentrator was made by evaporating Al/MgF; on the inner surface of a glass CTC.
This concentrator suffers no edge-effects and its reflectivity is independent of angle of
incidence and wavelength (MgF; transmits well below 300 nm). Its reflectivity was
measured at four separate locations with a 442 nm wavelength laser beam. At every
location a reflectivity of 84 + 1% was recorded. This slightly low reflectivity was caused
by non-ideal evaporation conditions and is well understood (poor collimation of the
evaporation sources, see Chapter 7). The polar radius of the exit aperture of this CTC
was 93.5 mm which avoids the region of poor photocathode efficiency at large polar radii
(see Figure 6.3).

A prototype 24-sided Omega CTC was made with a vacuum formed ABS plastic
holder with 1.5 mm lips. This CTC had an exit aperture of polar radius 94.5 mm and
hence also avoids the region of poor photocathode efficiency (see Figure 6.3). Prototype
back surface glass/Al CTCs were made by evaporating Al/TiO on the outer surface of
glass CTCs. Unfortunately, the glass in these CTCs had poor U.V. transmission’ and so
the measured concentration factors could not be reliably interpreted and the magnitude
of the edge-effect from the ground glass rims could not be deduced.

The apparatus for measuring concentration factors in air and in water is shown in

Figure 6.18. The source of light was the Cherenkov radiation from %Sr (a pure beta-

1The walls of the high-purity silica pot in which U.V.-transmitting glass was originally melted were
not sufficiently rigid to sustain a large enough gob of glass being extracted from the pot. For the purpose
of obtaining glass CTCs for accelerated ageing tests, a stronger ‘dirty’ pot was used in which low quality
sand was melted, resulting in glass with poor U.V. transmission. When this was realised, there was not
sufficient time to make U.V. transmitting glass CTCs before having to decide between the two prototype

CTCs for SNO.
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Figure 6.18: Apparatus for measuring concentration factors in air and in water.

emitter) deposited at the centre of a 30 mm diameter acrylic sphere. The acrylic used
to make this source was the same U.V.-transmitting acrylic that will be used in SNO.
Hence the wavelength spectrum of the detected light from this source wa.sAvery similar
to that in SNO (Figure 2.4) although the U.V. cut-off occurred at a slightly shorter
wavelength (~ 320 nm) than in SNO (=~ 340 nm) since the mean distance travelled in
acrylic was much less here than it will be in SNO. The light from the source can be
considered unpolarised and isotropic since each data point was averaged over about 108
decays. The acrylic sphere was housed in a 50 mm diameter brass cylinder which was
closed at the top end so that the light only shone downwards in a 45° cone. A source
blocker could slide under the cylinder and block the source ofl completely. The source
centre was located 560 mm above a concave mirror of 1130 mm radius in order to produce
" an up@-afds beam of parallel light with minimal spherical aberration. An R1408 PMT
was mounted (with and without a concentrator attached) on a rotating shaft above the

source, looking down at the beam of parallel light. Even though the source blocked
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the very central portion of the upwards beam its area was so small compared with the
photocathode area that the effect was minimal, and was included in the ray-tracing
program. A pair of Helmholtz coils were fitted to the outside of the light-tight polythene
tank in which the experiment was contained, in order to cancel the earth’s magnetic field
within the region of movement of the photomultiplier. Plumbing was provided for filling
the polythene tank with high-purity (18 MQ) deionised water so that concentration
factors could be measured in water as well as in air.

The photoelectron count rate was measured as a function of the angle of incidence
of the upward beam at the concentrator aperture (the polar angle 6) with both the
source on and off in order to subtract the noise rate — the signal to noise ratio being
about 20:1. This procedure was carried out for the photomultiplier with and without
the concentrator. In both circumstances the photocathode area outside the concentrator
exit aperture was masked off to avoid any effects from the edge of the photocathode.
The net count rate of the PMT /concentrator as a function of § was divided by cos 6 and
normalized to the net count rate of the bare photomultiplier at 0° incidence. Thus the
concentration factor for unpolarised light was measured as a function of 6.

The measured concentration factor in air for the front surface glass/Al1 CTC is shown
in Figure 6.19 together with three simulated concentration factors assuming P1, P2 and
P3, and a constant reflectivity of 84%. The measurement clearly favours P2 and P3
which is not surprising as they were obtained at 390 nm which is very close to the peak
in the wavelength spectrum of the detected light (Figure 2.4). P1 was obtained at 442
nm which is on the shoulder of this wavelength distribution. There is no significant
disagreement between the measurement and the ray-tracing simulation; the agreement
in the concentration factor cut-off at large polar angles is especially pleasing.

The same data is shown in Figure 6.20 plotted against three simulations assuming P3
and three different values for the relative efficiency of the band of photocathode below the
equat(;rf 0.75, 0.5 and 0.25. The value 0.5 is favoured although this conclusion is strongly
dependent on the assumptions of the simulation, e.g. photocathode parametrization. In a

sense there are too many free parameters in this fit to determine whether the behaviours
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Figure 6.19: Measured concentration factor in air for the front surface glass/Al/MgF,
concentrator. The three simulations assume P1 (----- ), P2 (-=--) and P3 (— ), and
847 reflectivity.

of the CTC and PMT are completely understood at the 1% level. However the global
properties are clearly well understood and there are no significant errors in the ray-
tracing simulation.

When the concentration factor of this front surface glass/Al/MgF; CTC was mea-
sured in water, the Al layer gradually lost its reflectivity, as it dissolved in the water!
This behaviour of the Al/MgF; layer was not entirely unexpected (see Chapter 7) but the
time scale of the corrosion was indeed surprising. Further measurements of glass/Al/SiO
conceﬂtrators are planned, in which this effect should not recur.

The measurements of the concentration factors of the Omega prototype CTC in air

and in water are shown in Figures 6.21 and 6.22. In both cases, the data below 20° has
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Figure 6.20: Measured concentration factor in air for the front surface glass/Al/MgF,
concentrator. The three simulations assume 84% reflectivity, P3 and the following rela-
tive efficiencies for the band of photocathode below the equator: 0.25 (===, 0.5 (—)

been fitted, by eye, to simulated concentration factors in which the effective reflectivity
of Omega is the only free parameter. For all three parametrizations the best fit values
for this reflectivity are 85 % 1% in air, which is consistent with the direct measurements
of Omega reflectivity shown in Figure 6.11, and 80 1% in water which is perhaps a
little lower than expected, although the computer prediction of Figure 6.11 has recently
come into question.

These effective reflectivities should be slightly higher for D,O events in SNO where
they will be averaged over the wavelength range 340-460 nm instead of the range 320-460

nm of this measurement. The theoretical concentration factors shown in Figures 6.21
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Figure 6.21: Measured concentration factor in air for the prototype Omega concen-
trator. The three simulations assume a (constant) effective reflectivity of 85%, and P1
(voee ), P2 (=—=)and P3 (—).

and 6.22, for the three parametrizations, are simulated assuming that the above effective
reflectivities do not depend on polar angle. From the excellent agreement between the
data and the simulations with both P2 and especially P3, it is concluded that the effective
reflectivities of Omega in air and in water do not vary significantly with polar angle. This

result simplifies the simulation task enormously.
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Figure 6.22: Measured concentration factor in water for the prototype Omega con-
centrator. The three simulations assume a (constant) effective reflectivity of 80%, and
P1 (- ), P2 (=== and P3 (—).
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6.5 Conclusion

The measurement of the front surface glass/Al/MgF; CTC’s concentration factor in
air demonstrates that the ray-tracing programme accurately simulates the behaviour of
both the concentrator and the photomultiplier. Furthermore, this data favours P2 and
P3.

The measured concentration factors in air and in water of the prototype Omega CTC
can be reproduced by a simulation in which the effective reflectivity is 85 £ 1% in air
and 80 % 1% in water and in both cases, independent of polar angle. In SNO, one can
expect these values to increase slightly for events in the D,0 and decrease for events in
the H,0.

Unfortunately the concentration factors of back surface glass/Al/TiO CTCs made
with good quality U.V.transmitting glass have not been measured. However it is esti-
mated that the edge-effect caused by the ground glass rims in these CTCs would be of
the same order of magnitude as the edge-effect caused by the black lips in the Omega
CTCs. In theory the reflectivity of these CTCs would be 89% in both air and water
(Figure 6.8). In practice it tends to be about 87%, as measured by laser (442 nm) on
samples of evaporated glass/Al/TiO.

Thus the concentration factors of the two prototype SNO concentrators are most
likely to be very similar with the glass/Al CTC probably a few percent higher than the
Omega CTC. Therefore the decision between the two was made on the basis of practical
considerations such as water survival, robustness and cost (see Chapter 7); the Omega
design being finally adopted.

At present, the design phase of the Omega SNO concentrator is coming to a close.
Drawings for injection moulded plastic holders will soon be sent to potential manufac-
tﬁrers. The parameters of the final design are as follows: (i) an exit aperture of polar
radius:98 mm; (ii) a Liouville cut-off angle of 56.4°; (iii) a skew parameter of hr) = 0.6
(see Section 5.6); (iv) a 24% truncation in axial length corresponding to a 2% decrease

in entrance aperture area; and (v) a 24-sided polygonal holder with 2 mm lips at either
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Figure 6.23: Simulated concentration factor in water of the SNO Omega concentrator
(see text for details) assuming a constant effective reflectivity of 80% and P3.

end to hold in the petals with a compressive stress of 0.8 N/mm (see Figure 6.15 for the
resulting profile of the petals).

The concentration factor of this CTC in water has been simulated assuming P3,
the radial dependence of the photocathode efficiency shown in Figure 6.3, a constant
effective reflectivity of 80% and a bare PMT which is not masked off beyond ryo1ar = 98
mm in the normalisation of the concentration factor. The resulting angular response
is shown in Figure 6.23 where the 8% dip in concentration factor at small polar angles
is caused by light being funneled, at these polar angles, onto the lower lip of the black
plastié holder and the edge of the photocathode where the efficiency is lower.

