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Abstract

An Investigation of Matter Enhanced Neutrino Oscillation

with the Sudbury Neutrino Observatory

by Miles Walter Eldon Smith

Chair of Supervisory Committee:

Professor Steve Elliott
Department of Physics

Previous experiments have detected fewer electron neutrinos coming from the Sun

than are predicted by the Standard Solar Model (SSM). While the Sun makes only νe,

these can change into other flavors through neutrino oscillation, a favored hypothesis

for explaining the deficit. The Sudbury Neutrino Observatory (SNO) was designed to

measure both the flux of electron neutrinos φe and the total flux of active neutrinos

φtot (where tot = e + µ + τ). This allows one to separate out the µ + τ component

by φµτ = φtot − φe. Doing this, SNO measures a flux of non-electron neutrinos

φµτ = 3.41±0.45(stat.)+0.48
−0.45(syst.)×106cm−2s−1, providing evidence of neutrino flavor

transformation with 5.3σ significance. By refining the treatment of systematic errors,

this improves to 7.4σ. Although this shows that flavor transformation is occurring, it

does not identify a specific mechanism such as neutrino oscillation.

Neutrino oscillation can be enhanced by the presence of matter in the Sun and

the Earth. This predicts a possible modulation of the flux of electron neutrinos with

solar zenith angle, as they transit through varying amounts of matter. However, we

do not see a significant difference between the day and night measurements for either





the electron or total neutrino flux. By assuming the total neutrino flux is constant,

as predicted by the simplest models, we measure the difference between the day and

night electron neutrino flux to be +7.0 ± 4.9 ± 0.9% of the average electron neutrino

flux. This result is weak at 1.4σ. By combining this result with that of the Super-

Kamiokande experiment, we measure a difference of 6.0 ± 3.2%, or 1.9σ.

By examining a specific oscillation model, we are able to identify allowed regions

for the oscillation parameters ∆m2, tan2 θ. The measured values of ∆m2, tan2 θ pre-

dict an asymmetry in the day to night flux which is consistent with the measurements

above. This specific model also allows for a distortion of the neutrino spectrum. How-

ever, this additional observable does little to improve the identification of neutrino

oscillation as the cause of flavor transformation in solar neutrinos.

We conclude that, while flavor transformation is definitely occurring for solar

neutrinos, we can not specifically identify the mechanism to be matter enhanced

neutrino oscillation.
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Chapter 1

INTRODUCTION

1.1 A Little History

In 1933, Pauli postulated neutrinos as a “desperate remedy” for the then problem of

the missing energy of beta decay [3]. It was not until 1956 that Reines and Cowen

provided direct experimental evidence that the neutrino existed [4], detecting reactor

neutrinos via

νe + p→ n+ e+ (1.1)

Subsequently, it has been shown that there are three flavors of neutrino, belonging

to the electron, muon [5] and tau [6] families. In addition, cosmological constraints

[7], [8] and studies of the width of the Zo boson [9] have shown that there can be no

additional neutrino flavors, if they are to be both less massive than 1
2
mZ (where mZ is

the mass of the Zo) and interact via the weak interaction. The parity non-conservation

of weak interactions led to the incorporation of only left handed neutrinos νL (and

right handed antineutrinos νR) into the standard model [10].

The neutrino is both chargeless and color neutral, and thus only interacts weakly,

passing easily through matter such as the Sun or the Earth. For this reason, so-

lar neutrino experiments are placed deep underground, using the rock to screen out

cosmic backgrounds but allowing neutrinos to penetrate.

It was recognized as early as 1939 that the Sun might be a strong source of

neutrinos. Bethe suggested that the Sun’s energy comes mainly from a chain of
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nuclear fusion reactions called the p-p chain [11]. A subset of these reactions yields

electron neutrinos, as shown in Fig. 1.1. We shall refer to the different contribution

to the neutrino flux as pp, pep, hep, 7Be, and 8B. Except for their energy, there is

no way to distinguish between the neutrinos from the various sources. Fig. 1.2 shows

the neutrino spectrum for each reaction, as determined by careful nuclear physics

calculations. While the shapes of these spectra, to very high accuracy, are independent

of the environmental conditions [12], the reaction rates are strongly dependent on both

the temperature and pressure in the core of the Sun. Detailed calculations have been

made of the expected flux from each reaction, taking into account the thermodynamic

equation of state, gravitational and pressure effects, energy transport, opacity, nuclear

cross sections, and many finer details. These calculations have culminated in the

Standard Solar Model (SSM). Actually, there is more than one solar model [2], [13].

In this thesis, we shall use [2] as a reference model.

Solar neutrinos were first detected by Davis et. al. [15] via the reaction

νe + 37Cl→ e− + 37Ar − 0.814MeV (1.2)

in the Homestake mine. Electron neutrinos interact within a large tank of liquid

C2Cl4, producing trace amounts of 37Ar. Since Ar is a noble gas, it dissolves into the

liquid and can be extracted by purging with helium gas. With an electron capture half

life of 35 days, 37Ar is counted to measure the flux of solar neutrino. The measured and

SSM calculated fluxes were in disagreement, revealing the Solar Neutrino Problem.

Since the Homestake experiment began, five additional experiments have measured

a low flux of solar neutrinos. The Gallium experiments SAGE, GALLEX and GNO

detect neutrinos via the reaction

νe + 71Ga→ e− + 71Ge− 0.233MeV (1.3)

SAGE uses liquid gallium metal as its target, and performs an acid extraction of the

71Ge. GALLEX and GNO use a concentrated GaCl3-HCl solution, with the resulting
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 p + p � d + e+ + νe  p + e- + p � d + νe

 d + p � 3He + γ 

3He + p � 4He + e+ + νe
3He + 3He � α + 2p 

3He + 4He � 7Be + γ

7Be + e- � 7Li + νe
7Be + p � 8B + γ

7Li + p � 2 α 8B � 8Be* + e+ + νe

8Be* � 2 α 

99.77% 0.23%

85% 15% ≈ 2×10-4%

99.89%  0.11%

pp neutrinos pep neutrinos

hep neutrinos

7Be neutrinos

8B neutrinos

Figure 1.1: The p-p chain. Percentages are given for each branching. For example,
0.11% of the time, 7Be is consumed by proton capture, rather than electron capture.
This relative amplitude is calculated by comparing the flux of 8B and 7Be neutrinos,
as calculated in [2].

GeCl4 extracted by bubbling nitrogen through the solution. The 71Ge has a half life of

11.4 days and is readily counted to measure the electron neutrino flux. The Gallium

and Homestake experiments are examples of radiochemical experiments, since they

involve the accumulation and chemical extraction of radioactive isotopes.

The H2O experiments Kamiokande and the much larger Super-Kamiokande (SK)

detect neutrinos via the elastic scattering of electrons.

νx + e− → νx + e− (1.4)

The effective threshold is set between 5 and 8 MeV kinetic, to avoid the Cherenkov

light from low energy backgrounds. It is interesting to note that this last reaction

is sensitive to all active neutrino flavors. However, the dominant contribution is
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Figure 1.2: Neutrino Spectra from the p-p chain. Only the 8B and hep neutrinos can
be observed by SNO. Figure taken from [14].

from the electron neutrino, as the cross section is approximately 6 times higher for

interaction with νe. Also unique about the water experiments is that they are real-

time detectors, measuring information about each event, including the energy and

the time of the interaction. Of the neutrino spectra shown in Fig. 1.2, only 8B

(and the much less numerous hep) neutrinos exceed the experimental threshold. In

contrast, the radiochemical experiments can only measure integrated information,

such as the total flux above threshold. However, the threshold is much lower for

radiochemical experiments, allowing for the detection of neutrinos from the pp, pep,

and 7Be reactions, in addition to 8B and hep.
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1.2 The Solar Neutrino Problem

1.2.1 The missing Neutrinos

In this thesis, we shall present neutrino fluxes relative to the SSM of Bahcall, Pin-

sonneault, and Basu (BP2000) [2]. Table 1.1 shows the predictions of this model for

the flux of various neutrino species, as well as the event rates predicted for each type

of experiment. The units used for the Ga and Cl experiments are SNU, or Solar

Neutrino Unit, where 1 SNU = 10−36 events per target atom per second. The data

from the water Cherenkov experiments is reported as an absolute flux, so is in units

of cm−2s−1. Results of the Homestake, SAGE, GALLEX, GNO, and SK experiments

are taken from [16], [17], [18], [19], and [20] respectively1. The important feature for

this discussion is the bottom line of the table, where we see that all three sets of ex-

perimental data fall significantly short of the predicted event rates. This is the Solar

Neutrino Problem (SNP), also represented in Fig. 1.4. Either the solar model is in

grave error, or the electron neutrinos produced in the core of the Sun are disappearing.

1.2.2 Failure of Astrophysical Solutions

The SSM can be very sensitive to input parameters. The 8B flux, which contributes to

the event rate in all experiments, varies as (Tcore)
24, where Tcore is the core temperature

of the Sun [12]. In contrast, the pp rate varies as (Tcore)
−1.2. The core temperature of

the Sun can easily be modified by changing, for example, the chemical abundances or

energy transport mechanisms. Exotic particles, such as WIMPs (Weakly Interacting

Massive Particles) might carry energy out of the core of the Sun2. Such solutions to

the SNP are termed astrophysical, because they change the environment in the core

of the Sun and, ultimately, the flux of neutrinos produced by each of the reactions.

1We note that the Super-Kamiokande collaboration have since published updated results in [21].
2Although WIMPS are a new particle, this is regarded as an astrophysical solution to the SNP

because they change the astrophysical environment and equation of state.
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Table 1.1: SSM predictions for the flux of pp-chain and CNO-cycle neutrinos, along
with the expected event rates for the Ga, Cl, and H2O detectors, taken from [2]. The
Ga datum is a combination of the Gallex + GNO [19], and SAGE [17] experimental
results. The H2O datum comes exclusively from the Super-Kamiokande experiment
[20] (although see footnote on previous page) and the Cl datum comes exclusively
from the Homestake experiment [16]. Uncertainties in the cross section enter into the
SSM predictions for the Ga and Cl experiments, while the cross section for elastic
scattering (H2O) is known extremely well. The error on the ratio, calculated in the
last line, includes uncertainties from both data and SSM.

Standard Solar Model Predictions

Source SSM Flux Ga Cl H2O

(1010cm−2s−1) (SNU) (SNU) (×106cm−2s−1)

pp 5.95(1.00+0.01
−0.01) 69.7 0.0 0.0

pep 1.40 × 10−2(1.00+0.015
−0.015) 2.8 0.22 0.0

7Be 4.77 × 10−1(1.00+0.10
−0.10) 34.2 1.15 0.0

8B 5.05 × 10−4(1.00+0.20
−0.16) 12.1 5.76 5.05

hep 9.3 × 10−7 0.1 0.04 0.0093

13N 5.48 × 10−2(1.00+0.21
−0.17) 3.4 0.09 0.0

15O 4.80 × 10−2(1.00+0.25
−0.19) 5.5 0.33 0.0

17F 4.80 × 10−2(1.00+0.25
−0.19) 0.1 0.0 0.0

total SSM: 128+9
−7 7.6+1.3

−1.1 5.05+1.01
−0.81

data: 72.3 ± 4.6 2.56 ± 0.23 2.32 ± 0.08

data/SSM: 0.56 ± 0.05 0.34 ± 0.06 0.46 ± 0.08
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Figure 1.3: Measured neutrino fluxes from the three types of solar neutrino experi-
ments. Figure taken from [14].

A number of model independent analyses have been performed, showing that

astrophysical solutions are disfavored [22], [23]. A crude version of this argument is

now presented. Other than the pp neutrinos, there are also neutrinos from the CNO

cycle. In stars of similar mass to the Sun, this cycle plays only a minor role and

we note that these neutrinos contribute only a small amount (< 7%) to any given

experiment. We choose to neglect these contributions. We also note that the ratio of

the pep and pp fluxes φpep/φpp is largely independent of astrophysical conditions [12],

and so we can treat these as a single source. For this analysis we define a vector of

fluxes φ, with three components, and a vector of experimental data R, also of three

components.

φ =



φpp/φ

SSM
pp

φ7Be/φ
SSM
7Be

φ8B/φ
SSM
8B


 R =



Ga rate

Cl rate

H2O rate


 =




72.3

2.56

2.32


 (1.5)

where we have assumed φpep/φ
SSM
pep = φpp/φ

SSM
pp and neglected other contributions.
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Figure 1.4: Attempted astrophysical solutions to the solar neutrino problem, where
the amplitude of each neutrino source is considered unknown but the intrinsic neutrino
spectra is well known. Figure taken from [23]

Note that the units of the first two components of R are SNU, and the last component

is ×106cm−2s−1. The three experimental errors are assumed to be uncorrelated, so

we write an error matrix

σ2
R =




4.62 0 0

0 0.232 0

0 0 0.082


 (1.6)

We compare the data R to the model Sφ, where S is the matrix of cross sections,

averaged over the neutrino energy spectra and multiplied by the expected flux,

S =




72.5 34.2 12.1

0.22 1.15 5.76

0 0 5.05


 (1.7)
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This corresponds to simply a change of variables (since there are three variables for

three data points). The solution is given by

φ = S−1R σ−2
φ = STσ−2

R S (1.8)

or, with numerical values

φ =




1.051

−0.276

0.459


 ±




0.131

0.237

0.016


 [corr] =




1.00 −0.87 0.29

−0.87 1.00 −0.37

0.29 −0.37 1.00


 (1.9)

where we have provided the correlation matrix as well. We see that the best fit

pp (and pep) flux is 1.13× SSM, while the 8B flux is suppressed to be 0.48× SSM.

This could simply be telling us that the 8B reaction is highly sensitive to Tcore, and

some astrophysical process is suppressing that temperature slightly. However, we note

that the best fit to the 7Be flux is negative at ≈ 1σ, an unphysical solution. What

is alarming about this is that the 8B and 7Be neutrinos come through a common

channel (3He + 4He → 7Be + γ), making it is hard to suppress φ7Be completely

and not φ8B. In this way, an astrophysical solution to the solar neutrino problem

is disfavored. By adding additional information, such as the relationship between

the light and neutrino output of the Sun (known as the luminosity constraint), the

possibility of an astrophysical solution is even more strongly disfavored.

1.2.3 Particle Physics Solutions

What could be going wrong? Driving the unphysical solution is the fact that there

is just no room left for 7Be neutrinos. The Super-Kamiokande experiment (H2O)

tightly constrains φ8B, which in turn accounts for more than the observed rate in

the Homestake experiment (Cl). We have already relaxed the SSM constraint on the

individual fluxes and so what else could be incorrect about the model?

A clear way out of this is to assume that the neutrino spectra, seen in Fig. 1.2,

are incorrect. If whatever is suppressing the neutrinos removes a larger fraction of
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8B neutrinos from the Cl experiment than from the H2O, then φ7Be > 0 will once

again be favored. Alternatively, an additional contribution of µ or τ neutrinos can

scatter electrons through the neutral current channel, but will not interact in the

Cl or Ga experiments. However, there are no astrophysical mechanisms which can

alter the intrinsic neutrino spectra, which are determined by well understood weak

interaction physics, nor alter the neutrino flavor. The only way to do this is to affect

the neutrinos as they propagate through the solar material and to the Earth. Such

solutions to the solar neutrino problem are termed particle physics solutions.

A number of candidates for a particle physics solution have been proposed. There

is the possibility of an anomalous neutrino magnetic moment, interacting with the

solar magnetic field to flip the neutrino into an antineutrino. An alternative proposal

allows for neutrino decay, and yet another allows for flavor changing neutral currents.

The most popular solution is that of neutrino oscillation, which allows neutrinos to

oscillate from one flavor to another as they propagate. A similar mechanism is already

observed in the quark sector between similarly charged quarks.

1.3 Vacuum Oscillation

1.3.1 Neutrino Mass

The standard model of weak interactions does not include a term for neutrino mass.

Without right handed neutrinos νR, the standard Dirac mass term in the Lagrangian

Mν

2
(ν†RνL + ν†LνR) can not be constructed. Furthermore, there exist only upper limits

on direct measurements of the neutrino masses3. However, if desired, one can gen-

erate mass terms by either adding a right handed component to the model or else

constructing Majorana mass terms (which couples the νL field to itself). If adding

a right handed neutrino, the very natural see-saw mechanism breaks the two com-

3The study of atmospheric neutrinos with Super-Kamiokande has provided evidence for neutrino
oscillation and, hence, indirect evidence for neutrino mass.
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ponents up into a very heavy sterile and light active neutrino, both of which are

Majorana. For a more detailed description, see [24]. Here it will suffice to assume

that neutrinos may have mass and a relativistic dispersion equation E2 = p2 +m2.

1.3.2 General Formulation

In general, the weak eigenstates νe, νµ, ντ are not necessarily identical to the mass

eigenstates ν1, ν2, ν3, but rather a linear superposition.

νe

νµ

ντ


 =



Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3






ν1

ν2

ν3


 (1.10)

The matrix U is the mixing matrix or Pontecorvo-Maki-Nakagawa-Sakata (PMNS)

matrix. A convenient parameterization (for Dirac neutrinos) is given by

U =




1 0 0

0 c23 s23

0 −s23 c23







c13 0 s13e
−iδ

0 1 0

−s13e+iδ 0 c13






c12 s12 0

−s12 c12 0

0 0 1


 (1.11)

where c12 = cos θ12, s23 = sin θ23, etc. Here θ12, θ23, θ13 are called the mixing angles,

while δ is a phase related to CP violation. If the neutrino masses are Majorana, there

can be an additional two phases, although these are not important here.