The corresponding radial response for this angular response, ignoring absorption in

the acrylic, H,0 and D0, is shown in Figure 6.24. The 7% non-uniformity inside
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Figure 6.24: Radial dependence of the concentration factor in water of the SNO
Omega concentrator (see text for details) calculated from the angular response shown
in Figure 6.23 and ignoring absorption in the acrylic vessel, D,O and H;O0.

the D,0 is caused by the dip in the angular response at small polar angles. This
non-uniformity will be measured in SNO with small (>~ 5 cm) %Sr Cherenkov sources
which can be moved around inside the D;0. It will then be possible to correct for this
non-uniformity since it will be a slow function of radius and the vertex reconstruction
accuracy is expected to be about 30 cm. The 10% drop in concentration factor at the
edge of the fiducial volume (7 m) will be swamped by systematic effects from absorption

in the acrylic vessel and is thus of no great concern.
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Chapter 7

Manufacturing Methods

7.1 Introduction

There are four major criteria which a potential concentrator for SNO must satisfy. These
are sine qua non conditions and only if several designs are able to reach these criteria
does cost become a relevant consideration (within reason). They can be summarised as

follows:

1. Reflectivity: High reflectivity (80-90%) over the wavelength range of interest to

SNO (Figure 2.2) and at all angles of incidence is required.

9. Corrosion Resistance: The 10,000 concentrators in SNO will be fully immersed
in high purity water for the life-time of the detector, 10-15 years. During this time
they will be completely inaccessible for any maintenance or repair barring a major
catastrophe. Hence it is vital that their optical performance does not deteriorate

over a 15 year period.

- 3. Radioactivity: A low concentration of 238, 232Th and their daughters is nec-
essary to limit the contribution of the concentrators to the 3-y background from
ihé PMT region. For a 1 kg concentrator this concentration level is < 1077 g/g
2381 and 232Th or equivalent for the daughters, if the chain is in disequilibrium.

The flux of high energy (> 5 MeV) 7’s reaching the D0, from (a,py) and (7,7)
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reactions in the concentrators should not be any higher than the present flux of

these v’s from the walls of the cavity.

4. Leaching: The permissible concentration levels of 23U and ?*?Th in the light
water are very much smaller (< 1074 g/g) than in the concentrators. Hence there
is a possibility that 238U or 23?Th or their longer-lived daughters could leach out
from the concentrators into the light water at a rate which would increase the 8-y
background from the light water to unacceptable levels. This puts constraints on

the permissible Jeaching rates of Th, U or Ra from concentrators.

As far as the radioactivity and leaching criteria are concerned the three significant
materials (glass, ABS plastic and Omega sheet) in terms of mass and surface area, which
are contemplated for concentrators are known to be acceptable. This conclusion has been
reached after numerous painstaking measurements and calculations and by controlling
and monitoring the activities of the raw materials used in the production of glass and
Omega. The work involved is beyond the scope of this thesis and the reader is referred
to the following reports: [65), [66], [67), [68] and [69).

In this chapter four potential manufacturing techniques will be reviewed with em-
phasis on their ability to meet the reflectance and corrosion resistance criteria. There is
a fair amount of information in the literature about the survival of many different reflec-
tors for long periods of time in various environments. Unfortunately, the vast majority
of these tests were performed in an atmosphere of air which had been contaminated in
some manner, e.g. sulphur dioxide or high humidity content. The few tests in which
the reflecting surface was totally immersed in water (or sea water) have not been carried
out over sufficiently long periods of time to be relevant to SNO. There is no experience
in industry or research of making reflecting surfaces capable of withstanding 10 years’
immersion in high purity water.

Conset;uently, it is has been necessary to rely on the results of accelerated ageing tests
in order to ascertain the viability of potential manufacturing techniques. The chemists’

rule of thumb states that the rate of corrosion is accelerated by a factor of 2 for every 10°C
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increase in temperature. This exponential behaviour of corrosion rate with temperature
is supported by an extensive body of empirical evidence. However, the precise value
of the exponential factor is not @ priori known and does vary slightly according to the
exact chemical process of corrosion. It is the poor knowledge of this exponential factor
(and the possibility of phase changes in the materials) which underlies the difficulty of
extrapolating the results of accelerated ageing tests over large temperature ranges. At
best, these tests can be used on a ‘go, no-go’ basis for acceptance purposes.

Assuming the canonical exponential factor of 2 per 10°C, one day at 95°C corre-
sponds to one year at 10°C, the operating temperature of the SNO detector. Hence,
the concentrators are required to exhibit a < 2% change in reflectivity after 10-15 days’
immersion in high purity (18MQ) water at 95°C.

It is also possible to accelerate the corrosion rate in water by changing the pH.
However, since the factor by which this accelerates corrosion are much less well known

such tests are even more difficult to interpret.

7.2 Evaporated Aluminium on Glass Substrate

The vacuum deposition of thin aluminium films on glass substrates is a well known
technique for achieving high reflectivity (~ 90%) throughout the wavelengths of interest
to SNO. It is common practice to protect the soft and reactive Al film from abrasion
and corrosion by depositing a % wavelength? layer of silicon monoxide directly onto the
Al film in the same evaporation sequence. At this thickness the SiO is transparent and
so the glass/Al/SiO can be used as a front surface reflector, i.e. light incident through

the SiO layer. The SiO layer is very hard and provides adequate corrosion resistance

'In the vacuum deposition trade the thickness of ‘dielectric’ films (TiO, SiO etc.) is measured in
terms of wavelengths. This scale is calibrated with respect to a measurement of a refiection minimum
(aestructive interference) made with a monochromatic light source of usually 550nm wavelength. The
true thickness of the film, 7, can be derived from the expression

= # of wavelengths x Ao
- n(/\o)

where Ao is the wavelength of the light source and n(Xo) is the refractive index of the dielectric at

Xo = 550 nm and is approximately 1.5 for both TiO and SiO at 550nm.
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for most applications. However accelerated ageing tests in high purity water at 95°C
showed that after about one day of immersion the Al film began to deteriorate rapidly
until it was completely dissolved in less than two days.

If the Al film is evaporated onto the outside of a glass concentrator then it will
act as a back surface reflector, i.e. light incident through the glass substrate which can
be made transparent in the wavelengths of interest to SNO. Now the Al film can be
overcoated with any number of protective layers which are not restricted by the very
limiting requirement of transparency. It would be very attractive to find two mutually
compatible coatings which provide independent water protection to the Al film, but this

may not be possible.

7.2.1 Evaporated Protective Coatings

The main cost in the evaporation of Al is the time required to pull the necessary vac-
uwum for deposition and the labour of cleaning the glass substrate and mounting and
dismounting the glass dishes from their jigging. Hence a second evaporated coating on
top of the Al can be obtained at relatively low cost provided its deposition time is not
excessive. In any case, a minimal A/4 coating of SiO is necessary for handling purposes.
Perhaps an evaporated coating can be found which provides water resistance for 10-15
days’ immersion at 95°C.

All the vacuum chambers large enough to handle 10,000 off production on a rea-
sonable timescale are equipped with thermal evaporators. These evaporators are simple
and economical but have a maximum temperature of ~ 1900°C. Hence the choice of
protective overcoats which can be evaporated is limited to Si0O, TiO and MgF,.

It was soon discovered, from tests on 50 mm square samples of float glass, that an
approximately 2 wavelength layer of SiO or TiO protects the Al film from corrosion for
35 days’ immersion at 95°C. During these tests a few pinholes developed quite soon in
the Ai film but they only increased very slowly in number and in size and did not affect
the overall reflectivity (<1% change in reflectivity measured by laser at 442 nm). Mgk,

did not perform as well. After 3-4 days’ immersion at 95°C the Al film had completely
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Figure 7.1: Specific surface area of aluminium films as a function of angle of incidence
of the evaporated aluminium at the glass substrate, for (a) different substrate tempera-
tures and a film thickness of 12,000 A; and (b) different film thicknesses and a substrate
temperature of 50°C, [71). The specific surface area is defined as the ratio of the area of
the film to the area of the substrate and is a measure of the ‘roughness’ of the film.

dissolved.

In all of these initial tests the geometry of evaporation was such that the deposition
of material, which travels in straight lines from the evaporation source, was always
normal or near-normal to the substrate. In order to vacuum deposit Al and TiO or
SiO from a limited number of evaporation sources onto the whole outer surface of a
glass concentrator it is necessary to continuously rotate the concentrator about its axis
during evaporation. Consequently, some of the deposition of material will occur at
' oblique-‘ar_'\gles with respect to the glass substrate.

It has been established [71) that above a certain critical angle of deposition Al films

have very large surface areas in comparison with the area of the substrate. This is clearly
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shown in Figure 7.1 where it is noted that the critical angle depends somewhat on the
thickness of the Al film and the temperature of the glass substrate. The large relative
surface areas are believed to be caused by ‘shadowing’ from ‘islands’ which are formed
in the early stages of deposition. The resultant Al film has a rough surface with tall
columns and deep gulleys and can be full of voids.

This dependence of the quality of Al films on angle of deposition is also known to
aflect the reflectivity of the film [70). When Al is deposited onto the outside of a cylinder
through a baffie which restricts the angles of deposition (see, for example, Figure 7.4)
the typical 90% specular reflectivity is obtained, whereas if a baffie is not used a more
diffuse reflectivity is observed.

Thus it is expected that the water protection afforded by evaporated layers of Si0O
or TiO on Al will be strongly dependent on the angles of incidence of material during
deposition. This was verified by depositing Al/SiO and Al/TiO on horizontal glass plates

from an evaporation source directly below one of the ends of the plate (see Figure 7.2).

Glass plate

!

r(3)

m Evaporation source

Figure 7.2: Geometry of test evaporations of aluminium + dielectric on glass plates.

The angle of deposition, 6, varied continuously along the length of the plate as did

the thickness of deposits, 7, given by

Teal T2, €OS% 6

m(6) = r(6)? cos? 6cal (7.1)

where r(8) is the distance from the source to the point along the plate where the depo-

sition occurs at angle 8 with respect to the normal of the glass substrate; and where 7ca)
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is the thickness of the dielectric layer measured on a calibrated film thickness monitor
located at a distance ry from the source and at an angle 6ca = 39° with respect to the
source.

Substituting r(6) in (7.1) with ro/ cos @ where rq is the height of the plate above the
source, one finds that the thickness of deposit varies as cos! @ along the plate. This very
strong dependence of thickness with angle is a nuisance for interpreting the results of
ageing tests as the water protection afforded by a dielectric layer will depend on both
thickness and angle of deposition. To remove this ambiguity several evaporation runs for
each dielectric were made in which the dielectric thickness was varied whilst keeping the
Al thickness constant (~ 100nm at 39° incidence). Four plates were prepared of Al/TiO
in which the dielectric thicknesses, measured at § = 39°, were respectively 1/4, 1/2A,
1A and 2). Three plates of Al/SiO were prepared with thicknesses of 1/24, 1A and 2.

It is possible to partially oxidize the SiO or TiO ‘in flight’ by evaporating in an
atmosphere of air or O in which the partial pressure of 0, is ~ 1074 bar. The resulting
film is denoted SiOx or TiOx where x lies somewhere between 1 and 2. The dioxides of
silicon and titanium are known for their extreme ‘hardness’ (very high evaporation or
sublimation temperature) and cannot be evaporated directly in thermal evaporators, as
they can in electron bombardment evaporators (c.f. Omega coating, see Section 7.3). A
further three plates of Al/SiOx were prepared with dielectric thickness of 1/2A, 1A and
2).

In the first day of immersion at 95° the Al film in the 1/4X Al/TiO plate had
completely dissolved. On all the other plates the Al film had also completely dissolved
beyond a critical angle, ., of deposition which varied according to the thickness and type
of dielectric. Below this critical angle the Al film was intact apart from a few pinholes
thch did not affect the overall reflectivity (checked by laser at 442 nm). During the
rest of the 10 day immersion period very little change was observed in the Al/SiO and
Al/TiO.plates. However in the Al/SiOx plates the pinholes continued to grow in number
and in size and the region of unaffected Al gradually decreased in size. The final values

of 8., together with the thickness of the dielectric at 8. are shown in Table 7.1 for each
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Plate 6. t(6.) Observation

1/42 TiO - - Al completely dissolved
1/2A Ti0O  9° 1.3) Al film slightly hazy in parts
1A TiO 35° 1.2) Very few pinholes
2) Ti0O 35° 2.4)\ Very few pinholes
1/22 Si0O  30° 0.8A Some minute pinholes
1A Si0 35° 1.2A Some minute pinholes
2) Si0 38° 2.4) Few minute pinholes
1/2X SiOx - - Excessive pinholing
1A SiOx 18° 2.2)  Very many pinholes
2) SiOx 32° 2.8) Very many pinholes

Table 7.1: Results of 10 day immersion test at 95°C of plates of Al/TiO, Al/SiO and
Al/SiOx.

of the plates tested.

The TiO gives slightly better protection than SiO in that there are fewer pinholes in
the Al film (although both show less than 1% change in Al reflectivity). However SiO
can give adequate protection at slightly larger angles and slightly smaller thicknesses
than TiO.

The transition at the critical angle of deposition between a region where the Al
survives intact and a region where it dissolves completely is very sharp indeed. This
behaviour is consistent with the results of [71], (see Figure 7.1). Hence it is postulated
that beyond the critical angle the Al film becomes so rough and filled with voids that the
dielectric overcoat cannot form an impermeable barrier on the uneven Al surface. Further
evidence to bolster this hypothesis was obtained with test evaporations of Al/TiO and
Al/SiO on unbaffled revolving concentrators in which the Al dissolved completely in less
than 1 day at 95°C even though the thickness of the dielectric was between 1 and 2A.

| A scheme for limiting the angles of deposition from a single source onto a glass
concentrator is shown in Figures 7.3 and 7.4. During the evaporation process the con-
centrator revolves hundreds of times about its axis. Hence the coating is identical along
any circumference of the dish and only varies along the length of the dish. At any point

along this length the Al + dielectric coating can be characterized by three parameters:
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£ /

vertical axis
of chamber

Figure 7.3 Scheme for limiting the angles of deposition onto the proposed SNO
concentrator from a single evaporation source. The diagram is drawn in the meridional
plane through the axis of the concentrator and the source. At either extremity of the
dish, the minimum angle of deposition is 27°.
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Figure 7.4: Projected view of the scheme for limiting the angles of deposition onto
the proposed SNO concentrator from a single evaporation source. For the baffle angle
6, = 30°, the mazimum angle of deposition at the wide end of the dish is 43°.

(i) the minimum angle of deposition along the relevant circumference (6min), i.e. in the
plane of the source and concentrator axis (see Figure 7.3); (ii) the mazimum angle of de-
position along the relevant circumference (fmax ), i-e. at the point where the evaporated
mgterial which passes just inside the baffle is incident on the relevant circumference (see

Figure 7.4); and (iii) the thickness 7 of the dielectric which can be approximated by

2 .
, o Teal T2, §in B cos b cos Ormin

- (7.2)

where 7., is the thickness measured on a calibrated monitor at fixed distance rea directly

above and normal to the source, rp is the distance from the source to the point of
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Figure 7.5: Dimensions of proposed glass concentrator for SNO.

maximum angle of deposition, 6y is the opening angle of the baffle and 6, is the angle
between the axis of the chamber and the vector from the source to the point of mi;ﬁmum
angle of deposition.

For the proposed SNO concentrator (Figure 7.5) the geometry of evaporation from
a single source can be optimized so that 6y is 27° at either extremity of the dish (see
Figure 7.3). With a baffle opening angle 6, = 30°, Omax will be 43° at the wide end
of the dish and 41° at the narrow end (see Figure 7.4). These latter angles are slightly
greater than the critical angle of deposition for achieving water protection (see Table
7.1). If the opening angle of the baffle is decreased then 6mayx Will decrease at either
end of the dish but this will also decrease the thickness, 7, of the dielectric coating
{proportional to sin 6) which is also a critical parameter for achieving water protection.
There is clearly a trade-off between fmax and thickness,r, for a given mass of dielectric
evapéréted. It turns out that the mass of dielectric which must be evaporated to achieve
a coating of sufficient thickness (for water protection), without exceeding the critical

angle of deposition, is just beyond the capabilities of conventional large-scale thermal
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evaporation plants.

The technique of evaporating through a baffle has been investigated in two vacuum
chambers of somewhat different characteristics. The Kendal Hyde chamber is a large
cylinder of 1 metre radius and 3.5 metre length, with its axis horizontal. There is a
rectangular grid of (3 x 5 = 15) evaporation sources along the bottom of the chamber.
Each source can coat at least four and possibly 8 SNO concentrators in the optimum
geometry. The other chamber, belonging to Omitec OEC, is a more conventional bell-jar
of 0.7m height and 0.46m radius. It has a single source at the centre which can coat at
least 9 and possibly 12 dishes in the optimum geometry. It compensates for its smaller
capacity compared with the Kendal Hyde chamber by its quicker turn-over time as it
has a smaller volume to evacuate.

For the test runs in both these chambers, prototype glass concentrators were used
(Figure 6.9) which have slightly different dimensions to those of the proposed SNO
concentrator (Figure 7.5). The geometry of evaporation was hence slightly different to
the optimum geometry for the SNO concentrator. In the Omitec runs 6, was 31° at
both extremities of the dish? For the first Kendal Hyde run 6p,;, was 32.5° at the wide
end of the dish and 27.5° and the narrow end. For the second Kendal H&de run these
angles were respectively 32° and 30.5°.

Four dielectrics — Si0O, SiOx, TiO and TiOx — were tested with baffle angles ranging
from 23.5° to 40° and dielectric thicknesses from 1/4A to 3/2A as measured by a film
thickness monitor directly above the sources at a distance of 500 mm in the Omitec
chamber and 560 mm in the Kendal Hyde chamber.

When the concentrators from these test runs were then immersed in water at 95°
for 10 days a very similar behaviour was observed as in the tests with flat plates. In
the first few days the Al film dissolved completely at the extremities of the dishes. In
between two well defined critical circumferences of the dish, which depended on the

type ana thickness of the dielectric, the Al survived intact apart from a few pinholes.

2The sum of the 6min angles at either end of the prototype concentrator is about 10° more than for
the proposed SNO concentrator in which the 10° curvature in the first 1 mm of the profile (at the narrow

end) has been removed.
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If the dielectric coating was thick enough and it was evaporated in high vacuum, i.e. it
was TiO or SiO and not TiOx or SiOx, then this band of intact Al inside the critical
circumferences remained unaffected for the rest of the immersion period. Otherwise it
was attacked and eventually the Al film was either excessively pinholed or completely

dissolved.