An electron neutrino produced in the core of the Sun, with momentum 5p, will

propagate as

|ν(t) > = e−iĤt|νe >

=
∑
j

Ueje
−iEjt|νj >

(1.12)

where we have taken c = h̄ = 1. Under the assumption that mj 
 Ej,

Ej =
√
p2 +m2

j

≈ |p| +
m2
j

2E

(1.13)
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If desired, one could create a wavepacket out of these momentum states, although

this will not change the conclusions of this section [25]. After allowing the neutrino

to propagate for a time t, we wish to calculate the probability for it still to be an

electron neutrino, also known as the survival probability.

Pee = | < νe|ν(t) > |2 =
∑
jk

|Uej|2|Uek|2e−
i∆m2

jkt

2E (1.14)

where

∆m2
jk ≡ m2

j −m2
k (1.15)

Equation 1.14 becomes unity when Ue1 = 1 and the other two Uej are zero. In this

case νe is a mass eigenstate. When either Ue2 or Ue3 �= 0, the equation can still become

unity if ∆m2
21 = 0 (no mass splitting). In the general case, however, Pee < 1 and the

neutrino is no longer a pure electron neutrino (except when the phase in Eqn. 1.14 is

a multiple of 2π). The probability that our neutrino has changed flavor to a νµ or ντ

is given by

Pee = 1 −
∑
jk

|Uej|2|Uek|2e−
i∆m2

jkt

2E (1.16)

This is known as neutrino oscillation.

1.3.3 The Two Neutrino Case

The problem simplifies considerably in the case of oscillation between only two neu-

trinos. In this case, the mixing matrix reduces to a 2 × 2 matrix

U (2ν) =


 cos θ sin θ

− sin θ cos θ


 (1.17)

where there is now only one mixing angle θ and one mass difference ∆m2. The survival

probability simplifies to

P (2ν)
ee = 1 − sin2 2θ sin2

(
−∆m2t

2E

)
(1.18)
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Since neutrinos travel at near luminous speeds, one can rewrite the oscillatory term

in Eqn. 1.16 as

sin2

(
πr

LV

)
LV =

4πEh̄

∆m2c3
(1.19)

where r is the distance travelled from the source and LV is called the vacuum oscil-

lation length (with units of c and h̄ added for completeness). Once the neutrino has

travelled an integer multiple of LV , its survival probability returns to unity and it can

only be detected as an electron neutrino.

1.3.4 Constraints from Other Experiments

If neutrinos of a specific energy range are observed to oscillate over a particular length

scale, this puts strong constraints on the possible values of ∆m2 for that mode. The

Super-Kamiokande experiment has observed oscillation of high energy atmospheric

neutrinos, with the νµ → ντ mode being most strongly favored [26]. These energies

and the path length of the atmosphere are indicative of a difference in mass-squared

of ≈ 1 − 5 × 10−3 eV 2. This value is too large to be responsible for solar neutrino

oscillations. An oscillation length this short would appear incoherent over Earth-Sun

length scales, unable to suppress the solar neutrino flux by more than a factor of 2

(whereas a factor of ≈ 3 is required for some experiments). In addition, the electron

neutrino does not appear to participate in atmospheric neutrino oscillation. So there

must be another ∆m2 leading to solar neutrino oscillations. By convention4, we assign

∆m2(solar) = ∆m2
21 > 0

∆m2(atm.) = ∆m2
32

|∆m2(solar)| 
 |∆m2(atm.)|

(1.20)

4This convention has the electron neutrino primarily composed of ν1 for tan2 θ < 1 and primarily
ν2 for tan2 θ > 1 (the dark side [27]). An alternate convention is to allow ∆m2

21 to be either
positive or negative but constrain tan2 θ < 1. We will not use this alternate convention here.
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The sign of ∆m2
32 determines if the mass hierarchy is standard (∆m2

32 > 0) or inverted

(∆m2
32 < 0). The third mass difference is determined by the constraint

∆m2
31 = ∆m2

32 + ∆m2
21 (1.21)

By assuming the short oscillation length for the atmospheric mode, the survival prob-

ability for solar neutrinos decouples from the parameters θ23 and ∆m2
23 to give [28]

P 3ν(solar) = cos4 θ13
(
P 2ν(∆m2

21, θ21) + tan4 θ13
)

(1.22)

An additional constraint comes from the null result of the CHOOZ reactor exper-

iment, looking for disappearance of νe [29]. The combined atmospheric and CHOOZ

data puts a strong constraint on the mixing between νe and the third mass neutrino.

sin2 θ13 = |Ue3|2 < 1.7 × 10−2 (90% c.l.) (1.23)

This limits tan4 θ13 < 3.0 × 10−4. To solve the solar neutrino problem, one needs

P (solar) ≈ 0.3. In this way, the tan4 θ13 term contributes at most 1 part in 1000 to

the solar oscillation model and henceforth shall be neglected.

1.4 The MSW Effect

Neutrino oscillation can be enhanced by the presence of matter, a mechanism known

as the MSW effect (named for its discoverers, Mikheyev and Smirnov [30] and Wolfen-

stein [31]). Here we shall study the problem of 2 neutrino oscillation in matter. Elec-

tron neutrinos interact weakly with ordinary matter via both W± and Zo exchange,

while µ and τ neutrinos interact only via Zo exchange. This leads to a difference

in the forward scattering cross section for νe and νµτ . The result is that a general

neutrino state will propagate in matter as [12]

i
d

dt
|ν(t) >= (Ho +Hmatter)|ν(0) >

Hmatter =
√

2GFne|νe >< νe|
(1.24)
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where the additional interaction term Hmatter affects only νe
5. GF is Fermi’s constant

and ne is the electron density profile seen by the neutrino as it propagates. TheHmatter

term leads to an effective mass for the νe component, which makes it behave heavier

in the denser regions of the Sun. In addition, there is an effective mixing angle θM .

tan 2θM =
sin 2θ

cos 2θ − LV /Le
Le =

√
2πh̄c

GFne
(1.25)

We see that a resonance condition occurs when Le → LV

cos2θ
or when

ne(resonance) =
cos 2θ∆m2

2
√

2GFE
(1.26)

If the resonance condition is achieved at some place in the Sun, there can be almost

complete conversion of the electron neutrino into the heavier mass ν2 [32]. The range

of electron densities in the Sun and the energy of the neutrinos allow for MSW os-

cillations to occur for a mass difference ∆m2 ≈ 10−8 − 10−4. Outside of this range

neutrino oscillation can still occur, although the matter enhanced conversion is incom-

plete. With incomplete conversion, the neutrino will not be in a pure mass eigenstate

when it leaves the Sun and vacuum oscillation can still occur as it transits the 1 AU

from the Sun to the Earth. For a pure vacuum solution, over this length scale, we

require ∆m2 ∼ O(10−11) eV 2. Figure 1.5 shows an example of the general case, with

both matter enhanced and vacuum contributions to neutrino oscillation.

We can also get a feeling for the MSW effect by looking at the survival probability

for the 2-neutrino model. Since Pee is energy dependent, we must average over some

energy range. We choose here to average over the recoil energy of electrons from

the CC reaction νe + d → p + p + e−. This is one of the primary reactions of the

SNO detector, to be discussed in the next chapter, producing recoil electrons with

measurable energies above 5 MeV. Lower energy events are not easily distinguished

from radioactive backgrounds, so we average over the 5 - 20 MeV range. Above 20

5While there are other Zo-exchange interaction terms experienced by all three neutrinos, these
terms will cancel in our calculations.
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Figure 1.5: Example MSW oscillation between three neutrino flavors, taken from [24].
Although all three flavors νe, νµ, and ντ are shown, this does not necessarily mean
that all three mass eigenstates are involved. The oscillation is between the electron
neutrino (blue) and a linear superposition of νµ and ντ (red + yellow).

MeV there are no solar neutrinos. Figure 1.6 shows contours of constant average

survival probability. We see that a measurement of the survival probability will

strongly constrain the allowed values of the parameters ∆m2, tan2 θ.

In addition, because the survival probability is energy dependent, we can look for

a difference between the high (8 - 20 MeV) and low (5 - 8 MeV) range. This variation

is expressed as an asymmetry 2
φhigh−φlow

φhigh+φlow
and is plotted in Fig. 1.7. We see that there

are some regions of parameter space which have very large energy variations. This

will allow for a strong inclusion or exclusion of those regions.



17

-12

-10

-8

-6

-4

lo
g(

∆
m
2
)

-4 -3 -2 -1 0 1

log(tan
2
θ)   

0.9 0.8
0.7

0.6

0.1 0.2 0.3 0.4
0.5
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1.5 Earth Regeneration and the Day-Night Asymmetry

Just as solar matter can enhance the oscillation of neutrinos in the Sun, terrestrial

matter can effect the oscillation of neutrinos as they pass through the Earth. The

path length through the Earth is given by

L ≈


0 cos θz > 0

2R| cos θz| cos θz < 0
(1.27)

where R is the radius of the Earth and θz is the zenith angle of the Sun. In addition,

the electron density along the path has an effect on the matter enhancement (Fig. 1.8

shows the total density for the Preliminary Reference Earth Model (PREM) [33]).
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Figure 1.8: Density of the Earth as a function of distance from the center.

If one measures the electron neutrino flux φe during the day and night separately,

then one can form the asymmetry

Ae = 2
φNe − φDe
φNe + φDe

(1.28)

where φDe is the flux of neutrinos when the Sun is above the horizon (day) and φNe is

the flux when the Sun is below the horizon (night). Figure 4.3 shows the asymmetry
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for νe as predicted by the 2-neutrino MSW model. Only those regions with significant

asymmetry are shown. We see that sign of Ae is positive across essentially all of the

MSW plane. For this reason, the Earth matter effect is often termed regeneration,

with the oscillated neutrinos changing back into νe due to transition through the

Earth. The positive sign of Ae is rooted in the relationship between solar and Earth

matter enhancement, as discussed in [34].
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Figure 1.9: Day-night asymmetry for the SNO CC reaction. Note the finer scale for
this figure.

1.6 Solar Neutrino MSW Regions Before SNO

By fitting to the solar neutrino data presented in Table 1.1, one can draw confidence

level contours in the ∆m2, tan2 θ plane. Fig. 1.10 shows one such analysis. In this

particular analysis, the value of φ8B is allowed to float, although the other fluxes are
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constrained by the SSM predictions.

Figure 1.10: A global fit to solar neutrino data, prior to the addition of SNO data.
Figure taken from [14].

1.7 Sterile Neutrinos

All previous discussion has assumed that neutrino oscillation occurs only between the

three active flavors νe, νµ, ντ . However, it is possible that there are one or more

sterile neutrinos of similar mass to the active flavors. These neutrinos do not interact

via the weak force and are therefore not directly detectable.

Let us characterize the neutrino flux arriving at an experiment by the total flux

of active neutrinos φtot and by the subset of these that are electron neutrinos φe. For

oscillation between active neutrinos, the ratio φe

φtot
is a strong indicator of neutrino

oscillation. Indeed, this is a measure of the average survival probability. However,
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this indicator can tell nothing about oscillation into a sterile neutrino νs, which would

produce no signal in the detector. What possible signatures could there be for sterile

neutrinos?

A sterile neutrino is often invoked to explain simultaneously the atmospheric and

solar neutrino anomalies, along with the positive result of the LSND accelerator exper-

iment [35]. The three length scales in question are very different, making it impossible

to satisfy equation 1.21. In [36], Giunti et. al. add an additional sterile neutrino to

account for oscillations on the length scales of the LSND baseline, with additional

mixing angles (θ14, θ24, θ34) and an additional mass difference (e.g. ∆m2
14). Be-

ginning from the results of [36], we can derive a relationship between the day-night

asymmetry for the total flux of active neutrinos Atot and the asymmetry for electron

neutrinos Ae

Atot = +cos2θ23cos
2θ24

φe
φtot

Ae (1.29)

We see that the size of Atot is constrained by the size of Ae, φe and φtot, where φe

is the average of the day and night flux of electron neutrinos. The relationship is

determined by the mixing between the 2nd, 3rd and 4th neutrinos. We note that the

sign of Atot is the same sign as Ae but of smaller amplitude. More generally, for Atot

to be of opposite sign to Ae, and yet still accommodate the LSND result, we need at

least two sterile neutrinos.

Apart from when we explicitly test for Atot �= 0, we will assume that solar neutrino

oscillations occur only between active flavors.
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Chapter 2

THE SUDBURY NEUTRINO OBSERVATORY: DATA

2.1 Description of SNO

The Sudbury Neutrino Observatory (SNO) is designed to measure not only the flux

of electron neutrinos, but also the total active neutrino flux coming from the Sun.

This can be achieved because, at the heart of SNO, is 1 kT of ultra pure heavy water

(D2O). There are three ways solar neutrinos can interact of with D2O.

νe + d→ e− + p+ p − 1.44MeV CC

νx + d→ νx + n+ p − 2.22MeV NC

νx + e− → νx + e− ES

(2.1)

where we see that the charged current (CC) reaction is sensitive only to electron neu-

trinos and the neutral current (NC) reaction is sensitive to all flavors. The reason for

this is that the CC interaction, acting through W± exchange, involves the conversion

of a neutral lepton νe into its charged partner e−. There is simply not enough energy

in solar neutrinos to convert νµ into the heavy µ or ντ into τ . On the other hand, the

NC reaction, acting through Z0 exchange, conserves the charge of the lepton and so

can proceed for any flavor neutrino. The elastic scattering (ES) reaction acts through

both W± and Z0 exchange for νe, but only Z0 exchange for νµ and ντ . As a result,

if we average over the ES spectrum with a kinetic threshold of 5 MeV, we find that

the the cross section for νµ and ντ scattering is weaker by a factor of ε = 0.1559.

The CC interactions occur uniformly throughout the D2O, but not in the H2O.

Detailed nuclear and electroweak theory is required to calculate the differential cross
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section. Apart from the Q-value of 1.44 MeV, most of the neutrino energy is trans-

ferred to the electron. With the electron being relativistic, it Cherenkov radiates to

produce detectable light. The recoil direction of the electron is defined relative to the

direction from the Sun, as shown in Fig. 2.1, with cos θ� following the distribution

1 − v

3c
cos θ� ≈ 1 − 0.340 cos θ� (2.2)

incident ν

θ�
recoil e -

Cherenkov coneother products

Figure 2.1: Definition of cos θ�

The ES reaction is much simpler, following from electroweak theory, and can occur

in either the D2O or H2O. The recoil electron typically carries away only a little of the

neutrino energy, although its energy distribution has a long high energy tail. With

many fewer events above threshold, the ES reaction provides only a small amount of

additional information. It is readily deconvolved from the other reactions, because

the cos θ� distribution is strongly forward peaked.

The NC interaction also occurs uniformly in the D2O but not in the H2O. The free

neutron quickly thermalizes and can capture on deuterium to produce a 6.25 MeV

γ. This subsequently Compton scatters an electron that Cherenkov radiates. The

most probable energy of the scattered electrons is 5.08 MeV kinetic. Because the
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neutrons are thermal, there is no directional information and the cos θ� distribution

is flat. With the finite extent of the D2O, neutron capture is more likely to occur on

deuterium for neutrons produced near the center of the D2O.

2.1.1 Background Sources

Radioactive backgrounds contribute a large fraction of the event rate for SNO. These

events are primarily due to the 238U and 232Th chains (Fig. 2.2), both of which have

extremely long-lived isotopes feeding the top of the chain. The U chain can be out of

equilibrium because of contamination from the airborne 222Rn, the 3.8 day half life of

which allows it to migrate into the detector. The Th chain can be out of equilibrium

because of 228Th, which tends to plate out on surfaces. Further down the chain is

220Rn, but it is too short lived to migrate in significant quantities into the detector.

The problematic decays come towards the end of each chain. The βγ decay of

214Bi (U chain) and 208Tl (Th chain) produce a γ with energy 2.44 and 2.62 MeV

respectively and are thus able to photodisintegrate deuterium.

γ + d→ n+ p − 2.22MeV (2.3)

This source of neutrons is indistinguishable from the NC reaction and so is a very

important background to understand. Most of these γ’s do not produce neutrons, but

can instead Compton scatter electrons, giving sufficient Cherenkov light to trigger

the detector. This light, together with the light from the associated β’s, produces an

energy spectrum with a tail which can extend above the experimental threshold for

studying neutrinos. By studying the low energy region of this spectrum (< 5 MeV), we

can quantify the level of 214Bi and 208Tl, and hence determine both the Cherenkov and

neutron backgrounds. As we will be combining many techniques, studying various

isotopes in the chains of Fig. 2.2, reference will be made to an equivalent quantity of

U or Th, assuming that the chain is in equilibrium.
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Figure 2.2: 232Th and 238U decay chains. The βγ decay of 208Tl and 214Bi are shown
in detail.



26

D  O2

Figure 2.3: Schematic of SNO.
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2.1.2 Geometry and Make-up of SNO

This section is largely drawn from [37]. SNO is located at 46o28′30′′ N, 81o12′04′′ W,

at a depth of 2092 m (6010 m.w.e) in INCO’s Creighton mine near Sudbury, Ontario.

This depth in norite rock will reduce the flux of cosmic muons by an amount equivalent

to 6010 m of water, to about 70 muons passing through the detector per day. The

SNO detector is defined by regions shown in Fig. 2.3 and are described as follows.

D2O The 1000 tonnes of D2O comes from the Ontario Hydro Bruce heavy water

plant beside Lake Huron. The isotopic abundances of the heavy water are given in

Table 2.1 and are important for understanding the neutron transport properties of

the D2O.