Run Dielectric  Tcal 6y Omin(c) Omax(c) T(c) Observation

OM5 TiO 3\ 23.5° 9° 30° 0.4\ extreme pinholing
OM3 TiO 3\ 30.0° 9° 35° 0.5\ extreme pinholing
OM5 TiO 3\ 37.5° 7° 42° 0.6\ extreme pinholing
OM6 TiOx 3\ 30.0° 16° 40° 0.45) extreme pinholing
OM6 TiOx 3x 37.5° g9° 44° 0.55) extreme pinholing
OMT7 SiOx 3N 23.5° - - - nothing left
OM7 SiOx 3\ 30.0° - - - nothing left
OM7 SiOx 3N 37.5° - - - nothing left
OM8 Sio 3N 23.5° 5° 28° 0.4) extreme pinholing
OMS8 Sio 3x  30.0° 10° 37° 0.5\ extreme pinholing
OMS8 Sio 3N 37.5° 5° 43° 0.6\ extreme pinholing
OM10 TiOx 4\ 23.5° 13° 31° 0.5\ extreme pinholing
OM10 TiOx 4\ 30.0° g° 37° 0.7A extreme pinholing
OM11 SiOx 4\ 23.5° - - - nothing left
OM11 SiOx 4\ 30.0° - - - nothing left
OM12 Si0 4\ 23.5° 24° 37° 0.45)\ few pinholes
OM12 SiO 4\ 30.0° 26° 44° 0.55) few pinholes
OM13 TiO 51  23.5° 16° 32° 0.65\ very few pinholes
OM13 TiO 5A  30.0° 19° 40° 0.75\ very few pinholes
KH]1 SiOx 5.3\ 30.0° 7° 35° 0.85) extreme pinholing
KH1 SiOx 5.3\ 40.0° 10° 46° 1.05\ extreme pinholing
KH2 SiO 5.3\ 40.0° 23° 52° 1.2\ few pinholes

Table 7.2: Results of 10 days' immersion at 95°C of test evaporation runs on prototype
glass concentrators. OM refers to Omitec OEC, KH to Kendal Hyde; 7ca is the thickness
of dielectric measured on a monitor directly above the source at rea = 500 mm for the
OM runs and 560 mm for the KH runs; 6min(c), fmax(c) and 7(c) are the minimum angle
of deposition, maximum angle of deposition and thickness of dielectric on the critical
circumference of the concentrator which separates the region where the Al film has been
totally dissolved and the region where it remains after 10 days’ immersion at 95°C; and
the observation refers to the remaining Al film.

The detailed results of these initial tests are shown in Table 7.2. Once more it is
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noted that SiO provides adequate water protection at slightly smaller thicknesses and
larger angles of deposition than TiO, but that there is less pinholing with TiO than
with SiO although in neither case does the pinholing affect the overall reflectivity. The
most promising runs were OM11, OM12 and KH2 where the dielectric protected the
Al over most (~ 5/6) of the surface area of the dishes. At the extremities of the dish
the maximum angle of deposition was greater than the critical angle for achieving water
protection and the Al dissolved completely within 5 days’ immersion.

The best paint-like overcoating for spraying onto the evaporated layers is a photore-
sist which adheres extremely well to TiO but poorly to SiO, (see Section 7.2.2). Kendal
Hyde are not able to evaporate thick layers of TiO but are capable of evaporating a
thick layer of SiO for water protection, followed by a thin layer of TiO for adhesion to
the photoresist. Tests of these Al1/SiO/TiO coatings were not very encouraging in that
the dielectric protected the Al over only 2/3 of the dish and even this ‘protected’ Al was
quite seriously pinholed. Thus Al/TiO was found to be the leading evaporated coating
for glass CTCs. Although it is by no means a fully independent water protective coating.
it does provide adequate protection over about 5/6 of the dish and some protection (5

days at 95°C) at the extremities.

7.2.2 Other Protective Coatings

To protect the Al layer over the entire surface of a glass/Al/dielectric concentrator a
further coating is necessary. A very sensitive test of the water protection afforded by
any such coating is to apply it directly onto a layer of evaporated bare Al (no dielectric)
which, without the coating, would dissolve completely within hours of being immersed
in water at 95°C. If the coating protects the Al film for 10 days at 95°C then it can
Be considered a fully independent water protection. This coating will also have to be
compatible with and provide good adhesion to an evaporated layer of Al/TiO or Al/SiO.
Its usefﬁlness as a water barrier can also be tested by applying it onto evaporated films
of Al/TiO or Al/SiO in which the angles of deposition and dielectric film thickness are

such that the dielectric coating would provide very little water resistance on its own,
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i.e. there would be no Al film left after 1-2 days immersion at 95° without the extra
protection afforded by the coating.

The potential coatings can be divided into two categories according to their method
of application. The first category is the thin (10-200 pm) paint-like coatings which can
either be sprayed or dipped. The second category is the encapsulants which are thicker
(1-3 mm) and can be used to pot the glass dish into an ABS plastic shell of similar
shape to the glass dish but 1-3 mm larger in size. Note that these two categories are not
mutually exclusive. A glass dish on which an Al + dielectric layer has been evaporated
could be sprayed or dipped and then encapsulated to give it triple protection (although

this might seem excessive).

Sprayed or Dipped Coatings

The techniques of spraying or dipping are well established and readily available at an
approximate cost of £3 per dish.

In the first instance potential coatings were tested on 50 mm square samples of
evaporated Al on glass. Most of the coatings failed to provide any substantial water
protection to the Al film which still dissolved completely within the first 24 hours of
immersion at 95°C. The list of such failures includes Araldite PZ820, stove araldite, water
standard epoxy, hempel polyurethane and acrylic paint all of which were recommended
for their water resistance. This result is not surprising, though, given the fact that all
plastics are known to be permeable to water at a level which is significant over a timescale
of years. Bitumastic (tar loaded) epoxy fared slightly better in that the Al film was still
present after 4 days’ immersion at 95° although its reflectivity had deteriorated (~50%).

Only two coatings protected the Al film from 10 days’ immersion at 95°C: Finnigan’s
Smoothrite (or Hammerite) and the photoresist CM8000 from Brent Chemicals. Both
Smoothrite and Hammerite are based on an alkyd resin which is loaded with tiny glass
flakes. When the resin sets the glass flakes intertwine and greatly increase the path
length of water diffusing through the resin. Unfortunately the resin takes a long time

to cure completely (~3 months) and when immersed in water it continuously leaches
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organic compounds. Hence there is a concern that with 1,000 m? of exposed surface in
SNO the light water purification system might have difficulty in coping with the amount
of leached material. Furthermore, since the glass flakes are not made from low-activity
glass there is a danger of leaching significant quantities of Th, Ra or U into the light
water.

The best paint-like coating from the point of view of both water protection and
leaching is the photoresist CM8000 which can be either sprayed or dipped to a thickness
of ~ 30 um. It dries in 24 hours (or it can be pre-baked for 1 hour at 80°C) and then
is U.V. polymerized. It can then, if required, be post-baked for an hour at 80°C, which
increases its ‘resilience’. It was developed for the chemical etching industry and can
withstand immersion in strong acids when U.V. polymerized, but is not recommended
for use in alkali solutions.

Its water resistance was tested on ten 50 mm square glass samples which had been
evaporated as follows: (i) samples 1-4: bare Al (normal incidence geometry); (ii) samples
5-6: Al/TiO evaporated on a rotating mandril with no baffling and hence angles of
deposition up to 90°, and (iii) samples 7-10: Al/SiO also evaporated with no baffling.
All samples were dipped in CM8000 to a thickness of about 30 um. Samples 1-8 were
pre-baked for 1 hour at 80°C and samples 9-10 were left to dry for 24 hours. Samples 3-4
and 6-10 were polymerized, 1, 2 and 5 were not. None of the samples were post-baked.
The results of the accelerated ageing tests of these samples are shown in Table 7.3, in
terms of the number of days’ immersion at 95°C before the Al film became pinholed to
an extent that the reflectivity began to be slightly affected.

Samples 1-6 show that CM8000 provides significant water resistance and that this
resistance is increased when the CM8000 is U.V. polymerized. It is clear from samples
7;-9 that the adhesion of CM8000 to SiO is very poor which is not surprising as CM8000
is known to bond weakly to glass. The adhesion to TiO is satisfactory, as demonstrated
by the 3‘5 days’ immersion of sample 6 without any damage apart from some pinholing
of the Al film.

After this encouraging performance CM8000 was tested on actual glass concentrators
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Sample # Substrate Pre-baked Polymerized Result

1 Glass/Al Yes No pinholing after 10 days
2 Glass/Al Yes No pinholing after 10 days
3 Glass/Al Yes Yes pinholing after 20 days
4 Glass/Al Yes Yes pinholing after 20 days
5 Glass/Al/TiO Yes No pinholing after 15 days
6 Glass/Al/TiO Yes Yes pinholing after 35 days
7 Glass/Al/SiO Yes® Yes CMB8000 peeled off after 6 days
8 Glass/Al/SiO Yes* Yes CMB8000 peeled off after 7 days
9 Glass/Al/SiO No Yes CM8000 peeled off after 3 days
10 Glass/Al/SiO No Yes pinholing after 10 days

Table 7.3: Results of 10 days’ immersion at 95°C of samples 1-10: Glass/Al/CM8000,
Glass/Al/TiO/CM8000 and Glass/Al/SiO/CM8000. The glass/Al/dielectric samples
were evaporated on a rotating mandril with no baffling. Hence, the angles of deposition
extended up to 90° and the Al film would dissolve completely in less than 24 hours’
immersion at 95°C without the protection afforded by the CM8000.

* During baking the oven temperature rose up to 150°C for 20 minutes from the usual
1 hour at 80°C.

which had been evaporated as follows: (i) one bare Al with a baffle angle of 37° and
with the same geometry of evaporation as runs OM11-14; (ii) one Al/TiO with baffle
angle 6, = 37° from run OM11; and (iii) one A1/SiO with 6, = 37° from run OM12. All
three dishes were spraved with a full coat of ~ 30 pm of CM8000 and a second coat of
~ 30 um on half the dish. The CM8000 was then pre-baked for 30 minutes at 80°, U.V.
polymerized and post-baked for 30 minutes at 80°C.

Within 2 days’ immersion at 95°C the CM8000 was peeling off the Al/SiO, especially
where a double coating had been applied. Two days later most of the CM8000 had
peeled off the Al/SiO concentrator. On the bare Al and Al/TiO concentrators the
CMB8000 stayed intact for 10 days before cracking slightly where the double thickness
layer had been applied. The Al film was attacked in the vicinity of these cracks on
the ba're_ Al concentrator but not on the Al/TiO concentrator, except at the extremities
of the dish where the angle and thickness of the TiO deposition were such that it did

not provide protection (see Table 7.2). Very little change was noticed in the next 35
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days’ immersion. Under the single layer of CM8000 both the bare Al and Al/TiO
were completely unaffected after 45 days’ immersion at 95°C. This was an even better
performance than expected from the results of the small sample tests (see Table 7.3).
The reason for this improvement in behaviour could be attributed to either the method
of application (spraying as opposed to dipping) and/or the use of a post-bake stage
which is recommended by the manufacturer.

The questions which remain regarding the use of CM8000 are as follows:

1. What are the maximum and minimum thicknesses of coat which can be applied

before the CM8000 cracks or is not effective?
2. Is a single coat necessarily preferable to a double coat?
3. Is it preferable to pre-bake for 30 minutes at 80°C or leave to dry overnight?

4. What are the optimum conditions for U.V. polymerizing? (Exposure time and

distance).
5. Is it preferable to post-bake for 30 minutes at 80-100°C?

6. Does it adhere well to Al/SiO/TiO which is a possible evaporated coating?

It has also been observed that spraying produces a much better finish quality than
dipping. With dipping it is difficult to avoid a thick layer of CM8000 where a meniscus
forms between the edges of the concentrator and the jigging used to hold the concentrator
and keep the CM8000 from coating the inner surface of the glass. Spraying produces an
even distribution of material and can be controlled so that the edges of the concentrator
are not coated and hence the light transmission of the edges is unaffected.

It is concluded that a glass/Al/TiO/CMB8000 concentrator satisfies the requirement
of no change in reflectivity after 15 days’ immersion at 95°. The two protective layers do
not qu'itg provide independent water protection: the TiO layer is not fully effective at the
extremities of the glass dish and the CM8000 has a potential weakness from cracking.
However, the combination of these layers provides sufficient water protection for the

purposes of SNO.
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Encapsulants

In general terms these coatings are more expensive than the very cheap sprayed or
dipped coatings and since CMB8000 has proven to be an excellent protective layer there
is little case for the use of encapsulants. However encapsulation has other benefits
such as increasing the mechanical robustness of the glass concentrator and aiding the
mounting of the 10,000 concentrators onto the photomultiplier support structure, making
it worthwhile to consider.

Two methods of encapsulation have been identified. Method A involves two separate
curing stages. First, a quick curing high viscosity encapsulant is used to seal the glass
concentrator at both ends into an ABS plastic dish of similar shape but with a 1-2 mm
larger diameter. The ABS dish is made in two pieces which are glued together with a
solvent glue after the glass dish has been inserted and sealed within. This glueing step
enables the ABS dish to accommodate the £1 mm variability in length of the glass dish.
Next, the low viscosity encapsulant is injected via a hole in the top rim of the ABS dish
into the gap between the ABS and glass dishes. This requires a further hole on the top
rim of the ABS dish for letting the air escape. After the gap has been completely filled
a small reservoir of encapsulant is attached to one of the holes (the other hole is taped
up) as there will inevitably be some shrinkage during curing. The reservoir could be a
very cheap disposable ABS injection moulded piece. The overall cost of this method is
approximately £10-15 per concentrator.

Method B is much less labour intensive and requires only one quick curing stage.
The encapsulant is applied in a 1-2 mm layer on the under side of a 2 mm sheet of ABS,
which is then vacuum formed onto the glass dish. During the vacuum forming process
the ABS is heated to ~ 150° in order to be sufficiently ductile. As it cools down to room
temperature it will contract by an amount of order 1 mm in radius which can generate
a signﬁéant compressive stress on the glass dish. The viscosity and curing time of the
encapsulant are suitably chosen so that the encapsulant is able to take up most of this

ABS strain without being completely squeezed out from between the ABS and the glass.
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After vacuum forming, the ABS + encapsulant is cut off at either end of the glass dish.
The estimated cost of this method is £5 per dish.

The main advantage of Method A over Method B is that the ABS dish which is
injection moulded to a precision of 0.2 mm takes up the £1 mm variability in the
dimensions of the glass dish and can also be moulded with spigots making the mounting
of the concentrators in SNO relatively easy. In Method B the dimensional variability of
the glass dish is not taken up by the ABS.

Both methods will greatly increase the robustness of the glass concentrator which is
extremely fragile with respect to relatively modest impacts across its diameter. Encap-
sulating the glass dish minimizes the repercussions of a dish cracking as it will remain
fixed to the encapsulant. Furthermore since the encapsulants are cured at an elevated
temperature they will impart a small compressive stress on the dish which will not allow
the CM8000 to peel off. It is also possible that the encapsulants eliminate the slight risk
of the CM8000 cracking, but this has not been investigated.

The general properties of the encapsulants are dictated by the need to avoid con-
taminating the light water in any way which will either affect its light transmission or
put an excessive load on the water purification system. Thus it is essential to use a
two-part fully curing encapsulant which contains no solvents (nor does in release any
during curing). Furthermore, it must be self-curing (requiring no oxygen or moisture to
cure) as it is fully enclosed between the ABS and glass.

Two silicon rubber encapsulants have been identified which are suitable for Method
A: Dow Corning 3-6512 and Sylgard (Dow Corning) 170. Sylgard 182 is a possible
sealant for the first stage of Method A. It has been tested on bare Al samples of glass
and found to give 2-3 days’ protection at 95°C before serious pitting develops. No
accelerated ageing tests have been made with full glass CTCs, evaporated with bare Al
and then encapsulated in ABS dishes. Neither 3-6512 nor Sylgard 170 have been tested
on bare Al samples, but 3-6512 has been found to give some water protection in that a
sample of Al/TiO where the evaporation conditions (angle of deposition and thickness)

were unfavourable for water protection was protected with 3-6512 for 10 days’ immersion
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at 95°C. Similarly Al/TiO/Sylgard 182 has proved an effective water protection even
though the conditions of the Al/TiO evaporation were unfavourable.

Apparently Aylesbury Polymer Products have identified a suitable encapsulant for
Method B and performed some tests on ‘pudding bowls’ but no samples have been
received nor details of the encapsulants given. In the final analysis, encapsulation is too

expensive to be worthwhile.

7.3 Omega

Omega mirror is a commercially available evaporated Al front surface reflecting sheet of
which the principal supplier is 0.C.L.I. a company based in California. The substrate
is 1 m x 400 mm sheets of highly polished anodized aluminium. These are continuously
fed into a high vacuum chamber equipped with electron beam evaporators which are
capable of evaporating high temperature dielectrics such as TiO,. The continuous feed
mechanism effectively eliminates the down time for pulling the vacuum (necessary in
conventional plants). Hence the production rate is vastly increased and the finished
product is available at relatively low cost, £35 per square meter.

The composition of Omega mirror was analysed by Auger spectrometry at NRC,
Ottawa, with the following result, reading downwards from the outer evaporated layer

to the aluminium substrate:

Pr,03+4TiO; 65 nm
MgF,+oxygen 82 nm
Al 56 nm
Si0; 29 nm
AlL,O3 2000 nm
Al substrate

The Pr,03+TiO; layer is a well known mixture for achieving outstanding durability. The
reflectivity of the Al layer is enhanced above 400 nm wavelength by the low refractive
index MgF; layer but is also reduced below 350 nm from absorption in the Pr;03+TiO;
layer (see Figure 6.11). The SiO; layer acts as a key for bonding the Al layer onto the

anodised Al substrate and also prevents the Al;03 from oxidizing the Al layer.
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In order to manufacture a concentrator out of Omega, the finished sheet is CNC
machined into petals which are assembled into a 24-sided polygonal plastic holder (see
Figure 6.10).

Initial accelerated ageing tests of 50 mm? off-cuts of Omega sheet immersed in high
purity water at 95°C were very encouraging. No change in reflectivity was detected
at 442 nm (laser beam measurement) after up to 35 days’ immersion. However, some
subsequent tests showed two kinds of corrosion on the front surface of Omega sheet.
One was a yellowish staining that occurred when iron was present in the water [63].
This corrosion can be avoided by ensuring that free iron is not present in the water in
SNO (stainless steel is acceptable). The other type of corrosion was a white cloudiness
that could sometimes be removed by rubbing vigorously. It was hypothesized that this
corrosion was associated with the unprotected bare aluminium surface on the back of the
Omega sheet. This aluminium surface was slowly dissolving in the water and was either
depositing on the front surface or inducing corrosion in the front surface by raising the
conductivity of the water.

In either case the remedy is to protect the back surface of Omega sheet so that
aluminium cannot dissolve in the water. Many different methods of back protection
were investigated, all of which proved successful in avoiding any corrosion in the front
surface. The most practical of these is simply to coat both sides of the anodised sheet
with the evaporated Omega mirror coating.

The water protection afforded by the Pr,03+TiO; dielectric layer in Omega presum-
ably depends on the angle of deposition of the Al layer in the same way that the water
protection afforded by SiO and TiO layers on glass/Al reflectors depends on angle of
deposition (Section 7.2.1). However in the evaporation geometry for coating flat sheets
it is much easier to limit the angles of deposition than in the geometry for coating curved
domes. “In fact, for the purpose of achieving a uniform thickness of coating across the
entire sheet, the evaporation sources in the O.C.L.I. plant are backed-off from the sheet
by a distance such that the maximum angle of deposition at the edges of the sheet is

about 15°. Hence one can expect uniform water protection across the entire surface of
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the Omega sheet. This was verified by cutting a whole 1 m x 400 mm sheet (both sides
coated) into 20 pieces which were immersed in water at 95°C for 20 days. No corrosion
was observed on any of the pieces except in small areas which were exposed to steam
above the water level during the immersion period. On these small areas a cloudy de-
posit was visible which could be removed by rubbing vigorously with a cloth, revealing
an intact Omega front surface below. Although the back surface of this sheet was coated
with Omega the edges of the 20 pieces were unprotected bare aluminium.

With 240,000 petals (10,000 concentrators) each of ~ 300 mm edge length and 0.3
mm thickness there will be 21 square meters of bare aluminium in SNO, just from the
edges of these petals! Apart from the question of whether this could cause corrosion
or give rise to deposition on the front surface of the Omega concentrators, there is a
possibility that the leaching of radioactive contaminants from this exposed aluminium
surface could increase the background contribution from the light water.