Table 2.1: Isotopic abundances of the SNO heavy water

Hydrogen Fractional

Isotope Abundance

2H 99.9084(23) %

3H 0.097(10) µCi/kg

1H balance

Oxygen Fractional

Isotope Abundance

17O 0.0485(5) %

18O 0.320(3) %

16O balance

The radioactivity levels of the D2O have to be ultra low, so as to reduce the

number of background events. The target levels were set at 3.7×10−15 g/g of Th and

4.5 × 10−14 g/g of U. For more details see Section 3.4.

AV The D2O is contained in a 12-m diameter spherical Acrylic Vessel (AV). The AV

is constructed from 122 separate ultraviolet transmitting (UVT) acrylic panels, each

approximately 5.6 cm thick, which were bonded together underground in a unique

feat of engineering. Access to the interior of the vessel is obtained through a 1.5-m

diameter, 6.8-m tall acrylic neck. UVT acrylic was chosen because its light transmis-
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sion is similar to the PMT spectral response and it can be cast relatively free from

radioactive contaminants.

Inner H2O Between the AV and PMT array is a buffer of 1700 tonnes of ultra pure

light water (H2O). This helps to support the AV and to provide radioactive shielding

from the PMT array. The radioactivity requirements of this region are 3.7 × 10−14

g/g of Th and 4.5 × 10−13 g/g of U, an order of magnitude less stringent than the

D2O.

PMTs and PSUP An array of 9438 photomultiplier tubes (PMTs) look inward

at the SNO D2O volume. The PMTs, made by Hamamatsu (model R1408), are

20.4 cm in diameter and are each contained in a hexagonal housing, with reflecting

concentrator petals increasing the effective photocathode coverage to 54%. The PMT

anode is typically between +1700 V to 2100 V. In addition, 91 PMTs face outward

to provide muon veto information.

The PMTs are mounted on a PMT-support structure (PSUP). This is a construc-

tion of 270 stainless steel struts, assembled underground to make a geodesic sphere

17.80 m in diameter. The PSUP, together with the PMT housing, also provide a

99.99% leak tight barrier between the inner H2O and the less pure outer H2O. In all,

the stainless steel of the PSUP and PMT glass provide the largest source of radioac-

tive signal for SNO. Reconstruction of event positions will become critical in reducing

this background (see Section 2.2.3)

Outer H2O Between the rock wall and the PSUP we have a relatively less pure

5700 tonnes of H2O. Water flow is generally maintained to be outward from the inner

H2O, so the radiopurity requirements are much less stringent here (≈ 10−12 g/g). The

rock wall is covered in a Uralon lining that prevents leaking, leaching of material, and

diffusion of radon into the water
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2.1.3 Data Collection

There are two primary forms of data collection for the SNO detector that are used in

this thesis.

• PMT Electronics and DAQ The SNO electronics handles data from up to 9529

PMTs. The signal from each PMT is received by one of 19 electronics crates, via 32 m

of 75 Ω waterproof coaxial cable. Within a crate there are 16 front end cards (FECs),

and the signal from each PMT is passed to one of these. Each FEC processes the

signal from 32 PMTs, digitizing and temporarily storing the information. The buffer

capacity is sufficient to handle a burst of up to 106 events (e.g. from a supernova).

Each FEC interfaces with the custom SNO backplane, which also interfaces with

a trigger card. Basic information is summed by the trigger card, such as the total

number of hit PMTs in a given time window. The primary time window used is 100

ns. This allows for the 66 ns direct time-of-flight for light to cross the diameter of the

inner H2O region (reflected light can take even longer to hit a PMT).

Timing is provided by two clocks. A 10 MHz clock, synchronized to a GPS system,

provides precision time markers in the data stream, while a 50 MHz quartz oscillator

provides the timing between PMT hits. The 50 MHz oscillator is also used to force a

trigger every 200 ms, providing a snapshot of the detector and monitoring the PMT

noise rate.

The data acquisition (DAQ) also interfaces with the SNO backplane via a single

VME crate containing a Motorola 68040 computer. For each trigger, the DAQ serves

to build the individual hits into an event. The electronics are monitored by the SNO

Hardware Acquisition and Readout Control (SHARC), which also serves as a user

interface for controlling the running of SNO. In addition, SHARC provides control of

the manipulator system used for deploying calibration sources.

• Water Systems There are two separate water systems, one for the inner H2O

and one for the D2O. These serve to both maintain water purity through recirculation
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and to collect information about the level of impurities. The D2O is sampled from

six separate locations, through pipes inside the AV. The H2O is sampled from six

positions between the AV and the PSUP. Within each closed loop system, Th, Ra

and Pb are collected for counting by microfilters coated with DTiO. Acrylic beads

coated with MNOx also absorb Ra for additional counting. Finally, Rn is extracted

by storing six tonnes of liquid in a vacuum degasser, with the Rn atoms subsequently

being frozen out in liquid nitrogen for counting. For more details on the data collected

by the water systems, see Section 3.4.1

A future configuration of SNO will have 3He proportional counters installed into

the heavy water. These are described in Appendix B.1.

2.1.4 SNO Events

It is instructive to examine some SNO events. Figure 2.4 shows an example of an

event from the 16N calibration source. This source produces γ’s of 6.13 MeV, a similar

energy to neutron capture on deuterium. Most of the PMT hits are on one side of

the detector, showing a pattern characteristic of a Cherenkov ring. In addition, most

hits occur in a relatively short time interval (30 ns), corresponding to light that has

travelled directly from the source. The later hits are due to reflections off the AV

and PMTs, and due to PMT noise. A muon event (Fig. 2.5) shows a much larger

number of hits. The positions where the muon crossed the PSUP can be identified by

studying the timing and charge distributions. An example of instrumental noise is a

flasher, where one PMT undergoes high voltage discharge. We see a cluster of early

hits due to the discharge, followed by late hits on the far side of the PSUP (Fig. 2.6).
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Figure 2.4: Event from the 16N source. Clockwise from top left, we have the 3D hit
pattern on the PMT array, its projection onto two hemispheres, the timing distribu-
tion of the hits, the map of the hits in electronics space, and some statistics about
the event.
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Figure 2.5: Example of a muon event.

Figure 2.6: Example of instrumental noise (a flasher).
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2.2 Data Reduction

2.2.1 Run Selection

The data studied in this thesis were collected during the pure D2O phase of SNO1,

between November 2, 1999 and May 28, 2001. The data were recorded as a series of

runs, with run selection being made on the following criteria.

• Run must be flagged as neutrino data. Other run types, including calibrations,

maintenance, and source deployment runs, were not included in the neutrino data

set.

• All electronics crates online.

• Compensation coils on and stable.

• Run length must be > 30 minutes.

• Runs which overlapped with some unusual condition were discarded (e.g. out of

calibration, power failure, GPS inconsistency).

• No activity on the deck directly above the detector.

Selected runs varied in length from 30 minutes to 4 days. There were significant

gaps in collection of useable neutrino data, due to calibrations, mine shutdowns, and

instrumental problems. The cumulative livetime is shown in Fig. 2.7. The division

of livetime into day and night (Fig. 2.8) varies from month to month, both because

the detector is not being run continuously and because the length of time the Sun is

above the horizon varies with time of year.

2.2.2 First level Cuts

Given the low background radioactivity of SNO, most of the recorded events were

caused by instrumental noise. This included light created by the electrostatic in-

1Other phases of SNO are the salt and NCD phases, discussed in Section 5.2
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Figure 2.7: Cumulative livetime for the neutrino data set

teractions of dripping water (neck events), light emitted from electrical breakdown

within the PMTs (flashers), and breakdown and pickup within the electronics. For-

tunately, each of these event types has a characteristic hit pattern, timing and charge

distributions, and often occur in characteristic bursts. This allows for an efficient

removal of instrumental noise events. An array of cuts were designed to remove these

events from the raw data set and these are extensively discussed in [38]. The in-

strumental cuts produce the first three steps of data reduction shown in Fig. 2.9. It

was found that many of the events were flagged by more than one of the cuts. For

example, many flashers occurred in bursts. This allowed us to identify them, not only

by the spatial and timing distribution of the hits of each event, but also by the time

between events. This kind of redundancy was important in assessing the residual

contamination left over after the cuts, as shown in Fig. 2.10. By deploying various

sources, one is able to determine what fraction of physics events are lost to these cuts,

also known as sacrifice (Fig. 2.11)
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2.2.3 Reconstruction and High Level Cuts

After the first level of data cleaning was complete, the hit pattern and timing distri-

bution were used to reconstruct the position and direction of the remaining events.

A number of different algorithms were developed to do this, with this thesis using

the path fitter, seeded with the output of the grid fitter. These various fitters are

described extensively in [39] and will not be discussed further here. It suffices to

understand that the position is reconstructed with a width of 10 - 30 cm, depending

on the source and Nhit of the event, and that the direction is reconstructed with a

width of ≈ 27o (for neutrino data).

For a few of the remaining events, the fitter algorithm simply failed to find a

solution and these events were rejected outright. By analyzing Monte Carlo and

source data, we can assess the number of accidental failures (i.e. physics events that

failed to be fit). This was found to be small, indicating that the failed events were

probably external backgrounds or missed instrumental noise. Each successfully fitted

event was assigned two angular figures of merit. Having reconstructed the position

and direction of the event, we can create a coordinate system centered on the event,
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Figure 2.9: The SNO Nhit spectrum for various levels of cuts. The bottom axis is the
number of PMTs hit for each event (Nhit). Figure provided by N. McCauley.

with the z axis along the electron track. In this coordinate system, Cherenkov light

has characteristic zenith and polar distributions and a Kolmogorov-Smirnov (KS) test

of the event can be done against these two distributions. These two tests help reject

mis-reconstructed events, typically radioactive background from the light water and

PMTs (which have been incorrectly assigned a position inside the AV).

A related measure is an isotropy parameter named ΘIJ , which measures the av-

erage opening angle of the rays which connect each hit PMT to the event vertex. A

large value of ΘIJ is indicative of isotropic light, generated by certain non-Cherenkov

processes. ΘIJ will be discussed more extensively in Section 3.4. In addition, now

that the event vertex is known, the time of flight for each photon can be normalized

to the line of sight distance. Prompt light is light that appears to have come from the

vertex without any additional scattering. Scattering will lead to some late photons,

although too much late light is indicative of non-physics sources that can produce
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Figure 2.10: Percentage contamination (left axis) remaining after first level cuts,
shown as a function of Nhit (bottom axis). Figure provided by Vadim Rusu

light spread over longer time intervals. To this end, we define the In Time Ratio

(ITR), the fraction of light that is prompt. Figure 2.12 shows a scatter plot of these

two measures, where we have overlaid the cleaned data set, a data set from the 16N

calibration source, and the instrumental events (already removed by other cuts). We

see that ΘIJ and ITR provide a very nice redundancy in removing instrumental noise,

as well as catching a handful of events missed by the other cuts.

Finally, a fiducial volume cut is applied, removing all events that do not recon-

struct within 550 cm of the center of the AV. This removes a large fraction of the

radioactive background events that are mis-reconstructing inside the AV (radius =

600 cm). The collective set of high level cuts provide the last reduction step in Fig. 2.9



38

Figure 2.11: Sacrifice from instrumental cuts. Figure provided by Neil McCauley
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2.3 Final Data Set

Reconstruction allows us to assign a position and direction to each event. Although

this amounts to six coordinates, we will only be interested in the radial coordinate

Rfit and the reconstructed direction relative to the incident direction of the neutrino

cos θ�, as defined in Fig. 2.1. We will make a fiducial volume cut, accepting events

with Rfit < 550 cm. Any value of cos θ� is acceptable. In addition, we will define an

energy measure Teff , which assigns the most probable kinetic energy to each event

(see Section 3.2). We take a threshold of Teff > 5.0 MeV. Both the fiducial cut and

kinetic energy threshold are designed to minimize the contribution from radioactive

backgrounds.

The final data set consists of 2928 events, each with individual values for X =

{Teff , R3
fit, cos θ�, cos θz}. To be consistent with our PDFs (see section 3.6), we bin

this data into a multidimensional histogram n(X), with n being the number of counts

in bin X. There are 17 Teff bins, with the first 16 bins being 0.5 MeV wide from 5

to 13 MeV. The last bin spans from 13 to 20 MeV. There are 30 equally spaced R3
fit

bins and 60 cos θ� bins. Finally, we use two bins in zenith angle (day and night).

We will find it simpler to maintain an event-by-event accounting, where we only

have to keep track of 2928 × 4 pieces of information. For each event m, there are

four coordinates to describe its position in the histogram n(X)2. We can not present

the entire set of 2928 × 4 data here. Instead we project these onto 1-dimensional

histograms, as shown in Fig. 2.13.

Note that there is a significant difference between the number of day and night

events. This is almost all due to a difference in livetime, since we have collected more

data during the night. To explain this, and to learn if there is some residual difference,

we must make a careful accounting of livetime.

2There is strictly no need to bin the data at all. However, our study of detector response was
binned, so we do not have complete information on a finer scale. Furthermore, with the exception
of zenith angle, all of the bins are smaller than the resolution of the detector.
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2.4 Livetime

A more detailed description of livetime accounting can be found in [38], with only the

key points presented here.

2.4.1 Raw Livetime

Events from the SNO electronics stream are assigned two separate trigger times by

a 10 MHz and a 50 MHz clock. The 10 MHz clock is synchronized with a Global

Positioning Satellite (GPS) receiver and we use this to measure the livetime of each

data run, assigning the start time by the first event and the end time by the last

event. With > 5 Hz of data, this represents less than a 400 ms error in the livetime

accounting of each run. Solar position code also allows us to reconstruct the cosine of

the solar zenith angle (cos θz) throughout a run. When the Sun is above the horizon

(cos θz > 0), we count the livetime as being Day and, when the Sun is below the

horizon (cos θz < 0), we count the livetime as being Night. The accounting of this

raw livetime can be found in Table 2.2.

One can check this measurement by using a second clock. The detector is triggered

at 5 Hz with a pulser, synchronized to the 50 MHz clock. These regularly spaced events

can be counted as a check of the livetime calculation, with the results shown as solid

circles in Fig. 2.15. We see very good agreement between the expected trigger rate

and the observed3. We take the difference between the two livetime measurements to

be a conservative estimate of the error in the raw livetime.

2.4.2 Deadtime

Of the instrumental cuts described in Section 2.2, four remove livetime from the data.

As this is similar to the phenomena of deadtime, we shall use that term here. The

3Small differences are attributed to stolen triggers, where other event types overlap with the
pulser triggers
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four cuts are

• retrigger cut This cut removes the 5 µs of livetime immediately following each

event, so to avoid the retriggering of the detector through pickup. In this way, every

event is followed by 5 µs of deadtime.

• muon follower cut This removes the 20 s of livetime immediately following a

muon event and is designed to cut muon spallation events. Thus, for every muon, we

get 20 s of deadtime.

• burst cut This cut is more complicated, as the deadtime is not uniquely defined.

Designed to remove short instrumental bursts, the burst cut tags events if at least

three occur within 1 ms. However, the deadtime for each burst is not simply 1 ms.

Had an additional event occurred shortly after or before the burst, it too would have

been cut. In this way, the deadtime τd can only have a statistical meaning, with

R× τd giving the expected number of physics events that would have been cut, where

R is the rate of physics events. We find that taking τd to be the window defined in

Fig. 2.14 gives the appropriate statistical definition.

• Nhit burst cut This is similar to the burst cut, except 6 events with Nhit

> 40 in 4 seconds will trigger the cut. This is designed to remove instrumental noise

occurring in longer bursts. An equivalent definition is made for τd, again only having

a statistical meaning.

Many of the cuts overlap with each other and our accounting of deadtime allows

for this, so to prevent double counting. We can check our deadtime calculation by

allowing the above cuts to also remove pulser events. The expected number of events

cut and the actual number cut are in close agreement, shown as solid squares in Fig.

2.15.
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Figure 2.14: Schematic of how the deadtime window is defined for the burst cut. Had
an event occurred in this window, it would have been cut, hence the longer than 1
ms deadtime.

2.4.3 Orbital Eccentricity

The number of neutrino events not only scales with the livetime, but also with the

inverse square distance to the Sun. We must calculate the time average < (1AU
r

)2 >

for both the day and night bins. The Earth-orbit equation is given by [40]

r−1(t) =
1 + e cos(θ(t) − θ(to))

(1 − e2) × 1AU
(2.4)

e = eccentricity = 0.0167

τ = period = 364.25 days

t = Julian day

to = Julian day of Perihelion

with θ(t) ≈ 2πt
τ

. These averages are computed in Table 2.24

4It should be noted that the time average of the Earth-Sun distance over one complete year is
not exactly 1 AU. In fact, < r > = 1.00000003 AU [41]
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Table 2.2: Day and night livetime and orbital eccentricity calculations. The error
for the final livetime calculation is conservatively estimated to be 0.04% for each
zenith bin. For the eccentricity calculations, the error is estimated to be 0.01% in
< (1AU

r
)2 >.

Day Night

Raw Livetime 131.4 days 181.6 days

Deadtime correction 68.4 hours 88.6 hours

Corrected Livetime 128.5 days 177.9 days

< (1AU
R

)2 > 1.0002 1.0117

Figure 2.15: Verification of livetime using a pulser, or Pulsed Global Trigger (PGT).
Figure provided by Neil McCauley.
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Figure 2.16: Fine binned distribution of livetime over zenith angle dt
d cos θz

. The distri-
bution for the actual SNO livetime is compared to the distribution one would have
got had SNO been running uninterrupted for the period November 2 1999 to May
28 2001 (total time). Twice a day dt

d cos θz
→ ∞, averaging out to give the two peaks.

Figure provided by Neil McCauley.

2.4.4 Fine Binned Livetime Distribution

When creating an MSW model for day and night neutrino events, we will need to

average the survival probability over the zenith angle.

P (Eν)D =
1

TD

∫
day

dt P (Eν , cos θz(t)) =
1

TD

∫
cos θz>0

d cos θz P (Eν , cos θz)
dt

d cos θz

P (Eν)N =
1

TN

∫
night

dt P (Eν , cos θz(t)) =
1

TN

∫
cos θz<0

d cos θz P (Eν , cos θz)
dt

d cos θz
(2.5)

To carry out this integration numerically, the function dt
d cos θz

must be defined over

a fine binned distribution, as shown in Fig. 2.16. In this figure we also show the

distribution one would have seen had SNO been run continuously with 100% livetime

for neutrino data. The two peaks arise from the fact that dt
d cos θz

→ ∞ twice a day.



46

Chapter 3

CALIBRATION, SYSTEMATICS AND BACKGROUNDS

3.1 Optical Calibration and the SNOMAN Monte Carlo

To model the response of the detector to neutrino and background events, we must

first calibrate the optical properties of SNO. These properties include the attenuation

length of the D2O, H2O and acrylic, along with the angular response of the PMTs.

The latter is the likelihood of a photon triggering a PMT, tabulated as a function of

direction (measured relative to the normal of the PMT). To make these measurements,

a laserball is used [37]. This is a diffuser ball, located at the end of a fiber-optic

cable, through which laser light is fed. Several dye lasers are employed, providing

wavelengths in the range 360-700 nm. [37].

The source of photons is localized, so that the direction to each hit PMT is known.

This, of course, assumes that the path taken by the photon is direct and has not come

from some reflected surface. To ensure that we calibrate with unreflected light, we

make a cut on the timing of individual hits. PMTs that were hit at times significantly

different from the direct-path time are not used in the calibration. Figure 3.1 shows

the distribution of hit times for events from another source (The 16N source, described

in Section 3.2).

Physics events are modeled with the SNOMAN Monte Carlo. This Monte Carlo

includes a detailed description of the geometry and chemical make up of SNO and

its calibration sources. Interaction and propagation of electrons and photons is incor-

porated though the EGS4 (Electron Gamma Shower) code [42]. Neutron interaction

and propagation is handled by the Los Alamos neutron transport code [43].
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Figure 3.1: Prompt light peak for data and Monte Carlo of the 16N source, placed at
the center of the AV. Figure provided by Mark Boulay.

Neutrino interactions are also modeled. The direction to the Sun is varied with

time of day, so to simulate the correct zenith angle dependence. The code can also be

set to vary the distance to the Sun with time of year, although this feature was not

turned on for our simulations and we must include it as a multiplicative correction

from Table 2.2. The spectrum of neutrinos is taken from Ortiz et al. [44] and the

Butler, Chen and Kong (BCK) differential cross sections were used for the CC and

NC interactions [45]. The CC and NC cross sections have a single free parameter

L1A, which is set to 5.6 fm3. The flux of 8B and hep neutrinos is set to a reference

unit. For this, we use the SSM of the Bahcall, Pinsonneault, and Basu (BP2000) [2].

Ultimately, all neutrino events lead to scattered electrons and their Cherenkov

photons. To model these photons correctly, the attenuation of the various regions of

SNO must be tuned using the optical calibrations of the previous page.

In addition, detector effects such as PMT noise and trigger efficiency are also

included in the Monte Carlo. Calibration sources are also modelled, with careful

attention paid to the source geometry, event distribution and rate.
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3.2 Energy Response

The discussion of this section is largely drawn from [46]. Now that we have optically

calibrated the Monte Carlo, we are almost ready to simulate neutrino data. However

the Monte Carlo still has one remaining free parameter. The optical calibrations were

unable to determine the overall gain of the detector, expressed as the average gain

of the PMTs. The 16N calibration source, described extensively in [47], is used to

determine this.

The 16N is produced through (n,p) reactions with oxygen in CO2. The gas is

transported to a decay chamber deployed in SNO, where the 16N β-γ decays. The

spectrum of γ energies shown in Fig 3.2. The β particle creates scintillation light in

the shielded decay chamber but does not contribute significantly to the light seen by

the PMTs. By tagging the events through the β scintillation, we significantly reduce

the low energy backgrounds in the 16N data set. The primary channel gives a 6.13

MeV γ, which subsequently Compton scatters, producing Cherenkov light.
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Figure 3.2: Spectrum of γ’s produced by the 16N source.

Additional sources, including the pT and 8Li source, allow us to check the cali-
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bration at different energies. The pT (proton-tritium) source produces 19.8 MeV γ’s

via 3He(p, γ)4He. The 8Li source produces a β spectrum similar to that of the recoil

electrons from the CC interaction of 8B neutrinos. The spectra of these three sources

is shown in Fig. 3.3 for the total light (Nhit), along with the Monte Carlo for each.
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Figure 3.3: Energy calibrations. Figure provided by Andre Hamer.

The primary energy measure used in this thesis will be constructed from the

prompt light only. After fitting the event position, one can determine the expected

arrival time of a photon for each hit PMT. Light that arrives within a 20 ns window

around this time is referred to as prompt, the identification of which is shown in

Fig. 3.1. We measure the spectrum of Nprompt, the number of tubes hit in the prompt

window. We can then tune the PMT efficiency in the Monte Carlo, so that the

simulations of 16N match the data. The other sources then provide a check of this.
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For each event, the number of prompt hits depends on both position and direction

of the event, as illustrated in Fig. 3.4. Generated by our calibrated Monte Carlo,

εresponse quantifies the variation of the detector response relative to the center of the

detector (where εresponse ≡ 1).
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Figure 3.4: Monte Carlo of detector response as a function of radius (relative to the
center of SNO) and direction (relative to the radial vector of the event). Shown is
the response for 8 MeV electrons. Figure provided by Mark Boulay.

This allows for the definition of a corrected number of hits for each event

Ncor =
9438

NPMT
(Nprompt −Rnoiseτprompt) ×

1

εresponse
× 1

εdrift
(3.1)

where

• NPMT is the number of tubes online, working and collecting data. This can vary

from run to run, so we normalize it out.

• Nprompt is the in-time number of hits

• Rnoise is the rate of individual PMT triggers that are caused by noise. This is

determined by the pulser, which record the background noise hits for SNO.
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• τprompt is the width of the in-time window = 20 ns.

• εresponse = εresponse(Rfit, cos θr) is the response relative to an equivalent event at the

center of the detector.

• εdrift = εdrift(t) will be defined later. It accounts for any possible long-term variation

in the energy scale.

Equation 3.1 assumes that the detector is isotropic. This is not quite true, since

there will be some PMTs switched off or removed and there are no PMTs in the region

of the AV neck. However, Monte Carlo simulations of these features demonstrate that

the energy measure Ncor is very close to being independent of direction or position.

Furthermore, the normalization with respect to the number of tubes online serves to

mitigate all significant time dependences in the simulations of Ncor. Despite this, a

drift was observed in the measured centroids of the 16N data, as shown in Fig. 3.5.

An empirical function εdrift(t) is fit to this data and associated systematic errors are

assigned.

Ncor does not vary linearly with the energy of a recoil electron. However, although

it is strictly unnecessary for our purposes, one can convert the Ncor energy measure

into a linear energy measure. This uses Monte Carlo simulations of monoenergetic

electrons to create a mapping between kinetic energy Te and the centroid of the Ncor

distribution. By inverting this 1-to-1 mapping, we assign to each event a most probable

electron kinetic energy Teff . This is the energy measure used to study neutrino data.

We must evaluate the systematic uncertainty in the kinetic energy measure Teff .

Contributing factors to this are the uncertainty in energy drift, uncertainty in shield-

ing of light by the 16N source and variation between Monte Carlo and 16N data as a

function of position (Fig. 3.6). The overall uncertainty is estimated to be 1.21% in

the value of Teff .
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Figure 3.5: Empirical energy drift function. The vertical axis shows Ncor, normalized
to 36.06 hits. (called ′

win in this plot). Figure provided by Mark Boulay.

Analytic form of the Teff Distribution

To a very good approximation, one can use a Gaussian distribution to describe the

response of SNO to an electron of energy Te. This is given by1

ρ(Teff |Te) =
1√

2πσ2(Te)
exp

(
−(Teff − Te)2

2σ2
E

)

σ2
E(Te) = −0.0684 + 0.331

√
Te + 0.0425Te

(3.2)

By design, the energy measure is linear. That is, the centroid of Teff is linear with

respect to Te.

For neutron capture, most events arise from the Compton scattering of an electron

by a γ of fixed energy 6.25 MeV (although there can also be a 2.2 MeV γ, occasional

1A simpler equation gives an almost identical response in the energy range of interest, σ2
E =

0.120Te + 0.0738T 2
e . However, since any empirical description will do, we shall not depart from

the published response function here.
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Figure 3.6: Agreement with 16N Monte Carlo as a function of radial position of the
source. Much of the spread at high radius is due to the presence of the AV neck at Z
= 600 cm. Figure provided by Andre Hamer.

e+e− production and some photoemission). The most likely energy of the scattered

electron is 5.08 MeV kinetic and, at this energy, σE(Te = 5.08) = 0.89 MeV. However,

because of the additional width of Compton scattering, the total width is

σNC = 1.11 (3.3)

In this way, detector resolution contributes about 65% of σ2
NC and Compton scattering

contributes about 35% of σ2
NC .

3.2.1 A Second Energy Measure

For studies of data much below ≈ 5 MeV, the kinetic energy measure Teff defined

above is inadequate. The reason for this is that it employs a prompt light cut, which

reduces the number of hits for each event and hence increases the statistical width
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of the energy measure. For a specific energy Teff , there is a broad distribution of

Nprompt which will map into it. Software and hardware thresholds can truncate this

distribution.

A second energy measure is employed, mainly for use in low energy background

studies. This uses only a minimal number of corrections2

Neff =
9438

NPMT
(Ntotal −Rnoiseτtotal) ×

1

εdrift
(3.4)

where

• Ntotal is the total number of hit PMTs for the event. This is almost the same as

Nhits (discussed earlier), although there may be a few additional tubes removed for

calibration reasons.

• τtotal is the width of the total light window = 390 ns.

• εdrift = εdrift(t) is the empirical drift function for this energy measure

This energy measure will primarily be used to study the high energy tail of low

energy background events. For this reason, we do not map it into a most probable

kinetic energy, since that will have no meaning in this context. In addition, there

are radial and directional dependences in Neff which would make a most probable

energy ambiguous. We have continued to employ the time dependent corrections

NPMT , Rnoise, εdrift, so that we might use it to study the stability of SNO. With the

software and hardware thresholds used to create the SNO data, we can safely use all

events with Neff > 27.3 (which is, loosely speaking, equivalent to ≈ 3 MeV).

3.3 Neutron Calibration

This section is largely drawn from [48]. The NC reaction produces neutrons which are

uniformly distributed throughout the D2O. These neutrons quickly thermalize before

2A warning to SNO collaborators: the term Neff has been used within the collaboration in a
number of contexts and one should be careful not to confuse them.
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capturing on 2H, 1H, oxygen isotopes, or material in the acrylic. Neutrons which

capture on deuterium produce a 6.25 MeV γ, which can compton scatter an electron

to produce visible Cherenkov light.

To measure the NC flux, we must calibrate SNO for the transport of these neu-

trons, calculating the absolute capture efficiency on deuterium, as well as the radial

profile for the associated events. Three methods are employed to measure the cap-

ture cross section. The primary method places a 252Cf source at various positions in

the detector, leading to the results of Table 3.1. The uncertainty arises due to the

uncertainty on the source strength, the reconstruction accuracy, and the acceptance

of the various cuts used to remove background events.

Table 3.1: Capture efficiency for neutrons on deuterium. εn is the probability that
a neutron will capture and the associated event pass the listed cuts. Radial cuts are
made on the fitted position.

cuts εn

no cuts 29.9 ± 1.1%

Rfit < 550 cm 27.2 ± 1.0%

Rfit < 550 cm, Teff > 5.0 MeV 14.38 ± 0.53%

Two additional approaches show good agreement. The second approach uses the

Monte Carlo, known cross sections and isotopic abundances to calculate the efficiency.

The limiting systematics in this approach are the isotopic abundances of 1H and

17O and the capture cross section of neutrons with deuterium. The final approach

attempts to circumvent the source strength uncertainty in the primary approach,

using the multiplicity of neutrons from 252Cf fission to self-calibrate the source. The

mean multiplicity is 3.79± 0.006, with standard deviation 1.57± 0.02. By measuring

the multiplicity distribution of the observed events, we can determine the efficiency.

Unfortunately, this approach is statistically limited.
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The radial profile of neutron capture is shown in Fig. 3.7 for various source posi-

tions. The fall off towards 600 cm is due to the capture of neutrons on acrylic and

the propagation of 6.25 MeV γ’s outside of the AV. The data are compared to the

Monte Carlo and the agreement is excellent. No systematic error is associated with

the shape of this radial profile (only its overall amplitude).

Figure 3.7: Cf source as a function of radius, compared to the model. Figure provided
by Mike Dragowsky.
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3.4 Backgrounds

This section is largely drawn from [49] and [50]. As discussed in Section 2.1.1, radioac-

tive contamination can lead to two kinds of background events. Radioactive decays

that produce a γ above 2.22 MeV can photo-disintegrate deuterium, producing a free

neutron which is indistinguishable from an NC event. The same decays can, instead,

produce enough Cherenkov light directly from the βγ decay to trigger the detector,

possibly imitating a neutrino event.

There are four regions from where measurable background events can originate:

D2O, AV, H2O, and PMTs. A given region will have its own unique quantity of

contamination and we must determine this for each separately. Ultimately, if we

know the equivalent U and Th levels for each region and we have a model for the

radial and energy distributions for each source, then we have completely described

the SNO backgrounds.

3.4.1 Ex-situ Measurements

Periodically, samples are drawn from various regions of the the D2O and H2O. The

water systems trap Ra isotopes using separately MnOx beads and HTiO coated mem-

branes. Studying the trapped Ra, we count single α decays and α-β coincidences to

measure the equivalent quantity of U and Th.

Due to migration of 222Rn (3.8 day half life), the measurement of 226Ra may not

be a good indicator of the lower end of the uranium chain. For this reason, we also

run the D2O and H2O loops though a degasser, to extract radon. The radon is frozen

out and counted to determine the levels of 222Rn. The 220Rn of the Th chain is not

counted because of its short half life (56 s).
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Figure 3.8: ΘIJ for Bi and Tl in the D2O. Figure provided by Alan Poon.

3.4.2 In-situ Measurements

A completely independent approach is taken, using the PMT data to determine the U

and Th contamination. For either D2O or H2O, one must be able to separate the 214Bi

(U chain) from the 208Tl (Th chain). The Tl decays we see are typically events with

multiple β’s and γ’s, while the Bi decays are typically single electron events. For this

reason, the Cherenkov light we see from Tl is typically more isotropic. As a measure

of isotropy, we use ΘIJ , which measures the pairwise average opening angle of the rays

which connect each prompt hit PMT to the event vertex. The distributions of ΘIJ

are shown in Fig. 3.8 for the D2O region, determined by both calibration data and

Monte Carlo. A similar pair of distributions is determined for the H2O region, where

the detector response is somewhat different. One can fit data to ΘIJ distributions

in the relatively high statistics window 31 ≤ Neff ≤ 40.3 This leads to correlated

3This corresponds approximately to 3.4 - 4.4 MeV of kinetic energy, although recall that the
Neff energy measure does not uniquely map into a kinetic energy, because it has a different
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measurements of the U and Th (equivalent) levels, with a correlation of ≈ -0.7.

Figure 3.9 shows a summary of both the in and ex-situ results for the D2O volume

as a function of date. Errors are both statistical and systematic, with the two ap-

proaches having completely independent systematics. We note that the Th levels are

consistent with being stable, with relatively good agreement between the two meth-

ods. On the other hand, the U measurements show a definite variation, due to the

migration of 222Rn into the water, and the agreement between the methods is unim-

pressive. The Ex-situ measurements are not considered to be the best representation

of the U chain, given that the 222Rn levels fluctuate more rapidly than the frequency

of water extractions. We therefore use the in-situ results to provide the final mea-

surement for this chain. On the other hand, both the in and ex-situ measurements

are reliable for the Th chain. Furthermore, they have different systematic errors and

are uncorrelated. By combining the measurements for the Th chain, using a weighted

average, we break the correlation and reduce the overall error. Table 3.2 shows the

results for both regions. Monte Carlo studies translate these measurements into a

number of neutrons capturing within Rfit < 550 cm and with Teff > 5.0.

Table 3.2: Photo-disintegration backgrounds from the H2O and D2O, integrated over
the total livetime of the detector.

region source Ex-situ In-situ combined number of

10−15 g/g 10−15 g/g 10−15 g/g neutrons

D2O U 10.1+3.4
−2.0 17.8+3.5

−4.3 17.8+3.5
−4.3 25.9+8.2

−9.1

Th 2.15 ± 0.21+0.88
−0.92 1.63 ± 0.58 1.63 ± 0.58 18.4 ± 6.5

H2O U 29 ± 51 755 ± 330 775 ± 330 5.6+4.2
−2.9

Th 81+27
−23 142 ± 66 91 ± 27 5.6+3.6

−2.2

interpretation for different regions of the detector.
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Figure 3.9: In and Ex-situ measurements for the D2O. Values are the equivalent quan-
tity of Th and U per gram of D2O, calculated assuming the chains are in equilibrium.
Figure provided by Alan Poon and Kevin Lesko.