Several techniques for protecting the edges of the petals have been investigated. The
only successful technique, so far, is the thermal evaporation of SiO or TiO onto stacks
of petals resembling decks of playing cards. The surfaces of these stacks are almost flat
and can thus be coated with 1.5 A of SiO or TiO at angles of deposition not exceeding
20°. These evaporation conditions should ensure good water protection (Section 7.2.1).
Several tests have been performed in which the coated edges of Omega petals show no
visible signs of corrosion, under a microscope, after 20 days immersion at 95°. The TiO
coating is favoured because it forms a black layer at these thicknesses and consequently
its presence can be easily checked in a quality control visual inspection.

It is concluded that the Omega CTC satisfies the SNO design criteria provided that
both sides of the anodised sheet are coated with the Omega mirror coating and that the
edges of the petals are coated with 1.5 A of TiO at angles of deposition not exceeding

20°.
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7.4 Silver on Glass Substrate

Although silver is not as reflective in the U.V. as aluminium, its effective reflectance,
averaged over the wavelength spectrum of interest to SNO, is expected to be between 80%
and 85% which is similar to that of Omega and only a few percent less than aluminium
on glass. The major advantage of silver over aluminium is that it does not dissolve in
water. Silver is well known for its corrosive reaction with sulphur, but there will be
negligeable quantities of sulphur in the high purity water of SNO. Another advantage
of silver is that it can be chemically deposited onto glass by precipitation from a silver
nitrate solution. This quick and simple method would cost between £3 to £5 per glass
dish for a 10,000 off production — the 1 um layer of silver does not represent a significant
material cost.

Initial accelerated ageing tests of bare silver on glass concentrators immersed in high
purity water at 95°C showed that after 3 days the silver began to peel off the glass. The
adhesion to the glass had become so poor that the silver could be wiped off with minimal
pressure. An adhesion test which is commonly used in the evaporation industry is to
check whether a coating remains firmly attached to its substrate after an adhesive tape
is applied and removed. Silver on glass failed this test before being aged.

To try and minimise this adhesion problem several different overcoats were applied
onto the silver: chemically deposited copper, CM8000, redox paint and copper/ CM8000.
None of these were successful in preventing the silver from peeling off after 3 days in
water at 95°. The adhesion problem of chemically deposited silver on glass is well known
in the silvering trade. It can be solved by previously evaporating CrO onto the glass
substrate before depositing the silver. Unfortunately this extra evaporation step in the

production of silver concentrators makes them too expensive for SNO.

7.5 : Anodized Aluminium

This is by far the cheapest method of producing 10,000 concentrators that was investi-

gated. An aluminium dish is spun to the required profile, polished and anodized at a
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total cost of about £5 per dish.

It is known that the reflectivity of anodized aluminium has a significant diffuse com-
ponent as well as a dominant specular component. The concentrators are designed for
specularly reflecting surfaces and so this is the relevant component for SNO. This com-
ponent was measured by laser with a silicon diode detector which covered a solid angle
27(1-cos4.5°) which is the widest possible interpretation of specular reflectivity that can
be adopted without significantly affecting the performance of the concentrator. Samples
of anodised aluminium, with anodic film thicknesses from 0.5 um to 2 um, were obtained
and their specular reflectances measured before and after 10 days immersion in high pu-
rity water at 95°C. In every sample the reflectivity dropped from about 80% before the
immersion to about 60% afterwards. It has been suggested that this drop in specular
reflectivity (called ‘smutting’) is caused by the excessive temperature of the ageing tests
which should not be carried out at temperatures greater than 65°. Unfortunately we

have no option but to make a decision based on the results of these tests.

7.6 Conclusion

Two manufacturing methods have been found which satisfy the four major design criteria
in SNO: glass/Al/TiO/CM8000 and ABS/Omega. In order to decide between the two

it is necessary to open up the discussion and consider the following secondary criteria:

1. Alkali resistance: So far, the water resistance of concentrators has been inves-
tigated at neutral pH. There is a possibility that the pH in SNO might swing
in either direction from the leaching of acids or alkalis into the water (the pH of
ultra-pure water is not at all buffered). Moreover, it may be necessary to introduce
biocides into the water and most of these biocides (but not all) are mild alkalis.
The corrosion resistance of both concentrators to acids is excellent. However, at
pH 12 at room temperature, CM8000 dissolves slowly and TiO provides about
1 days’ protection before the Al is severely pitted. In contrast Omega mirror is

unaffected after 25 days’ immersion.
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2. Robustness: All the equipment in SNO will be transported down to the 6800
ft level of the Creighton mine by a free-fall elevator which suffers severe lateral
accelerations as it hits the walls of the shaft. Furthermore the equipment will
be installed by miners (union regulations) who are not known for their delicate
bandling of equipment. In terms of ease of handling the Omega design is vastly
superior to the glass concentrator. A significant percentage (= 10%) of proto-
type glass concentrators have been broken by every company that has handled
them: the glass blowers, the two evaporation plants, the chemical silvering outfit
and the spraying company. The robustness of the glass dish can be greatly im-
proved by encapsulating in an ABS shell but this is too expensive. In comparison,
the Omega concentrator can be dropped without any adverse effect (experimental

observation).

3. Cost: Firm quotations for every manufacturing process in each design have not
been obtained. In some cases it is necessary to use cost estimates which are notori-
ously unreliable. Nevertheless it would seem that the Omega design is cheaper than
the glass design. The total costs for producing 10,000 concentrators are estimated

at £265,000 for Omega and £390,000 for glass.

After taking these secondary considerations into account it was decided to adopt the
Omega design for SNO. The expected optical performance of this design is described in
detail in Section 6.5. Overall, a 60% percent increase in the light collection from the
fiducial volume is expected. This represents real ‘value for money’ when one considers
that the cost of the 10,000 PMTs in SNO is about £3 million and approaches £5 million
if one includes the cost of the electronics and the PMT support structure. Moreover, the
concentrators also reduce the sensitivity of the experiment to the -5 background from
the PMT region by an order of magnitude which means that the detector threshold is
unlike]yl' {o be determined by this background. Thus the concentrators are even more

useful than an extra £2 million worth of photomultipliers.
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Appendix A

Differential Equations for the
Profile of 2D CTCs

In this appendix a general method for constructing the profile of 2D CTCs is obtained
by application of the tangent-ray principle of [49] to the 2D cross-section of the photo-
cathode. In section A.1 the differential equations governing this construction are derived
for the general case of a convex photocathode specified by its polar coordinates (r,6)
where r is a known function of 8 (see Figure 5.2). In section A.2 the solutions to these
differential equations are presented for the special case of a spherical photocathode of
fixed radius of curvature and polar half angle fcach. For both the general and the spher-
ical photocathodes there are three separate cases to be considered: (i) Qcath + 6i = 7/2,
(i) @cah + 6 > 7/2 and (iii) Qcath + 6, < m/2, where 6, is the limiting angle of the
2D angular acceptance of the CTC and acat is the angle between the z-axis and the
normal to the photocathode at the edge of the photocathode (see Figure 5.2). Only
case (ii) has been specifically considered in [49] in which the 2D profile of the absorber

(photocathode) is assumed to be a closed loop, i.e. acath = 7.
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A.1 General Convex Photocathode

Let us introduce the coordinate system of [49], (r,6') where ¢ = x — 8 and in which
the 2D profile of the photocathode extends from ¢ = x— 6O, t0 & = x4 Ocayn, (se
Figure A.i). In this figure the point S (of polar angle 6s) has been drawn at which a
ray of polar angle 6, is directly tangent to the photocathode. The location of point S
can also be used to determine which of the three above cases (eath + 6 =,>,< ¥ /2) is
relevant. If S is at the edge of the photocathode (65 = 6.an) then it is case (i); if S is
inside the edge of the photocathode (fs < @carn) then it is case (ii); and if S lies outside

the photocathode (6s > 6.ach) then it is case (iii).

Concentrator profile

incoming roy

Absorber profile
X\

Figure A.1: Construction of the 2D profile of a CTC from the 2D cross-section of the
photocathode by application of the tangent-ray principle [49].

Let us consider case (i) first, in which all rays which are tangent to the photocathode
are reflected by the CTC to have polar angle 6,. One such ray, incident at point P on
the CTC profile, is shown in Figure A.1. The condition for reflection (Snell's law) at P
can be v'zr_i'tten

6,+6 +¢+2y=2r (A1)

where ¢ is the angle between the vector from the origin to the tangent at the photocath-
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ode and the tangent itself and ¢ is the angle between the normal to the concentrator

profile at P and the y-axis. Thus

dy 1 ,
Fie tany = —tan 5(0' +6 +¢) (A.2)

and the coordinates of point P are

= rsinf —tsin(8' + ¢)
= —rcos® +tcos(6 + @) (A3)

where t is the length from P to the tangent at the photocathode. Differentiating (A.3)

and using (A.2) one obtains

r.sm9 +'rco.50 -t.sm(9 +¢))-tco's(0 +d>)(l+¢_) +tanl(9,+0'+¢)=0. (A4)
—7cosf + rsinf +tcos(8 + @) —tsin(6' + &)(1 + ¢) 2

In this first-order linear differential equation t is the dependent variable, 8 is the inde-
pendent variable and r and ¢ are both known functions of #’. Hence this equation can
be solved (numerically) for { as a function of ¢ and " which can then be integrated from
the beginning of the profile, where 6 = 7 — B, and t = 0, to the end of the profile,
where ' = 7 + 6.ah,. Thus t is a calculable function of ¢’ and the full profile for case (i)
is given by (A.3) where ¢’ is restricted to the range ™ — Bcath < 0’ < T + beath-

If case (ii) is relevant, then there is a section of the photocathode profile (6 > 6s)
which is shadowed from direct rays at polar angle 6;. The corresponding section of the
concentrator profile is an involute of this shadowed section of the photocathode (see

Figure 3.11). For the involute we have the classical result
i=(r2+ %)% (A.5)

for a point P given by (A.3). Thus the full profile of the CTC can be obtained by
integrating (A.5) from 6’ = 7 = carn (Where t = 0) to 8’ = m — @5, which completes the
involuie[section, and then integrating (A.4) from ' = 7 — 65 to 6’ = 7 + 6s.