3.4.3 AV Contamination

Prior to and during construction of SNO, radioassay measurements were made of

the U and Th concentrations in the acrylic panels, as well as the bonds between

them. This led to the results in Table 3.3. Roughly half of the γ’s from the decay

of this U and Th will enter the D2O volume. The cross section for producing photo-

disintegration neutrons is well known and, using Monte Carlo, we determine how

many of these events misreconstruct with Rfit < 550 cm and Teff > 5 MeV.
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Interestingly, there is a localized region of high radioactivity, referred to as the hot

spot, on the upper hemisphere of the acrylic vessel, as illustrated in the top panel of

Fig. 3.10. This is thought to have been introduced during construction and represents

a potentially significant background contribution. Analysis of PMT events allows us

to calculate the hot spot contamination if we make an assumption that it is decaying

via a specific chain. The Th chain produces more neutrons, so we calculate for this

worst case scenario. In the end we expand the error to allow for a lower limit of zero.

The hot spot is identified by making cuts in the detector polar coordinates cos θo and

φo, as illustrated in Fig. 3.10, along with a radial cut to select events close to the AV.

To evaluate the contamination of this window from sources other than the hot spot,

we monitor two background subtraction windows on either side.

Table 3.3: AV backgrounds from bulk, surface and hot spot contributions. The
number of neutrons from each source is calculated after radial, energy and other
cuts have been applied. The contamination level for the hot spot is listed for the
assumption that it is all Th, although the final error range for neutrons covers all
possible sources.

source contamination estimated number of

(total) accepted neutrons

bulk U 15 ± 15 µg 1.6 ± 1.6

bulk Th 7.6+1.7
−1.3 µg 6.2+1.4

−1.1

outer surface U 0.18 ± 0.04 µg 0.013 ± 0.005

outer surface Th 0.96 ± 0.19 µg 0.63 ± 0.16

inner surface U 0.16 ± 0.04 µg 0.024 ± 0.008

inner surface Th 0.87 ± 0.17 µg 0.88 ± 0.20

hot spot 10 ± 1+8.5
−3.5 µg (Th) 6.5+5.6

−6.5
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Figure 3.10: The AV hot spot. The top panel shows a projection of SNO data onto
the x-y plane, having made a cut to select events close to 600 cm (figure provided
by Alan Poon). The lower panel shows a schematic of the monitoring windows used
for studying the hot spot, along with the two background subtraction windows. The
parameters φo and cos θo are the detector polar coordinates.
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3.4.4 Cherenkov Tail Backgrounds

In addition to photo-disintegration neutrons, decays of the the U and Th chains can

also produce Cherenkov light which can simulate a neutrino event. Using Monte

Carlo simulations of low energy 214Bi and 208Tl decays, uniformly distributed in the

D2O, PDFs are generated over X = {Teff , R3
fit, cos θ�}. These PDFs compare well

to studies with sources and to a period when there was an excess of 222Rn in the

D2O. After making cuts Rfit < 550 cm and Teff > 5.0 Mev, we calculate the ratio of

accepted Cherenkov events to accepted neutron events in Table 3.4.

Table 3.4: Ratio of detectable βγ to neutron backgrounds in the D2O.

source ratio of βγ total number

to n events of βγ events

214Bi 0.670+0.460
−0.125 17.4+12.4

−5.3

208Tl 0.162+0.092
−0.030 3.0+2.0

−1.3

Table 3.5: Result of fitting to the radial PDFs of external backgrounds.

Source Number of events in ν window

AV 6.3+2.9
−6.3

H2O 2.8+3.9
−2.8

PMT 16.0+11
−8.0

At larger radii, the SNOMAN Monte Carlo is not considered to be well calibrated.

We instead use deployed low energy sources in the H2O, near the acrylic vessel and

near the PSUP, to determine the PDFs for external sources of events. We also use a

period of time when the 222Rn levels were elevated in the H2O. These PDFs are shown
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Figure 3.11: External backgrounds as a function of R3
fit. Figure by Vadim Rusu.

in Fig. 3.11 for a kinetic energy > 4.0 MeV (4.5 MeV total). We use this energy cut

because there are insufficient statistics to make a fit in the neutrino energy window

(Teff > 5.0 MeV). This, of course, should be considered a great success for a low

background experiment.

By fitting the radial PDFs in the range 1 < (Rfit/600)3 < 2.31, we extract

the amplitude of AV, H2O, and PMT Cherenkov backgrounds for the lower energy

window. We then use the PDFs to extrapolate up into the neutrino energy window,

and into the region Rfit < 550 cm.
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3.4.5 Day-night Asymmetry of Backgrounds

We wish to determine if any of the background sources are asymmetric from day to

night. We bin all data into a day bin or a night bin, based on the zenith angle of the

Sun. The analyses of previous sections have measured the various background sources

and we can now repeat that separately for day and night, forming an asymmetry ratio

A = 2
BN −BD
BN +BD

(3.5)

where BN and BD are the night and day event rates for a given background source. A

large number of the systematic errors cancel in forming this ratio. Since systematics

are less of a concern, we can afford to look into a lower energy, higher statistics region,

pushing the Neff threshold down to 27.3 (approximately equivalent to 3 MeV). At

this energy, the Monte Carlo is less robust, so it is difficult for us to separate out

the various components. However, it is still instructive to look at the event rates in

various monitoring windows.

We use the windows defined in Fig. 3.10 to measure the asymmetry of the AV

hot spot, where we can subtract out the contribution from other sources because the

hot spot is localized. To study PMT βγ events, we look at large fit radii and events

moving towards the center. To do this, we define the product u.r of the unit vector

in the fitted recoil direction with the unit vector for 5rfit. Taking u.r < −0.7 selects

inward going events, primarily βγ decays at the PMTs. Finally, we use the same

windows defined for the in-situ D2O and H2O analyses, although now the threshold

is significantly lower (and the statistics much larger). The day-night asymmetries of

these various windows are shown in Table 3.6. We can conclude a number of things

from this table.

1. The hot spot has essentially no asymmetry

2. PMT βγ’s have essentially no asymmetry

3. There is a mild asymmetry in the H2O and a significant asymmetry in the D2O.
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Table 3.6: Definition of various monitoring windows. All windows have additional
instrumental cuts, high level cuts, and muon followers removed. The Neff threshold
is chosen to avoid software threshold effects, with a window 27.3 < Neff < 40.

Window CUTS Asymmetry

Name Radial Direction Polar

1. Hot Spot 550<R<650 − 0.25 < φo < 0.75 −1.4 ± 3.2%

(Bkgnd. : −0.4 < φo < 0.2 and 0.8 < φo < 1.4)

2. PMT βγ 755<R<815 u.r<-0.7 − 0.46 ± 0.38%

2a. PMT βγ R>815 u.r<-0.7 − 1.62 ± 0.18%

3. H2O 650<R<680 u.r>0 − 6.94 ± 0.72%

4. D2O R<450 u.r>0 − 30.5 ± 4.2%

One should be careful to note that a large asymmetry in a particular background

source does not necessarily imply a large total asymmetry, since the backgrounds are

only a small fraction of the total number of events.

A day-night asymmetry in the hot spot rate would be indicative of either an

intrinsic asymmetry in the source or some effect like drifting energy scale causing a

variation in acceptance from day to night. The fact that we don’t see a day-night

asymmetry tells us that these effects are either not present or they are cancelling.

Either way, we are only interested in the total asymmetry of the event rate, which is

small. Bulk AV contamination is not expected to have any intrinsic variation, so we

conclude that the asymmetry of all AV sources is negligible.

We note that the analysis of PMT events is relatively stable to the choice of radial

cuts, as demonstrated in Fig. 3.12. First, we see that Window 2 is intentionally

situated in a region where the slope with respect to radius is shallow. This prevents

a small perturbation in reconstruction aliasing into an asymmetry in the PMT βγ

event rate. By moving the window out in radius, we get more statistics. The result
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is now inconsistent with zero, although still small. Possibly this is due to variable

contamination of the outer H2O with radon, with γ’s passing through the PSUP to

be detected. Despite this, we conclude that the asymmetry in PMT βγ’s is essentially

negligible.
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Figure 3.12: The day and night PMT βγ rate as a function of fiducial volume.

It is believed that 222Rn from the U chain is responsible for the asymmetries we see

in the H2O and D2O regions. Since the chain is expected to be in equilibrium below

222Rn, this allows us to infer an asymmetry for both βγ and neutron backgrounds.

In Section 3.6 we will construct a model of the SNO data. To do this, we will need

to know how the number of background events divides between day and night. The

fraction of events for the night and day is

BN
B

=
(1 + A/2)tN

t+ (tN − tD)A/2

BD
B

=
(1 − A/2)tD

t+ (tN − tD)A/2
(3.6)

where tD, tN and t are the day, night, and total livetimes.
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3.5 Instrumental Parameters

Of course, the model we create of the detector response is not known with 100%

accuracy. We describe the perturbation from this model by instrumental parameters

α, such as energy scale, position resolution, etc. Many systematics are time dependent,

so that we must write α = α(t). The discussion of this time variability will not be

exact but, since the time dependence of the systematics will be seen to be small, an

exact treatment is unnecessary. Since we are considering data in two zenith angle

bins (D and N), we define two time averages

αN =
1

tN

∫
N

dt α(t)

αD =
1

tD

∫
D

dt α(t)

(3.7)

where tN and tD are the night and day livetimes. We can change basis to

αav =
tNαN + tDαD
tN + tD

αdif = αN − αD
(3.8)

The reason we write our equations this way is that αav and αdif are measured by

independent techniques and are hence largely uncorrelated. In Section 4.2 we will

derive time-averaged fluxes for the electron and non-electron neutrino components (φe

and φµτ ). These measured fluxes will depend only on the time averaged systematics

αav. In Section 4.3, we will derive asymmetry parameters, e.g. Ae = 2φeN−φeD

φeN+φeD
. These

asymmetries will depend only on the differential systematics αdif .

3.5.1 Energy Scale

As discussed in Section 3.2, we have created a mapping from measurable quantities

such as Nprompt into a linear energy scale Teff . For energies of interest, the Teff

distribution is gaussian, centered at Te (the actual e− recoil energy). We might

assume that this energy mapping is in error, so the centroid of the distribution is
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really at

Teff = (1 + α)Te (3.9)

In Section 3.2, we discussed the time average value αav = ±1.21%. We now wish to

discuss its time dependences.

Consider a spectrum of any kind of event, distributed over some generic energy

measure E. At any given time, the actual energy scale might be different to the

intrinsic energy scale of a stable detector.

Ẽ = (1 + α(t)) × E (3.10)

This leads to a shift in the rate of events R above threshold Eth

R(α(t)) = Ro + γRoα(t) + O(α2) (3.11)

where Ro = R(α = 0) and

γ =
1

R

dR

dα

∣∣∣∣
α=0

=
Eth
R

(
dR

dE

)
E=Eth

(3.12)

where we have recognized that near threshold dα = dE
Eth

.

Now let us write α in terms of two components, a long term energy drift αL and

a term that varies with time of day αS

α(t) = αL(t) + αS(t)

We note that if αS has no systematic difference from day to night, but it fluctuates

randomly, then these fluctuations will tend to average out over time. For example, if

αS is typically different between day to night by ±0.5%, but in a random way, then

this will average out to a 0.03% difference over the livetime of SNO (which is not one

complete year). It turns out that the average < α(t) > is the important quantity. One

can see this by noting that any observable such as Ax(α) can be expanded linearly in

α (which is small) and then averaged over time.
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Long-term Energy Drift (αL)

As already discussed in Section 3.2, a slow drift was observed in the energy scale of

the SNO detector, as measured with the 16N calibrations and shown in Fig. 3.5. The

cause of this drift, and its actual functional form, are unknown. An empirical “best

fit” model has been identified.

εdrift =


 1.00506 × (1.58719 − 6.28308 × 10−5 × tJDY ) tJDY < 9356

1.00506 × (0.999345 − 9.12406 × 10−6 × (tJDY − 9356)) tJDY ≥ 9356

(3.13)

where tJDY is the Julian day. This model is used to correct the assigned energy (Teff )

for each event. The question now is, how wrong could this drift formula be? An error

in the correction factor can lead to an artificial asymmetry in a day-night analysis.

The reason for this is that the relative size of day and night livetime varies with

season, so that a slowly varying PMT efficiency can alias into an artificial day-night

asymmetry.

A number of worst case models were identified (Fig. 3.13), although only the

most extreme are presented here [51]. Here we chose to maximize the difference

between summer and winter energy scales, with the model pushed to the extreme

allowed value for those time periods. Choosing the extreme models gives the most

conservative estimate of the associated systematic error. Indeed, this is thought to

give an overestimate of the uncertainty.

As discussed above, a time-averaged systematic is sufficient to describe the per-

turbation of the energy response function.

αdiff =

∫
N

dt [ε(t) − εo(t)] −
∫
D

dt [ε(t) − εo(t)] (3.14)

where εo(t) is the best fit model to the drift. The results of this integration are found

in Table 3.7. When studying systematics as perturbative parameters, it is sufficient

to allow the day and night energy scale to be different by ±0.14%
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Figure 3.13: Worst case energy drift models.

Table 3.7: Difference between the night and day time-averaged energy scales due to
long term drift in the detector gain. The perturbation is measured relative to the
best fit model.

model αdif (%)

normal drift model 0 (by construction)

no drift model used - 0.11 %

+ extreme drift model (blue) +0.14 %

- extreme model (red) -0.13 %
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Diurnal Variation (αS)

In addition to the long term energy drift, we have to consider the possibility of a

diurnal variation in energy scale. Over the time scale of a day, the optical prop-

erties of the H2O and D2O are not expected to change, nor do we expect changes

in the concentrator reflectivity or in the AV optics. However, one might anticipate

diurnal variations in the PMT response. For example, the PMT voltage may drift,

the compensation coils might be incorrectly set, or there could be errors in our tube

accounting.

To test for such variables we need a source of light which, for any given calendar

day, is constant from day to night. This source should illuminate all PMTs approx-

imately uniformly but otherwise can be located anywhere within the PSUP. It also

should be continuously present and, for this reason, deployed sources are not useful.

Fortunately, we have multiple “sources” which satisfy these criteria, including the AV

hot spot and PMT βγ’s. The monitoring of these was described in Section 3.4. We

can use the Neff energy measure to test for diurnal variations, because we don’t care

about a misunderstanding of the optics (which can’t change on the time scale of a

day). This allows for a lower effective threshold and hence more statistics.

We consider a source of events with rate R, assumed to be stable. If the average day

and night energy scales (αD and αN) are different, then this will induce an artificial

asymmetry in the event rate

A = γ × αdif (3.15)

where A is defined in terms of the night event rate (RN) and day event rate (RD).

A = 2
RN −RD
RN +RD

One can approximate γ by binning the data and using the discrete approximation

γ = Eth

R
∆R
∆E

in the threshold bin. γ and A are measured in a number of monitoring

windows, defined in Table 3.6 using the Neff energy measure.
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These monitoring windows can only be used to check for energy scale variation

if their event rates are intrinsically stable. This is rarely the case as can be seen

in Fig. 3.14. The H2O and D2O windows show large variations due to the changing

background contamination in the detector. The Hot Spot and PMT βγ windows show

a slow decrease in event rate. This is suspected to be due to an unaccounted energy

drift, but could be an indication of decaying activity. We would like to limit/measure
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Figure 3.14: The month-to-month variation of each monitoring window.

the difference in the day and night average energy scale using the asymmetry of hot

spot or PMT βγ’s. This would include a component from the energy scale drift,

aliasing into a day-night asymmetry. However, we can’t be completely sure that the

intrinsic event rates in these windows are not also changing slowly, aliasing into a day-

night asymmetry. For example, an event rate that was high in December, but low

in June, could produce an asymmetry simply because there is more night livetime in

December. To get around this problem, we can form a different day-night asymmetry
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A∗. We measure the day-night asymmetry over short time intervals and then combine

the results statistically. This can be done using

A∗ = 2

∑
k wk(RNk −RDk)∑
k wk(RNk +RDk)

(3.16)

k labels bins of similar Julian time, where the night and day event rates are measured

separately in each bin. wk is used to give higher statistics bins more weighting. It

can be shown4 that we get the best statistical measure by taking

wk =

(
1

tNk
+

1

tDk

)−1

(3.17)

A∗ tests for an asymmetry that occurs on a time scale shorter than the duration of

the individual k-bins. In this way, if there is a long term drift in energy scale or if

the intrinsic rate is changing slowly, it will not alias into a day-night asymmetry and

we are only sensitive to short term energy scale changes. The duration of each k-bin

is a tunable parameter in this analysis, although we find that we are insensitive to

it. The data are binned into bins of approximately 5 calendar days each. Typically,

the livetime in each of these bins is around 3 days. Variations on a time scale shorter

than this will not be normalized out by the formation of A∗.

The most stable and highest statistics window is the PMT βγ window. It also has

the most steeply falling spectrum, hence providing the most sensitive test of energy

scale variations. One sees that the result is consistent with almost no asymmetry and

the 1σ limit on A∗ × 100% is ≈ 0.4%. This translates into a limit on αdif = αN −αD

αdif < 0.015% 1σ limit

4This is seen most easily by noting that the statistical error is given by σN =
√

RN×tN

tN
and

σD =
√

RD×tD

tD
. If we assume that RN ≈ RD ≈ R, then the statistical weight of each bin is given

by

wk ∼ (σ2
Nk + σ2

Dk)−1 ∼
(

1
tNk

+
1

tDk

)−1
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Table 3.8: The day-night asymmetry of event rate in various monitoring windows.
Errors are statistical only.

window γ A(%) A∗ (%)

Hot Spot 10.3 ± 2.4 -1.4 ± 3.2% 0.2 ± 3.3%

PMT βγ 26.1 ± 0.2 0.46 ± 0.38 -0.08 ± 0.39%

PMT βγ (a) 24.1 ± 0.1 1.62 ± 0.18 -0.04 ± 0.19%

H2O In-situ 13.0 ± 0.2 6.94 ± 0.72% -0.71 ± 0.75%

D2O In-situ 11.7 ± 1.1 30.5 ± 4.2% -2.0 ± 4.4%

Henceforth, we will ignore possible diurnal variations in energy scale.

In Fig. 3.14, we note that there is an apparent correlation between PMT βγ

rates in Window 2 and with H2O decays in Window 3, as seen in the radon spike of

November 2000. However, we see no correlation between rates for the larger radon

spike of November 1999. We might conclude that the November 2000 correlation

is coincidental. Alternatively, perhaps the November 1999 spike is due to an excess

in radon in the outer H2O region only, explaining the lack of correlation between

Windows 2 and 3. Either way, the contamination from Window 2 is small and we

have shown that the procedure of forming A∗ mitigates the asymmetries of H2O

backgrounds. For this reason, the analysis presented here is independent of a possible

contamination of the PMT monitoring window.

3.5.2 Energy Resolution

A discrepancy was noticed between the width of the modelled and actual 16N energy

resolution. The Monte Carlo generates a width that is less than the data.

σ(data) − σ(MC)

σ(data)
≈ 0.045 (3.18)
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It is not clear which resolution we should use to describe SNO. Due to the complica-

tions of modelling source geometry, the Monte Carlo could be incorrect for describing

16N yet still be correct for modelling neutrino interactions. We take the Monte Carlo

width as the official model for neutrinos, but assign an error

δσ

σ
= 0.045 + 0.00401 × (Te − 4.98) (3.19)

We also wish to know if there is any variation in the resolution with time. Studies

with the 16N source rule out any significant long term behavior. The Neff energy

measure, along with PMT βγ’s can also be used to put a limit on the diurnal varia-

tions in resolution. To study the effects of a shift in resolution, the energy (Neff) of

each PMT βγ event was perturbed, using a Gaussian smearing function of standard

deviation δ ×
√
Neff and then recounted above threshold.

We have limited the PMT βγ diurnal asymmetry to be approximately < 0.4%

and, from Fig. 3.15 we see that, to get a 0.4% variation in counts above threshold,

we must perturb the resolution with δ2 = 1 × 10−3. We know from 16N studies that,

for a total light energy measure, σ2 ≈ 2 ×Nhits, giving

αdif =
σ2
N − σ2

D

σ2
< 5 × 10−4 (0.05%)

This may not be exactly correct for a prompt light energy measure, but it should be

the same order of magnitude. We will see that a variation in resolution this small has

essentially no effect on the final analysis of SNO data. Less stringent limits can be

placed using the hot spot (1.7%) or with D2O Cherenkov backgrounds (0.3%).

3.5.3 Energy Non-linearity

By comparing source data and Monte Carlo at different energy scales, we can get

an idea if our mapping Te → Teff is indeed linear. The PT source (see Section

3.2) produces γ’s at 19.1 MeV. This second calibration point showed extremely good

agreement between data and Monte Carlo, despite the fact that the Monte Carlo had
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Figure 3.15: Variation in the event rate above threshold for PMT βγ’s as a function
of energy resolution. We see that, for a 1× 10−3 Nhit change in resolution, we get an
approximately +0.4% change in the counts above threshold.

been tuned using the 16N source. With the centroid of the response function being at

Teff = Te, we describe a deviation from this by

∆Teff = α× 1.40(Te − 4.98) (3.20)

where α = ±0.0023, as limited by the PT source.

3.5.4 Vertex Accuracy

Placement of the 16N source at various locations in the detector allows us to determine

if the reconstruction algorithm is correctly assigning the vertex of each event. A set

of these comparisons is shown in Fig. 3.6. The 8Li source provides an additional

handle on this systematic, particularly because 8Li is a point source of β’s, while 16N
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is a distributed source of Compton scattered electrons. These studies tell us that

the reconstruction of the radial coordinate is accurate to within αav = ±1%. In this

way, a fiducial cut of 550 cm may actually be equivalent to 555.5 cm or 544.5 cm, for

a +1% or −1% rescaling of vertex reconstruction. The uncertainty is a little larger

towards the AV neck, where there are no PMTs. However, the fiducial volume in this

region is not particularly significant.

We also wish to determine if the vertex accuracy is changing from day to night.

Using the same monitoring windows shown in Fig. 3.10, we plot the hot spot event

rate as a function of position (Fig. 3.16). The hot spot can not be used as an ab-

solute measure of fitter accuracy and reconstruction, since it occurs in a region (the

AV) where the optics are unusual. However, the stability of its reconstruction pro-

vides an excellent measure of αdif , the systematic difference between day and night.

The summary of these results are found in Table 3.9. We conclude that the radial

reconstruction is stable from day to night, with αdif = ±0.20%.

Table 3.9: Day-night differences in reconstruction, as measured using the AV hot
spot.

datum day night difference

αdif = night - day

centroid R (cm) 603.99 ± 0.88 603.37 ± 0.81 −0.62 ± 1.20 cm

(0.10 ± 0.20%)

width σR (cm) 24.32 ± 0.83 24.76 ± 0.76 0.44 ± 1.13 cm

3.5.5 Vertex Resolution

By making additional comparisons between Monte Carlo and the deployed sources,

we can measure the resolution in the radial coordinate. Typically, we find that the
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Figure 3.16: Reconstruction properties of the AV hot spot (a.k.a. the Berkely Blob,
named for the institution which first identified it). Figure provided by Neil McCauley.

resolution is 18±2 cm, with the error being largely due to differences between Monte

Carlo and data. The uncertainty is a little larger towards the AV neck, where there are

no PMTs. However, the fiducial volume in this region is not particularly significant.

We therefore take the time-averaged systematic to be αav = ±2 cm. As seen in Table

3.9, the AV hot spot limits the variation of the vertex resolution to be αdif = ±1.13

cm. Vertex resolution will be seen to have almost no effect on the final analysis. The

reason for this is that an error in resolution will move some events inside and some
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outside of the fiducial volume. For a signal with a flat gradient across the fiducial

boundary (CC and ES), the effect washes out to zero. For the NC reaction, there is

a small residual effect, amounting to ≈ 0.1% in the acceptance of neutrons.

3.5.6 Neutron Efficiency

Neutron efficiency was discussed in Section 3.3. We saw there that the efficiency for

neutron captures that produce a measurable signal is 14.38 ± 0.53% (with Teff >

5.0 MeV and Rfit < 550 cm). The uncertainty can also be expressed as a relative

value

αav =
0.53%

0.1438
= 3.7% (3.21)

It is this relative value that we will use to parametrize our model for neutron capture.

The total neutron capture efficiency does not vary because the isotopic abundance

of the heavy water is constant. The acceptance of the radial and energy cuts can vary,

although these effects are already described by other parameters and need not to be

considered here.

3.5.7 Acceptance

We have seen in Fig. 2.11 that, over most of the energy range of solar neutrino

interactions, the physics events lost to instrumental cuts is small and well understood.

The high level cuts of Section 2.2.3 remove a larger fraction of physics events. For γ

events (NC), the 16N source helps us measure this loss at ≈ 2.3+0.4
−0.2%. For electron

events (CC and ES) this is measured with the 8Li source to be ≈ 1.4+0.4
−0.2%. The model

we create for SNO will include these as correction factors.

The stability of these cuts is shown in Fig. 3.17. As a conservative estimate of

how the acceptance might vary from day to night, we could take the spread of this

plot and set αdif = 0 ± 0.3%. This is what we will use when calculating the day-

night asymmetry in Section 4.3. However, it should be noted that this is an extreme
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overestimate. We have seen very good diurnal stability in the detector and have no

reason to believe that the acceptance is changing over the time scale of a day. If this is

the case, then we need only consider the possibility of long-timescale variation. With

the very mild variation observed in the 16N runs, any plausible long-timescale change

in acceptance would average out to be negligible. Either way, αdif has essentially

no effect on the final MSW contours of Section 4.4 and, for that analysis, we take

αdif = 0.

Figure 3.17: The stability of the high level cuts from 16N runs.

3.5.8 Monte Carlo Statistics

Naturally, the Monte Carlo is generated with finite statistics. In Sections 4.2 and 4.3,

we will use these simulations to extract fluxes φ, relative to the SSM. The uncertainty
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in the calculation of φ has a component due to the finite statistics.

σφ
φ

=
1√
NMC

(3.22)

where NMC is the number of events in the Monte Carlo simulation. We typically

run our Monte Carlos with a 8B flux of 50× SSM. This leads to an error in the

total number of expected events which is 0.19% (for CC interactions), 0.59% (ES

interactions) and 0.59% (NC interactions). These errors are small and are neglected

in the analysis of Section 4.2, being dwarfed many larger systematics. However, when

calculating day-night asymmetries (Section 4.3), the larger systematics cancel and

finite Monte Carlo statistics becomes the largest contribution to the error budget.

3.5.9 Directional Systematics

There is a final class of systematics. If the detector has a different response for

electrons moving in different directions, this may introduce some systematic error into

the analysis. For example, during the night almost all ES electrons move upward,

while during the day they move downward. Due to the lack of PMTs around the neck

area or PMTs being switched off, there may be a different response during the day

and night. If this is incorrectly modelled, we might calculate an artificial day-night

asymmetry. Similarly, the CC reaction produces directional information and so is also

sensitive to directional systematics. However, the NC reaction carries no direction

information, so in unaffected by such effects. Monte Carlo simulations include all of

the geometric effects due to missing and inactive PMTs, and integrate the detector

response over the livetime, taking into account the variation in incident neutrino

direction. These simulations show no significant asymmetry in the acceptance of

CC or ES events from day to night, although this claim is limited by Monte Carlo

statistics. For this reason, we choose to neglect this kind of systematic in the analysis.
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3.6 Summary of Systematics and Creating a Model for SNO

In this section we will construct a model of SNO events and summarize the system-

atics. First, let us define three variables types.

• X = {Teff , R3
fit, cos θ�} is a set of measurable quantities.

• η represents a physics parameter. We will consider a number of different physics

models, each described by a different set of physical parameters η.

• α represents a systematic parameter, either background amplitude or instrumental

parameter. Collectively we describe the set of systematics by a vector α.

3.6.1 Probability Density Functions (PDFs)

For each reaction (CC, ES, NC), one defines the PDF over X

ρcc(X|η, α) (3.23)

with ρes and ρnc for the other reactions. In this thesis we will treat ρ as a binned

histogram over X, with X labelling the bins. The normalization condition is∑
X

ρcc(X|η, α) = 1 (3.24)

(with
∑ →

∫
dX in the continuous case). In addition, ρcc depends continuously

on both physics parameters η and instrumental parameters α. It is a conditional

probability, read as ρcc(X|η, α) is the probability of getting X, given η and α.

To a good approximation, we can write the 3-dimensional PDF ρcc as a product

of three 1-dimensional PDFs, f , h, and g.

ρcc(Teff , R
3
fit, cos θ�) = f cc(Teff ) × gcc(R3

fit) × hcc(cos θ�) (3.25)

We can do this because the energy measure Teff has been defined to be independent

of position and direction. Otherwise, f would depend strongly on the other variables.5

5There is a weak dependence in g and h on the energy and this has been neglected. A more
sophisticated treatment would write these as conditional PDFs g(R3|T ) and h(cos θ�|T ).
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Figure 3.18: The CC, ES, and NC PDFs for 8B neutrinos, projected onto the cos θ�,
R3
fit, and Teff axes. To generate this figure, the instrumental parameters describing

the detector response were set to their best-fit calibration values.
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Monte Carlo PDFs

The SNOMAN Monte Carlo assumes an undistorted SSM spectrum of 8B neutrinos,

as well as a specific set of instrumental parameters. The instrumental parameters are

tuned so to give our best model of detector response. We shall refer to this setting

of the instrumental parameters as the calibration values, or αcal. The radial and

cos θ� PDFs derived from Monte Carlo are shown in Fig 3.18. Because the Monte

Carlo has finite statistics, we see some noise in the distributions. We use 30 bins of

equal width in R3
fit, from Rfit = 0 to Rfit = 550 cm. For the cos θ� distribution, we

use 60 bins of equal width from -1 to +1. We can also generate energy PDFs using

the Monte Carlo, although these will only be useful for physics models which assume

that the neutrino spectrum is undistorted from its standard shape. We use sixteen

0.5 MeV-wide bins from 5 to 13 MeV, with a seventeenth bin being 13 - 20 MeV.

Analytic PDFs

The radial and cos θ� PDFs are independent of physics parameters. However, the

energy distribution will be different for different values of ∆m2, tan2 θ and, for some

analyses, we will need to take this into account. For the more general case, we

construct a semi-analytic model which, up to a normalization, is defined by

f cc(Teff , cos θz) ∼
dt

d cos θz

∫
dEνPee(Eν , cos θz)λ(Eν)

∫
dTe
dσcc(Eν , Te)

dTe
ρe(Teff , Te)

(3.26)

• λ(Eν) is the neutrino energy spectrum for neutrinos created in the core of the Sun.

• Pee(Eν , cos θz) is the survival probability for the given value of ∆m2, tan2 θ. It is

dependent on the neutrino energy and on the solar zenith angle. Typically, we will

also average over zenith angle (e.g. to create day and night averages).

• dσcc(Eν ,Te)
dTe

is the differential cross section.

• ρe(Teff , Te) is the SNO energy response function, the probability that an electron

of energy Te will be measured as having an energy Teff .
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There is a similar model for the ES reaction. To create binned PDFs, we integrate

Teff over each of the 17 energy bins and cos θz over the 2 zenith bins. In what

follows, we shall compress the notation and use the single symbol Teff to represent

all 34 energy-zenith bins. To perform an MSW analysis, we will need these analytic

energy PDFs. However, for other analyses (which assume no spectral distortions), we

can use either analytic or Monte Carlo PDFs with little affect on the results. When

we set Pee = 1, we recover the conditions under which the Monte Carlo was derived,

shown in the bottom panel of Fig. 3.18.

3.6.2 Expected Number of Events

For each reaction, we have a model for the expected number of events that pass

the cuts. These are not distributed over X, but may still depend on physics and

instrumental parameters. For example, if we change the energy scale of the model,

there will be greater or fewer events above threshold.

Assuming a SSM of 8B neutrinos, we can use the SNOMAN Monte Carlo to

generate the expected number of events for each reaction. They can also be modelled

by knowing the normalization in equation 3.26, given by φ8B×V ×nd, the product of

the flux, the livetime, the volume, and the number density of targets (deuterium for

the CC reaction). There are also small correction factors to account for the orbital

eccentricity of the Earth and for cut acceptance. The expected number of events for

the SSM and for a particular oscillation scenario are shown in Table 3.10.

Regardless of whether we simulate only the SSM or allow for MSW effects, the

expected number of events will be different from day to night. In both cases, the

livetime is different for day and night and the expected number of events increases

linearly with the livetime. In the full MSW model, there can also be some non-trivial

dependence on zenith angle. However, the distribution of events between day and

night is handled by the 34-bin energy-zenith PDF. We report only the total number

of expected events here.
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Table 3.10: Expected number of total (day + night) events for both the 8B and hep
neutrinos, interacting via the CC, ES, or NC reaction, with all cuts applied. For the
SSM case, Monte Carlo and analytic simulations differ by ≈ 0.1%. The oscillated
example is generated using the analytic approach and is shown for the point in MSW
space ∆m2 = 10−4.3, tan2 θ = 10−0.43.

SSM (MC) SSM (analytic) oscillated example

8B hep 8B hep 8B hep

CC 5632.1 ± 10.7 not calculated 5646.6 32.5 1698.3 11.5

ES 557.2 ± 3.3 not calculated 557.8 2.3 227.4 1.1

NC 567.4 ± 3.3 not calculated 563.9 2.8 563.9 2.8

3.6.3 Combining Objects into a Model

In addition to the signal from the CC, ES and NC interactions, there will also be

a number of background sources. We will label the number of events from each

background as B1, B2, ..., one for each background source. There will also be a PDF

for each source (ρ1, ρ2, ...) distributed over X = {Teff , R3
fit, cos θ�}.

We recognize that the number of CC, ES, NC events, discussed in Section 3.6.2,

have been derived assuming a specific flux of 8B neutrinos (5.05 × 106cm−2s−1). It

is unlikely that the Sun is producing exactly this number of neutrinos, since there

are significant uncertainties in the solar model. To account for this, we introduce the

parameter φtot, which measure the size of the actual flux, relative to the SSM flux.

When φtot = 1, the Sun is making 5.05×106cm−2s−1 of 8B neutrinos. When φtot = 2,

the Sun is making twice that number.

We combine the various components of the model into a number density of events,

µ(X|η, α) = φtot × (Sccρcc + Sesρes + Sncρnc)

+B1ρ1 +B2ρ2 + ...
(3.27)

where µ(X|η, α) is the number of events in bin X, given the parameters η and α. In
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this thesis, we will treat hep neutrinos as a type of background. For all other back-

ground sources, the expected number of events and PDF shape will be independent

of the physics parameters η. By setting the backgrounds to zero and the instrumental

parameters to their best-fit calibration values, we generate the ideal model of SNO.