If case (iii) applies, then an extension of small radius of curvature € is provided to
the photocathode out to the angle acath = 7/2 — 6; (see Figure 5.3). The CTC can then

be designed for arbitrarily small € and the problem is reduced to case (i). In the limit
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Figure A.2: Construction of the 2D profile of a CTC for case (iii), @cath + 6: < n/2
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Figure A.3: The parabola in polar coordinates with origin at the focus [49].

¢ — 0 the upper (greatest in z) section of the CTC profile becomes an off-axis parabola
with focus at the edge of the photocathode, just as in the edge-ray construction of the
Winston cone (see Figure 3.5). To generate the lower section of the CTC profile, (A.4)
is integrated from 6’ = 7 — fcan to 6 = 7 + 6.5n. At this point on the CTC f)roﬁle
(point R in Figure A.2) the off-axis parabola begins.

The general equation of a parabola in polar coordinates, with focus at the origin, is
given by

rp = fsin’(¢p/2) (A.6)

where 7, and ¢, are the polar radius and polar angle of a point P on the parabola and
f is a constant which determines the scale of the parabola (see Figure A.3).

At the starting point R of the off-axis parabola drawn in Figure A.2 it is easily shown
that ¢, = 7+ 6, —Ocah = @ and that r, is given by the final value of t (at 6’ = 7 + 6carn)
from the construction of the lower section of the profile. Hence the constant f for this

off-axis parabola is given by

t(e' =7+ 0.)
sin?[(7 + 6, — Ocarn — ¢)/2)

f= (A.7)

and the coordinates of any point P on this off-axis parabola with focus at the edge of
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the photocathode are given by

=7 6infcah + rpsin(¢p - 6,)
7 €0S Ocarh + TpcOS(@p — 6,) (A.8)

where r is evaluated at the edge of the photocathode (8’ = % + 6cawn), *p is given by
(A.6) in which the constant f is determined by (A.7), and where ¢, lies in the range

t+0t-0uth—¢2¢p2201-

A.2 Spherical Photocathode

For spherical photocathodes; where ¢ = 7/2, acath = bcath, s = 7/2 - 6, and r(6) is

constant; the solution to (A.5) is trivially
t = r6’ + const, (A.9)

the solution to (A.4) is

r(6' — 6, — 7/2 - cos(8' - 6,) + const]
1+sin(6' - 6,)

t= , (A.10)

as shown by Rabl [72], and the coordinates of the point P on the CTC profile are given

by

rsinf —tcosf’
—rcosf —tsinf'. (A.11)

<
"

For case (i), t is given by (A.10), where the constant of integration is fixed by requiring ¢
at 6’ = m—6.n to be zero and where 8’ is restricted to the range 7 =641, < 0’ < T+6carh-
For case (ii), t is given by (A.9), when 6’ lies in the range 7 — 8,1, < 6 < ®/2+ 6,
and where the constant of integration is fixed by requiring (6’ = ® — 6,) = 0, and
by:(A.IO) when @’ lies in the range 7/2+ 6, < 6’ < 37/2 — 6, and where the constant
of integration is fixed by matching the two solutions at 6’ = = — 6,. For case (iii), the
lower section of the CTC profile is obtained in exactly the same manner as the entire
profile for case (i) is obtained. Then, the upper section (the off-axis parabola) is given

by (A.8), in which ¢, is restricted to the range 7 /2 + 6, = 6oy, 2 ¢, > 26,.
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Appendix B

Differential Equations for the 2D

Profile of 3D Skew CTCs

In this appendix the 2D profiles of 3D skew CTCs are obtained from a construction
in which the tangent-ray principle is applied to a set of non-meridional rays of given
skewness h # 0. In Section B.1 the form of the differential equations governing this
construction will be derived for the general convex photocathode shown in Figure 5.2
and in Section B.2 these differential equations are explicitly derived for the special case
of a spherical photocathode.

In analogy with the application of the tangent-ray principle to meridional rays pre-
sented in appendix A there are three separate cases to be considered here (for both
the general photocathode and the spherical photocathode): (i) rays of polar angle 6,
and skewness h are tangent to the photocathode at the edge of the photocathode, (ii)
a section of the photocathode is shadowed from rays of polar angle 6, and skewness h
and (iii) the rays of polar angle 6, and skewness h which are directly incident at the

ﬁhotocathode edge are not tangent to the photocathode.
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B.1 General Convex Photocathode

The vector from the origin to any point Q on the general convex photocathode shown
in Figure 5.2 can be written rq = rq(sin fq cos ¢q, sin fq sin ¢q, cos Q) where rq is a
known function of the polar angle 8 which is restricted to the range 0 < g < o and
where ¢g lies in the range 0 < ¢g < 27. The unit vector normal to the photocathode
at point Q can be written ng = (sin 8, cos @q, sin B, sin ¢Q, cos 6,.) where 6, is a known
function of fg (for spherical photocathodes 6, = 6Q).

To generate the profile of a skew CTC for a given limiting angle 6; and skewness h
one must first determine which of the three above cases is relevant. For this purpose let
us consider the ray with direction cosines 8 = (siné,, 0, cos §;) which is tangent to the
photocathode at a point S and which has the required skewness h. The angles 65 and ¢s
defining the point S can be found by solving the two simultaneous equations pertaining
to this ray: §.ig = 0 and h = (rs X §).z. The value of 6s determines which case is
relevant. If 85 = Bcaen then it is case (i), if s < B.aih (point S inside the edge of the
photocathode) then it is case (ii) and if 65 > Oan (point S outside the photocathode)
then it is case (iii).

Let us first consider case (i) in which there is no shadowed portion of the photocath-
ode nor any need to extend the photocathode. All rays of skewness h which are tangent
to the photocathode are reflected by the CTC to have polar angle 6;. One such ray,
which is tangent to the photocathode at point Q and incident at a point R on the CTC
profile is shown in Figure B.1. In this figure the following vectors have been included: rg,
the vector to point Q; fig, the normal to the photocathode at point Q; r = (0,y, z), the
vector from the origin to R; t = r — rq, the vector from Q to R; i = (0, — cos ¥, siny),
the unit vector normal to the concentrator profile at point R, and t’, the unit vector of

the outgoing ray. Four conditions are imposed on these vectors:

tangent at point Q, ng.t =0, (B.1)
skew invariant, h = (rq X t).z, (B.2)
law of reflection, t'=t-2nt)n (B.3)
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Figure B.1: Construction of the 2D profile of a skew CTC from the 3D shape of the
photocathode by application of the tangent-ray principle to rays of skewness h.

and polar angle of t/, t'.z2 = cosé,. (B.4)

The vector t’ can be eliminated from (B.3) and (B.4) to give
t.z — 2(n.t)(A.2) = cosé,. (B.5)
This equation can be written as a first-order non-linear differential equation of the form

dy [dy\?
F[Ey(d_y) ,y,z,00,¢>Q] =0 (B.6)

by making the substitutions sin) = % [l + (5{)2]-% and cosv = [1 + (%)2]-%. In
this differential equation y is the dependent variable, z is the independent variable and
6o and ¢g are functions of y and z through (B.1) and (B.2). Thus (B.6) can be solved for
% as a function of y and z and the profile can be generated by integrating 512‘, providing
that the starting conditions of the integration are known.

The starting point of the integration is at the edge of the photocathode where r =
ro(bg '='9whs¢o = n/2). However at this point, (B.5) and hence (B.6) are undefined
since t = 0. To find % at this point, consider the ray of skewness A and polar angle

6, which is tangent to the photocathode at this point. We require that this ray be
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Figure B.2: The ray t of skewness h and polar angle < 6, which is tangent at the
edge of the photocathode (g = bcach, $Q = 7/2), in cases (i) and (ii), is reflected (t")
50 as to remain tangent to the photocathode.

reflected to remain tangent to the photocathode (tangent-ray principle). Such a ray is
drawn, with unit vector t, in Figure B.2 with the usual vectors t', n, ro, ng and r. The
conditions (B.1)-(B.3) apply to these vectors and a new condition is imposed onto the

outgoing ray which is now required to be tangent to the photocathode:
t'hg=0 (B.7)
Eliminating t’ from (B.3) and (B.7) and using (B.1) one finds that
(h.t)(R.hg) = 0. (B.®)

Since h and t are clearly not orthogonal (see Figure B.2) the conclusion is that i and
fg are required to be orthogonal at the edge of the photocathode. Hence at the starting
péint of the integration the differential equation is simply

1g(60 = Bcarh, ¥ = 7/2).y
1o(60 = Ocath, @ = 7/2).2°

dy . _
:i—Z—(t =0)= (B.9)

Now we can integrate sf from the start point all the way to the end of the CTC profile

where 5{ = 0 and the parameter 6g(y, z) returns, from its minimum, to fcan.
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Figure B.3: Construction of the involute section of a skew CTC for case (ii). The

ray t of skewness h and polar angle < 6, which is tangent to the photocathode at Q is
reflected (t') to be tangent at Q'

Let us now consider case (ii),i.e. when s < fcaih and a section of the photocathode
is shadowed from rays of polar angle 6, and skewness h. This corresponds to case (ii) in
appendix A where the lower section of the CTC profile is an involute of the shadowed
section of the photocathode and the upper section is derived from the usual tangent-
ray condition. The corresponding ‘involute’ section of the skew CTC being considered
here, is generated by requiring all rays of skewness h and polar angle § < 6; which
are tangent to the shadowed section of photocathode to be reflected tangentially back
onto the photocathode. One such ray which is tangent to the photocathode at point Q,
reflected by the CTC at point R and tangent once more at point Q' is shown in Figure
B.3. The usual vectorst, i, t', rq, fig and r have been drawn in this figure together with
the vector r(, from the origin to Q" and the vector fy, the normal to the photocathode
at Q. "I‘he three conditions (B.1)-(B.3) are imposed on these vectors and the constraint

on the outgoing ray is changed to

i'i=-i2 (B.10)



Eliminating t’ from (B.3) and (B.10) one obtains the following equation
t.z = (n.t)(h.2) (B.11)
which can be transformed into a first-order second-degree differential equation

dy (dy)? _
G ['&;, (E) ,y,z,eq,¢q] =0 (B.12)

by making the usual substitutions for cosy and siny. Since (B.1) and (B.2) are still
valid, 6g and ¢g are the same functions of y and z as in the previous differential equation.
Thus (B.12) can be solved numerically for %f as a function of y and 2 and the profile
can be generated by integrating %.