µo(X|η) = µ(X|η, α = αo) αo =

{
0 background amplitudes

αcal instrumental parameters
(3.28)

This ideal model will be useful in the next chapter. We will use it to perform extraction

of physics parameters, incorporating systematics α as a perturbation around it.

3.6.4 Summary of Systematics

We wish to reduce the information about backgrounds somewhat. Since there are a

large number of sources, it is relatively safe for us to symmetrize the errors. That is, for

asymmetric errors σ+ and σ−, we define σ = |σ+|+|σ−|
2

to be the width of an equivalent

(symmetric) gaussian. The central limit theorem ensures that this procedure leads to

a correct analysis in the limit of a large number of sources of error.

We also realize that a number of background sources can have very similar PDF

tails extending into the neutrino window. In this case, we choose to group them

together as a single source. For example, U and Th neutrons look identical, while

H2O and AV Cherenkov tails are similar enough the we can approximate them as

having a common PDF tail.

By regrouping the backgrounds like this, we reduce the number of parameters

needed to describe them. The downside is that we introduce correlations between

previously uncorrelated measurements. For the analyses presented in future sections,

we shall neglect these correlations. It is understood that a more refined analysis will

improve upon this (see Section 5.1).



89

Table 3.11: Summary of the amplitude and asymmetry of backgrounds. The
uncertainties have been symmetrized for summary purposes and later use in the
MSW analysis of Section 4.4. The internal neutrons are a combination of photo-
disintegration and more exotic sources (atmospheric neutrinos, fission, 2H(α, α)pn,
and 17O(αn) reactions).

background Amplitude Asymmetry

internal neutrons 51.7 ±9 31 ± 4%

external neutrons 27 ±8 6.9 ± 0.7%

D2O β-γ 20.4 ±9 31 ± 4%

H2O+ 9.1 ±6 6.9 ± 0.7%

AV β-γ (combined) ≈ 0

PMT β-γ 16 ±10 ≈ 0

Table 3.12: Systematic errors for instrumental parameters. Note that the differential
sacrifice is treated as negligible for the MSW analysis of Section 4.4.

instrumental parameter αav αdif

energy non-linearity ± 0.23% neg.

energy scale ± 1.21% ± 0.14%

radial shift ± 1% ± 0.20%

radial resolution ± 2.0 cm ± 1.13 cm

energy resolution ± 4.5% ± 0.05%

sacrifice ± 0.30% ± 0.3%

neutron capture ± 3.68% neg.
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Chapter 4

INTERPRETATION

In this chapter the data are compared to various models. The simplest of these

models is the so called null hypothesis, which assumes that there are no particle physics

processes that change the nature of the electron neutrinos after their production in

the Sun. The simplest extension to this model is to allow the neutrinos to change

flavor, but in a way that does not depend on energy or zenith angle. This allows for

the construction of a model, linear in the physics parameters, which will prove useful

in making a null-hypothesis test. We then allow our model to have a neutrino flux

which can be different from day to night, thus measuring the day-night asymmetry.

Finally, we consider a detailed MSW model which includes flavor change, day-night

asymmetry, and spectral distortions. This information will be encoded through the

non-linear MSW parameters ∆m2, tan2 θ.

4.1 General Formalism

We now define the log-likelihood function for the combined set of physics parameters,

e.g. η = {∆m2, tan2 θ...} and systematics α = {Energy-scale, AV background,...}.
The complete set of information about these parameters is contained in both neutrino

data and in the calibration data. Here the term calibration data refers to data collected

outside of the neutrino window and with non-neutrino runs. For each value of the

parameters {η, α}, one can calculate the probability of observing our two data sets

Pν = Prob(ν data|η, α) and Pcal = Prob(cal data|α) (4.1)
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where these are read as conditional statements; the probability of generating a data

set, given the parameters η and α. However, we note that the calibration data set does

not depend on η. Because the two data sets are distinct, the joint probability function

is defined as the product of the two functions. To learn about our parameters, we can

either study this or equivalently the log-likelihood function L1.

L = −2lnPtotal, Ptotal = PνPcal (4.2)

To construct the neutrino part of L, one must first have a model for the number

density of events µ, discussed extensively in Section 3.6. µ is distributed over the

measurable quantities X = {T,R3, cos θ�, ...} and also depends continuously on both

physics parameters and systematics.

µ = µ(X|η, α) (4.3)

It can be read as a conditional statement, with µ(X|η, α) being the expected number

of events in bin X, given the values of α and η. We define the total expected yield

S(η, α) =
∑
X

µ(X|η, α) (4.4)

The normalization is such that S(η, α) is the total number of expected events for the

particular choice of physics parameters and systematics.

The neutrino part of the likelihood function is then given by the Poisson equation

Pν(η, α) =
∏
X

e−µ(X)µ(X)n(X)

n(X)!
(4.5)

where n(X) is the distribution of measured events into the bins X. This turns out

not to be the most efficient way of calculating the log-likelihood function, since most

of the 61200 bins do not contain events (i.e. n(X) = 0 for those bins). Taking the

1This is not the standard definition of the log-likelihood function. The factor of -2 is used here
for convenience, so that in the Gaussian limit L → χ2
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logarithm, we find, up to an additive constant,

−2lnPν = 2
∑
X

µ(X|η, α) − 2
∑
X

n(x)ln µ(X|η, α) + const.

= 2S(η, α) − 2
N∑
m=1

ln µ(Xm|η, α) + const.

(4.6)

Here we have switched to a summation over individual events, with the index m

labelling each event. There are a total of only N = 2928 events, and so we have greatly

reduced the computational effort. Each event is expressed by a specific assignment to

X, i.e. Xm = {Tm, R3
m, ...} and, for each event, we calculate the value of the number

density model µ(Xm|η, α).

Calibration data is studied to measure the values of instrumental parameters and

backgrounds. Collectively, we refer to these measurements as αcal, with error matrix

σ2
α. If our uncertainties are non-zero, the true values of the parameters α may

deviate from best-fit calibration values. In the case that the deviations from best fit

are Gaussian distributed, we write

−2lnPcal(α) = (α − αcal)
Tσ−2
α (α − αcal) + const. (4.7)

The values of αcal and the diagonals of σ2
α are given in Tables 3.11 and 3.12. The

constant in Eqn. 4.7 includes ln(2π) terms, but these are unimportant here. Although

we have assumed a Gaussian, the form of Pcal(α) can be completely general. A simple

generalization would be to allow for asymmetric errors by using a skewed function

instead of a Gaussian.

The total log-likelihood function is therefore, to within a constant

L = 2S(η, α) − 2
N∑
m=1

ln µ(Xm|η, α)

+ (α − αcal)
Tσ−2
α (α − αcal)

(4.8)

If desired, one could add terms to the likelihood function which include information

from other experiments and/or solar models. This is done in Section 4.7.
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4.1.1 Physics Models

We now consider the physics parameters η, which are specific to the physics model we

are studying. Recall from Section 3.6 that the idealized model is given by µo(X|η),
which is the same thing as µ, but with backgrounds set to zero and the instrumental

parameters set to their best fit calibration values (α = αcal). For this discussion, it

will suffice to talk about µo. The reader should recall that it is constructed out of the

PDFs ρ(X|η) and expected number events S(η) for each reaction.

µo(X|η) = φtot × (Sccρcc + Sesρes + Sncρnc) (4.9)

where φtot is the flux of 8B neutrinos, relative to the SSM. (Note that hep neutrinos

are treated as a background.) We will be studying the following models, listed in

order of increasing complexity.

• Model 1. The Standard Model of Particles and Fields

The simplest model assumes that there are no particle physics processes that

change the nature of the electron neutrinos after their production in the Sun.

In this case, there is only a single physics parameter φtot (which is free to float).

For the neutrino part of the model, we have

µo(X) = φtot × {Sccssmρcc(X|ssm) + Sesssmρ
es(X|ssm) + Sncssmρ

nc(X|ssm)}
(4.10)

where we have used the notation ssm to indicate that the physics parameters

are fixed to describe the standard solar model. However, Model 1 is not quite

the same as the Standard Solar Model, which also constrains the relative flux

φtot by astrophysical arguments.

• Model 2a. The Linear Flavor Change Model

The simplest extension of the above model is one that allows the flux of solar

neutrinos to have two components φtot = φe+φµτ . Since SNO can not distinguish
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between µ and τ neutrinos, we have defined φµτ ≡ φµ + φτ . The motivation for

this model comes from neutrino oscillation, where the oscillation is described by

the survival probability Pee. If we assume that Pee is independent of energy or

zenith angle (which is a good approximation for many regions of MSW space)

then we can construct our model as

µo = φtot × {PeeSccssmρcc(X|ssm)

+ (Pee + ε(1 − Pee))Sesssmρes(X|ssm)

+ Sncssmρ
nc(X|ssm)}

(4.11)

where ε = 0.1559 is the ratio of the ES cross section for νµτ to the ES cross

section for νe (averaged over Teff with a threshold of 5.0 MeV). One can further

simplify this model by changing to the linear parameters

φe = φtot × Pee φµτ = φtot × (1 − Pee) (4.12)

giving

µo = φe {Sccssmρcc(X|ssm) + Sesssmρ
es(X|ssm) + Sncssmρ

nc(X|ssm)}

+ φµτ {εSesssmρes(X|ssm) + Sncssmρ
nc(X|ssm)}

(4.13)

Our model now has one additional degree of freedom, with Model 1 being de-

scribed in the limit φe → φtot, φµτ → 0. This allows for a null hypothesis test.

If φµτ is significantly different from zero, then the standard model of particles

and fields is considered insufficient to describe the creation and propagation of

solar neutrino. Somehow there is a conversion of electron neutrinos into µ or τ

neutrinos.

• Model 2b. Constrained Linear Day-Night Model

A simple modification to Model 2a is one where the νe flux is allowed to be

different from day to night. We continue to assume that there are no observable

spectral distortions for either day or night and simply extract separate flux
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amplitudes for day and night. For convenience, we use the parameters φe and

φtot. (This is simply a linear transformation of the pair φe, φµτ .) During the

day we require two free parameters φeD, φtot, and during the night φeN , φtot.

The parameter φtot is common to both zenith bins. The motivation for this

model is that there are large regions of MSW space which predict a significant

day-night asymmetry without significant spectral distortions. For oscillation to

active neutrinos, there can be no asymmetry in the total flux, so we have fixed

φtot to be the same for day and night. We will define the asymmetry parameter

Ae = 2
φeN − φeD
φeN + φeD

(4.14)

Measuring Ae �= 0 would therefore be an indicator for MSW physics beyond

that of simple flavor change.

• Model 2c. Unconstrained Linear Day-Night Model

More general still, we might have a sterile neutrino component. In this case, the

active neutrino flux need not be the same from day to night. This requires yet

another free parameter, bringing the total to {φeD, φeN , φtotD, φtotN}. If desired,

we could derive the results of Model 2b by adding a constraint φtotD = φtotN

to the results of Model 2c. By adding yet another constraint, φeD = φeN , we

would re-derive the results of Model 2a.

• Model 3. Two Active Neutrino MSW Model

Until now, we have assumed that there are no measurable spectral distortions.

Relaxing this constraint, we consider the MSW oscillation model between two

active neutrinos. In this case, there are 3 physics parameters (φtot,∆m
2, tan2 θ).

We no longer approximate the survival probability as energy independent. The

flux suppression previously described by φe �= φtot is now encoded in the model
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Table 4.1: Various models considered for the likelihood analysis.

Model parameters assumptions

1 φtot no particle physics affecting neutrinos

2a φe, φµ no spectral or zenith distortions

2b φeD, φeN , φtotD(= φtotN) no spectral distortions, active only neutrinos

2c φeD, φeN , φµD, φµN no spectral distortions

3 φtot,∆m
2, tan2 θ active only neutrinos

via the survival probability Pee(∆m
2, tan2 θ).

µo(X|φtot,∆m2, tan2 θ) = φtot × {Scc(∆m2, tan2 θ)ρcc(X|∆m2, tan2 θ)

+ Ses(∆m2, tan2 θ)ρes(X|∆m2, tan2 θ)

+ Sncssmρ
nc(X|ssm)}

(4.15)

The model of the NC reaction is unchanged because the thermal neutrons carry

no information about the neutrino spectrum and Atot = 0 for this model. How-

ever, this model does have large regions of parameter space which predict a

day-night dependence in the νe flux. The complication of this model comes

from the fact that the parameters ∆m2, tan2 θ are non-linear. These complica-

tions will be dealt with in Section 4.4.

We will use different techniques to extract the parameters for the various models.

These techniques are explained in Appendix 1. To understand the uncertainty on the

extracted parameters, the model is expanded to describe the systematics α. These

parameters describe how the model deviates from its ideal form µo, due to a change

in an instrumental parameter or the addition of a background. The details of this are

discussed in Section 3.6 and Appendix A.1.
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4.2 A Preliminary Null Hypothesis Test (Model 2a)

This section is largely drawn from [52]. Model 2a has two physics parameters φe and

φµτ , which are extracted according to the techniques of Appendix A.2. We begin by

fixing all of the systematic parameters (including background amplitudes) to their

calibrated values αcal and minimizing L with respect to φe and φµτ . This gives us the

best fit values, with the second derivatives of L providing a statistical error matrix

for the pair of parameters. The parameters φe and φµτ are defined relative to the

SSM. Here we multiply them by 5.05 × 106 to convert them to flux units.
 φe

φµτ



best fit

=


1.76

3.41


 × 106cm−2s−1 σ2

φ(stat) =


 0.00292 −0.01662

−0.01662 0.20612




(4.16)

From this matrix, the square-root of the diagonals gives us the single parameter

statistical variances σe and σµτ , while
σ2

e,µτ

σeσµτ
= −0.678 gives the statistical correlation.

We wish to use the calibration data to determine how the results vary with the

systematics. One by one, we perturb each systematic parameter α[k] by an amount

±σα[k]. This allows us to repeat the extraction of φe and φµτ . The amount by

which these physics parameters are shifted defines the systematic uncertainty on

them. These perturbations are shown in Table 4.2 and are combined to give the

total systematic error. The final results are

φe = 1.76 ± 0.05(stat.)+0.09
−0.09(syst.) × 106cm−2s−1

φµτ = 3.41 ± 0.45(stat.)+0.48
−0.45(syst.) × 106cm−2s−1

(4.17)

These results are represented graphically in Fig. 4.2 as an ellipse in the φe, φµτ plane.

By combining the statistical and systematic errors in quadrature, we see that

φµτ√
σ2
µτ (stat.) + σ2

µτ (syst.)
= 5.3 (4.18)

We therefore reject the null hypothesis (Model 1) with a significance of 5.3σ. This is

the result reported in [52].
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Table 4.2: The effect of time averaged systematics on the flux extraction. The pertur-
bations are relative to the SSM, so one must multiply by 5.05×106 to get absolute flux
units. The cross section uncertainty, discussed in [52], is largely correlated between
φe and φtot and so does not contribute to the significance of Equation 4.18.

instrumental parameter αav δφe δφµτ

energy non-linearity ± 0.23% ∓ 0.0012 ± 0.0132

energy scale ± 1.21% -0.0152,+0.0154 +0.0683,-0.0725

radial shift ± 1% -0.0098,+0.0096 -0.0089,+0.0147

radial resolution ± 2.0 cm -0.0000,+0.0000 -0.0056,+0.0056

energy resolution +4.5
−0.0% +0.0000,-0.0012 -0.0000,+0.0286

cut acceptance +0.4
−0.2% +0.0013,-0.0007 +0.0029,-0.0017

neutron capture ± 3.68 % -0.0000,+0.0000 -0.0408,+0.0425

internal neutrons 44 +8
−9 events +0.0001,-0.0001 -0.0145,+0.0159

external neutrons 27 +8
−8 events -0.0000,+0.0001 -0.0112+0.0106

D2O β-γ 20 +13
−6 events +0.0010,-0.0004 -0.0264,+0.0118

H2O+AV β-γ 9 +5
−7 events +0.0001,-0.0000 -0.0036,+0.0090

PMT β-γ 16 +11
−8 events +0.0006,-0.0006 -0.0213,+0.0158

Total Experimental +0.092
−0.092

+0.442
−0.437

Cross Section L1A ± 1.8% ± 1.4%

4.2.1 A Look Ahead

Equation 4.18 assumes that the parameter φµτ is Gaussian distributed, and this may

be slightly incorrect. A more general null-hypothesis test is the likelihood-ratio test,

described in Section 4.5. In that section we will also add additional information,

allowing the neutrino data to further constrain the size of our systematic errors. This

will be seen to significantly improve the result shown here.
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Figure 4.1: Contributions to the fit to SNO data from CC, ES, and NC signals, as
well as backgrounds. While the fit was made to a 3-dimensional distribution, we have
shown the projection onto three separate axes. For each signal, the PDF shapes are
those of the SSM. The error range for each signal is therefore due only to uncertainties
in the amplitudes (φe and φµτ and backgrounds). Figures created by Mark Boulay,
Aksel Hallin, Scott Oser, and Vadim Rusu.
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Figure 4.2: Graphical representation of extracted fluxes. The ellipses show lines of
constant ∆L from the best fit solution. The ∆L = 1 ellipse is appropriate for defining
the 1σ error on any one parameter φe or φµτ (recall that L is defined to be the same
thing as χ2 in the Gaussian limit). These error ranges are also shown as bands (red
for φe and green for φµτ ). The blue band shows the 1σ error on φtot = φe + φµτ . The
∆L = 11.8 contour encloses the 99.73% allowed region for the pair of parameters
(φe, φµτ ). The ∆L = 28.1 contour just touches the axis φµτ = 0. This tells us to what
extent the null hypothesis (Model 1) is allowed. Because the alternate hypothesis
has one additional degree of freedom φµτ , ∆L = 28.1 is equivalent to a 5.3σ rejection
of Model 1.