However, once again, at the start point of the integration t = 0 and (B.11) and
(B.12) are undefined. To find 5-} at this point consider the ray of skewness h and polar
angle § < 6, which is tangent to the photocathode at this point and which is reflected to
remain tangent to the photocathode (see Figure B.2). The conditions (B.1)~(B.3) and
(B.7) which are imposed on this ray are the same conditions which were imposed on the
ray of polar angle 6, and skewness h which was tangent at the start point when case (i)
was being considered. Thus the value of % at the start point of the integration is given
by (B.9) for both cases (i) and (ii).

Hence the involute section of the profile for case (ii) can be generated by (numerically)
integrating %, derived from (B.9) and (B.12), from r = rg(6Q = fcath, $@ = 7/2) until
6o(y, z) reaches 65, the point at which the photocathode is no longer shadowed from
direct rays of polar angle 6, and skewness h. The rest of the profile is generated by
integrating %. derived from (B.6), from the last point r of the involute section until
% = 0 and 6g(y, z) has returned to 6s.

Let us now consider how to generate the CTC profile for case (iii), where 65 >
6.an. ‘This case is analogous to case (iii) of appendix A where the CTC profile was
generateld in two sections: the lower section by applying the tangent ray principle across
photocathode and the upper section by applying the tangent-ray principle to the edge

of the photocathode (the edge-ray principle). Similarly here, the lower section of the
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Figure B.4: The ray t of skewness h and polar angle 6, which is not tangent at the

edge of the photocathode (6g = Ocach. dQ = 7/2), in case (iii), is reflected (t') so as to
be tangent to the photocathode.

profile is generated by applying the tangent-ray principle across the photocathode and
the upper section of the profile is generated by applying the edge-ray principle. The
differential equation for the edge-ray construction with skew rays is given in appendix
F of [49]. Before reproducing this derivation let us first consider the starting value of s-f
for the lower section of the profile which in case (iii) is not given by (B.9).

~ In this case, the ray of polar angle 6, and skewness h which is incident at the start
point of the integration (r = ro(6g = Bcatn, #@ = 7/2) is not tangent to the photocath-
ode. The tangent-ray principle requires the reflection of this ray (t') to be normal to the
photocathode (see Figure B.4). Hence the conditions (B.2),(B.3) and (B.7) which are

imposed on this ray are the same conditions as for cases (i) and (iii) with the exception
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of the tangent condition (B.1) which is replaced by the constraint on the polar angle of

t:
t.z = —cosé, (B.13)

Thus we can write t as (cos ¢; sin 6,, sin @, sin 6;, — cos ;) where 6; is the given polar
angle and ¢; is an unknown angle which can be found by solving (B.2) since k and rq

are given. This solution can be written

-h
cos ¢y = ———— (B.14)

Tpolar 5iN 6,
where Tpolar = FQ(0Q = Ocarh, 7/2).y is the polar radius of the photocathode edge. It
is clear from (B.14) that there is a2 maximum value of skewness, hmax = Tpolarsinéb,,
for which a CTC profile can be constructed since if h exceeds this value then no ray of
skewness h and polar angle 6; can be incident at the photocathode edge and hence the
profile cannot be generated from the photocathode edge. Eliminating t’ from (B.3) and

(B.7) one obtains the following equation
t.ng — 2(n.t)(h.ng) = 0 (B.15)

which can be written as a quadratic in % by making the usual substitutions for cos v’
and sin1*. The coefficients of this quadratic equation are functions of Gc;‘h, 6; and ¢;
which are all known. Thus the initial value of % can be specified and %, derived from
(B.6), can be integrated from the edge of the photocathode until 6o (y, z) returns to fcarh
and the lower section of the CTC profile for case (iii) is complete.

The upper section begins at the point r = (0,y, z) where 6g(y, z) has returned to
6caih. It is generated according to the edge-ray principle whereby the rays of skewness
h which originate from the edge of the photocathode are reflected to have polar angle
6,, (see Figure 3.9). The same conditions (B.2)-(B.4) as before are imposed. Only the
tangent condition (B.1) is replaced by the condition of originating from the edge of the
photoéathode. This is tantamount to setting g = fcath Which removes one variable to
make up for the lost equation.

Let us adopt a slightly modified form of the notation of [49] in which rq is denoted

by (20, Yo, 20), where /22 + y2 = Tpolar and 20 = rQ(6Q = bcath)-Z (the axial distance to
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the edge of the photocathode). In this coordinate frame t can be written

(--’to»y - Y%0,2 — 20)
(224 (y - ¥)? + (2 — 20)?]}

the skew invariant condition becomes

t=(a,8,7)=

: (B.16)

- Zoy
(22 + (v - %o)? + (2 — 20)?)}

(B.17)
and (B.5) can be written
dy\? dy _ dy)2
7{1—(‘12) ]+2de-c050. [1-(dz (B.18)

after making the usual substitutions for sint and cost. The relevant root of this

quadratic equation in % is

dy _ B~ /B A7 = cos?h,
dz ~ v + cos 6,

(B.19)
where the negative sign has been chosen for the square root so that % can be zero at the
end of the CTC profile, as required. In this equation, the variables 3 and v are functions

of y and 2 through (B.16) and (B.17). Hence % can be integrated until it reaches 0 and

the CTC profile for case (iii) is completed.

B.2 Spherical Photocathode

The vector rg from the origin to a point Q on a spherical photocathode can be written
ro(sin 8g cos ¢, sin B sin ¢, cosfq) where rg is the constant radius of curvature of
the photocathode. Moreover, the normal to the photocathode at point Q is simply
hg = fg = (sinfg cos ¢g, sin By sin @q, cosfy). Thus the tangent condition (B.1) can
be rewritten fg.t = 0 and the magnitude of t is [t| = \/Ir_zQ where r? = y? 4 22,

To generate the CTC profile for a given limiting angle 6,, skewness h and spherical
photocathode of polar half angle f.ah and radius of curvature rg, one must first establish
which of the three cases discussed in the previous section is relevant. This is easily done

by evaluating the angle fs given by the following equation

cosfs = \/sin2 6, — (h/rq)? (B.20)
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which is obtained by eliminating ¢'s from the two simultaneous equations for 65 and ¢s
discussed in Section B.1. If 85 = 6cawn then case (i) applies; if s < 0.ath then case (ii);
if s > Bcan then case (iii).

Let us consider case (i) first. Eliminating ¢q from (B.1) and (B.2) one can derive

the following equation for zq = rq cosfq as a function of y and z:

rhei ra\[¥3(r? - 1) = r2(h/rQ)*(r* - r3)
= =

2q (B.21)

where the positive sign for the square root is identified by considering the solution for
z = rg and h = 0. By combining (B.1) and (B.2) with (B.5) and by making the
usual substitutions for cos v and sin 3 one can derive a quadratic equation for % which

depends on y, z and zq, but not on ¢q. The relevant root of this quadratic equation is

2 2 2
dy (y——yq+§zg> - <y--§+§zQ) + (2 - 2)? = (r? — r}) cos? b
4y _ (B.22)
dz (z—zQ)+,/r2+r5cos¢9,

where the negative sign of the square root has been chosen so that at some point where

|r] > ro the slope % can be zero, as required. By combining (B.21) and (B.22) one
can calculate % as a function of y and z and thus, by numerical integration, generate
the CTC profile, except that at the starting point of the integration, r = ro(fg =
Bcarh- 00 = 7/2), (B.22) is undefined. However, the value for % at this point is simply
tan fcacy, from (B.9). Thus the profile of the CTC can be generated by integrating %
until it equals 0 at which point the profile is complete.

When 8g < Ocan. case (ii), the lower section of the CTC profile is an involute of the
shadowed portion of the photocathode. The conditions (B.1)-(B.3) and (B.10) apply in
this case, so that zg is still given by (B.21) but the differential equation is now derived
from (B.11). By combining (B.1), (B.2) and (B.11) one can eliminate ¢q and obtain,
after making the usual substitutions for cos ¥ and sin ¥, a quadratic equation for % in

which the second degree term vanishes and one is left with

_d_3{= ¥(zq - 2) (B.23)
dz ~ y?-rh+z22 '
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As zg is a known function of y and z through (B.21), one can calculate % as a function
of y and z from this equation, except at the start point of the integration where (B.9)
applies and 5{ is tan f.,n. Hence the involute section of the profile can be generated
by numerically integrating % until the parameter 6g(y, z) reaches 6s. At this point we
switch over to using (B.21) and (B.22) to calculate 5111 and proceed with the integration
until s—‘zﬂ = 0 and fg(y, z) returns, from its minimum, to fs.

Let us now consider case (iii) where the lower section of the profile is generated
by integrating (B.21) from r = rq(fg = 6cath, @ = 7/2) until 6g(y, ) returns, from
its minimum, to 6.1 and the upper section is generated by integrating (B.19) from
this point on until % = 0. However, as shown before, (B.21) is undefined at the
start point of the integration. To find % at the start point, consider the ray t =
(cos ¢; sin 8,, sin ¢, sin 8,, — cos ¢;) of Section B.1 (see Figure B.4) which is subjected to
the conditions (B.14) and (B.15). The angle ¢, is easily derived from (B.14) and from

(B.15) one obtains a quadratic in % of which the relevant root is

dy  €os 6, sinfeaeh — Sin @; sin 6, cos fearh + sin? ¢;sin? 6; + cos?6; B o4
dz sin ¢, sin 6, sin fah + cos 6; cos Ocarh ) (B-24)

Thus % is specified at the start point of the integration and the profile can be generated

for case (iii).
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