Note: This figure was constructed only approximately. The 1σ errors and covari-
ance were derived for the two physics parameters. The likelihood function was
then approximated to be a 2-dimensional Gaussian, defined by the measured er-
rors and covariance. This Gaussian likelihood was than used to generate the contours.

This is a variant of a figure created by Andrew Hime.
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4.3 Measuring the Day-Night Asymmetry (Models 2b and 2c)

4.3.1 Aactive floating (Model 2c)

We now repeat the flux extraction for the 4 parameter linear model (with parameters

φeD, φeN , φtotD, φtotN). Once this extraction has been performed, we can choose to

change basis to

φe =
tNφeN + tDφeD
tN + tD

φµτ =
tN(φtotN − φeN) + tD(φtotD − φeD)

tN + tD

Ae = 2
φeN − φeD
φeN + φeD

Atot = 2
φtotN − φtotD
φtotN + φtotD

(4.19)

Strictly speaking, the last two variables are no longer Gaussian distributed, since they

are a non-linear function of Gaussian distributed variables. However, in practice,

their non-Gaussian behavior is negligible. Since we have already studied the first two

variables, we will focus our attention on the latter two. These are the asymmetry

parameters. If Ae is significantly different from zero, we will conclude that there

is some matter enhanced oscillation occurring in the Earth. If Atot is significantly

different from zero, we will conclude that the matter enhanced oscillation in the

Earth involves a sterile component.

The systematics propagate as shown in Table 4.4 and the resulting asymmetries

are

Ae = 12.8 ± 6.2(stat.) ± 0.9(syst.)%

Atot = −24.2 ± 16.1(stat.)+2.2
−2.6(syst.)%

correlation = −0.602

(4.20)

These results are represented graphically in the left hand panel of Fig. 4.3. By study-

ing the χ2 distribution for ν = 2 degrees of freedom (Appendix A.5, we note that

the pair of day night asymmetries are different from (0,0) at the 88.8% confidence

level (1.59σ). The single parameter Atot, independent of Ae, is different from zero
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at the 86.6% confidence level (1.50σ). These probabilities are considered not to be

statistically significant.

4.3.2 Aactive fixed (Model 2b)

The day-night results of the previous section are statistically weak. In particular, we

see no evidence for an asymmetry in the total flux of active neutrinos. In addition,

theoretical models for the oscillation of electron neutrinos into other active flavors

predict Atot = 0. It is therefore reasonable to constrain our experimental results to

give Atot = 0. This generates a new model, with only three parameters (φeD, φeN , φtot).

We can either perform the signal extraction with just these parameters, or else take

the four measurements from the previous section and constrain them. Either way, we

get the same result.

Ae = 7.0 ± 4.9(stat.) ± 0.9(syst.)% (4.21)

Table 4.3: Various questions one can ask about the day night asymmetry.

Question d.o.f. ∆L confidence significance

level

Is there an asymmetry 2 4.37 88.8% 1.59σ

of any kind?

Is there an asymmetry in the 1 2.26 86.6% 1.50σ

total neutrino flux?

Do we see an asymmetry for νe 1 2.00 84.3% 1.41σ

(with Atot constrained to zero) ?
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Table 4.4: Summary of how differential systematics affect the day-night asymmetries.
Ae and Atot are typically expressed as percentages themselves, so that δAe and δAtot
are also percentages. A number of systematics are evaluated differently than those
of [53]. In particular, the diurnal energy scale and resolution are much more strongly
constrained here. In addition, the uncertainty due to finite Monte Carlo statistics
is introduced here for the first time. The number of D2O backgrounds events is
important because it is the largest contaminating asymmetry, which is incorrectly
subtracted if we have incorrectly estimated the number of events.

Systematic αdif δAe (%) δAtot (%)

diff. energy scale (long term) ±0.14% -0.34, +0.36 +0.12, -0.40

diff. energy scale (diurnal) ±0.015% -0.06, +0.06 +0.07, -0.02

diff. vertex shift ±0.20% -0.44, +0.50 -0.72, +0.55

diff. vertex resolution ±1.13 cm -0.15, +0.15 +0.47, -0.30

diff. energy resolution ±0.05% -0.00, +0.00 +0.00, -0.00

diff. sacrifice ±0.30% +0.30, -0.30 +0.30, -0.30

asymmetry of D2O backgrounds 31±4% +0.04, -0.04 -0.65, +0.67

asymmetry of H2O backgrounds 6.9±0.7% +0.07, -0.03 -1.49, +0.63

no. of D2O backgrounds events 72.1 +12.7 -0.01, +0.02 -0.41, +0.40

finite MC statistics
√
NMC ±0.55 ±1.78

Total + 0.89, - 0.85 +2.19,-2.61
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Figure 4.3: Graphical representation of extracted asymmetries. The left hand
panel, provided by Scott Oser, shows joint confidence ellipses for the pair of
extracted parameters Ae, Atot. These contours are not appropriate for interpreting
the uncertainty on any single parameter. We also show the 68% confidence region
provided by the SK experiment (yellow band). Because the ES signal of SK is not
separated into charged and neutral current components, it can only constrain the
allowed region in one direction.

The right hand panel shows some specific contours. The ∆L = 1 contour is that
appropriate for determining the variances of the individual parameters. (Recall that
L → χ2 in the Gaussian limit.) On the other hand, the ∆L = 4.37 contour just
intersects the point (0,0). This tells us that the pair of parameters are different from
zero at the 88.8% confidence level (1.59σ)

The ∆L = 2.26 contour just touches the Atot = 0 axis. Since Model 2c has one fewer
parameters than Model 2b, ∆L = 2.26 is equivalent to a confidence level of 86.6%
(1.50σ) for rejecting the hypothesis that Atot = 0. This is a weak result and, given
that many theoretical models do not allow an asymmetry in the total active flux,
we constrain Atot to zero. By increasing L by an additional +1, we find the single
parameter variance for Ae with Atot constrained to be zero (red bar). By instead
increasing L by +2 (to 4.26), we just touch the Ae = 0 axis. This tells us that (with
Atot constrained to zero) we have seen evidence for a non-zero Ae at the

√
2.00 = 1.41σ

level.
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4.3.3 Combining with SK Day-Night results

The Super-Kamiokande experiment has measured the day-night asymmetry with the

ES reaction. Assuming that there is no NC asymmetry, their measurement is diluted

by the NC component of the ES reaction. One can use the SNO data to remove

this dilution. Using the SNO-only measurement of φtotal from Section 4.3.2, we can

combine with the SK ES measurements to get (see Appendix A.3)

ASKe = ASKES

(
1 − 2ε φSNOtotal

φSKES,D + φSKES,N

)−1

(4.22)

From Section 4.2, we have φSNOtotal = 5.17± 0.42(stat.)× 106 and, from SK2 we have

φSKES,N = 2.36 ± 0.04(stat.) ±+0.08
−0.07 (sys.) and φSKES,N = 2.28 ± 0.04(stat.) ±+0.08

−0.07 (sys.).

Thus we get

ASKe = 5.3 ± 3.7+2.0
−1.7% (4.23)

Slightly different results are obtained for different choices of φSNOtotal . Here we have

used the measurement with Atotal = 0, so we can make a comparison to the final SNO

asymmetry. This result corresponds to the intersection of the yellow band in Figure

4.3 with the Atot = 0 axis.

The two results ASKe and ASNOe are uncorrelated. This is because the parameters

φSNOe,N and φSNOe,D were not involved in the derivation of Equation 4.22. We can therefore

combine them in quadrature.

ASK+SNO
e = 6.0% ± 3.2% (4.24)

This is 1.9σ different from zero (94% confidence level). This is suggestive, but still

no smoking gun, for a day-night asymmetry for electron neutrinos.

2For the SK ES systematic errors, we choose to use a correlation ρ(φSK
D,ES , φSK

N,ES) = +0.93.
This correlation reproduces the systematic errors for ASK

ES . The statistical errors are uncorrelated
between day and night bins.
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4.4 MSW Contour Analysis (Model 3)

We now examine the non-linear Model 3, with the intention of drawing contours in the

MSW plane. There are three physics parameters η = {φtot,∆m2, tan2 θ} and a set of

systematics α, including both instrumental parameters and background amplitudes.

The treatment of systematics, used in Sections 4.2 and 4.3, will become difficult to

implement here. In that section we calculated flux values such as φe and φµτ . We

then perturbed the analysis by a discrete amount ∆α = σα for each systematic, to

derive a discrete perturbation (δφe, δφµτ ). If we were to repeat that procedure here,

we would generate a large number of alternate MSW contours, with no method of

combining them. Instead we must treat each systematic α as a continuous parameter

and so must consider the full log-likelihood function L(η, α). Our problem now comes

down to the following.

We pick a confidence level, say 99%. For each MSW point ∆m2, tan2 θ, we ask if

there is any value of φtot and the systematics α which would cause this point to be

allowed with 99% confidence. If so, we include this point within the 99% contour.

The practical implementation of this is that we must minimize L(η, α) with respect to

α and φtot. The approach used for performing this minimization is given in Appendices

A.1 and A.4, with only a brief outline given below. Because we are using the full log-

likelihood function, we are allowing the neutrino data to further constrain the possible

values of the systematics parameters. For example, the measurement of the end point

of the 8B neutrino spectrum provides a strong constraint on this size of the energy

scale uncertainty. This approach of fitting for systematics has been used in high

energy physics, cosmology, and economics. The application of this approach to MSW

analysis was introduced in [54], although it appears that we independently stumbled

across it3.

3The idea of using the 8B end point to fit for the energy scale was proposed by Hamish Robertson
and Karsten Heeger. This was later expanded to include all systematics by Joe Formaggio, Scott
Oser and Miles Smith.
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To a very good approximation, because α is small, we can expand the model as a

linear function of the systematics. This provides a continuous parametrization of L
with respect to α.

µ(X|η, α) = µo ×
[
1 + βT (α − αo)

]
(4.25)

where µo(X|η) is independent of α and

β(X|η) =
1

µo

∂µ

∂αT

∣∣∣∣
α=αo

(4.26)

For instrumental parameters, we set αo = αcal, so that µo (the model we expand

around) includes our best estimate of the detector response. However, for background

amplitudes, we set αo = 0, so that µo also describes a detector with zero backgrounds.

The next step is, for each point of the MSW plane, to minimize L with respect

to φtot and the systematics α. To facilitate this, we split φtot up into two parts

φtot = φo+∆φ, where φo is the flux that one would infer if the model µo were correct.

We retain φo as one of the physics parameters η. However, we define a new parameter

α[0] = ∆φ
φo

and add this to the list of perturbative parameters in Equation 4.254. The

log-likelihood function now naturally breaks into two parts.

L(η, α) = Lo(η) + L′(η, α) (4.27)

There are no systematics or backgrounds contributing to the definition of Lo and it

is minimized by φo (which has an analytic solution). This intermediate solution, is

shown in Fig. 4.4. The remaining term L′ is expanded to 2nd order5 in α. We minimize

with respect to α, including the newly defined α[0] = ∆φ
φo

. The minimized solutions

of Lo and L′, added together, provide the definition of the final MSW contours. This

is shown in Fig. 4.5.

4The hep flux, although not strictly a background, is also treated as a perturbative parameter.
5A 2nd order expansion is necessary for stability, even though α is small
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Figure 4.4: Contours for Lo, with nominal values of the instrumental parameters and
backgrounds set to zero. This is not the final solution to the problem of drawing
MSW contours, only an intermediate step. See figure 4.5 for the final set of contours.
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In addition to defining MSW contours, we have used the neutrino data to further

constrain the values of the systematics parameters. The results of this are shown in

Table 4.5. We initially assumed that the systematic parameters were uncorrelated

(an approximation that is discussed in Section 5.1). The process of allowing neutrino

data to further constrain the parameters induces some correlations, although these

are not shown in the table. (We would need to show a 15 × 15 matrix.) The actual

size of the uncertainties has also changed. For example, we see that the error range

for the energy scale is reduced from 1.21% to 0.79%. If we kept adding neutrino data,

we would continue to constrain this parameter, limited only by statistics. On the

other hand, the uncertainty on the sacrifice is unchanged by the addition of more

data (because, in this case, the sacrifice is completely correlated to the flux φtot).

4.4.1 Check of Approximations

A natural question to ask is whether we have over-approximated by making an ex-

pansion in α. This was done to make the problem analytic, with the large number

of parameters making a numerical solution unattractive. However, a full numerical

solution is relatively fast if we restrict ourselves to one or two systematics, while

keeping the others fixed at zero. This was done for each systematic separately and

compared to the corresponding approximate analysis. Essentially no changes were

observed between the approximate and full treatment. The only thing that was not

checked was the linearization of the instrumental parameters. However, the linear and

full versions of the model were compared directly and seen to be essentially identical.

Theoretical Systematics

We have omitted the theoretical systematics for the intrinsic neutrino spectrum, cross

sections, and earth-density model. The implications of this are discussed in Section

5.1 and in Appendix A.7.
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Table 4.5: Systematics, before and after fitting. We have only shown fitted values
for ∆m2 = 10−4.3, tan2 θ = 10−0.43. The difference between the errors in the two
columns is a measure of how much information we gain by allowing the neutrino
data to serve as an additional constraint on the size of systematics. For this MSW
point, the solution of Lo gives φo = 5.94 × 106, although remember that this is
calculated by ignoring backgrounds and systematics. The final calculation is given
by φ = φo × (1 + α[0]) = 5.55 ± 0.20 × 106. Theoretical systematics have not been
considered at this stage (see Section 5.1 for a discussion).

parameter α[k] initial value fitted value (shown here

assigned to χ2
cal for best fit ∆m2, tan2 θ)

0. α[0] = ∆φ
φo

0 ±∞ −0.0651 ± 0.0334

1. energy non-linearity 0 ± 0.0023 −0.0001 ± 0.0023

2. energy-scale 0 ± 0.0121 0.0056 ± 0.0079

3. radial-shift 0 ± 0.0100 −0.0033 ± 0.0084

4. radial-resolution 0 ± 2.0 cm 0.99 ± 1.59 cm

5. energy-resolution 0 ± 0.0450 −0.0214 ± 0.0300

6. diff. energy-scale 0 ± 0.0014 3 × 10−5 ± 0.0014

7. diff. radial-shift 0 ± 0.0020 0.0003 ± 0.0020

8. sacrifice 0 ± 0.0030 0.0000 ± 0.0030

9. neutron-capture 0 ± 0.0368 −0.0084 ± 0.0348

10. internal neutrons 51.70 ± 9.00 50.98 ± 8.94

11. external neutrons 27.00 ± 8.00 27.10 ± 7.87

12. D2O β-γ 20.40 ± 9.00 19.71 ± 8.62

13. H2O+AV β-γ 9.10 ± 6.00 4.10 ± 4.35

14. PMT β-γ 16.00 ± 10.00 14.49 ± 9.43

15. φhep 1 ± 0 1 ± 0
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4.5 Rethinking Hypothesis Testing

4.5.1 Revisiting our Null Hypothesis Test

We now reconsider Model 2a, which we previously studied in Section 4.2. In that

section we did not allow the neutrino data to provide any additional information

about the systematic parameters. We now lift that constraint and see that we get a

marked improvement in the rejection of the null hypothesis (Model 1).

For a later comparison, we describe Model 2a in terms of the two parameters

φtot and Pee, the latter being the survival probability (assumed for Model 2a to be

energy and zenith angle independent). We use the same methods as those described

in Section 4.4, except that Pee is now a single free parameter, neither dependent on

∆m2, tan2 θ, nor on energy or zenith angle. We then extract the flux φtot for each

value of Pee, producing the blue curve shown in Fig. 4.6. The minima of L with

respect to Pee is compared to the null hypothesis Pee = 1. The likelihood ratio test

[55] tells us that the test statistic ∆L = L(Pee = 1)−L(best fit) provides a measure

of how preferred the more general model is over the null hypothesis. We see that the

difference between the best fit for Model 2a and the model at Pee = 1 is ∆L = 54.313.

For a comparison of two models, where one has an additional degree of freedom over

the other (in this case Pee), this is equivalent to a significance of 7.37σ.

Table 4.6: Three null hypothesis tests. The significance tells us to what degree we
reject the null hypothesis in favor of the alternate hypothesis.

null alternate ∆L = additional significance

hypothesis hypothesis Lmin(null) − Lmin(alt) d.o.f.’s

Model 1 Model 2a 54.313 1 7.37σ

Model 1 Model 3 56.414 2 7.21σ

Model 2a Model 3 2.102 1 1.45σ
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over a grid in ∆m2, tan2 θ, and so appears as a scatter plot. The best fit of model 3
is used as the reference point for calculating δL.

We note the improved rejection of hypothesis 1, compared to the simple treatment

of Section 4.2. There are two significant changes between Section 4.2 (where we

calculated 5.3σ) and the new analysis (7.4σ).

• We have allowed the neutrino data to further constrain the possible values of the

systematics.

• We used the likelihood ratio test, which is symmetric with respect to the two

hypotheses and makes no assumptions about how the additional parameter φµτ is

distributed. In Section 4.2, φµτ was assumed Gaussian distributed.
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4.5.2 Some New Hypothesis Tests

We shall now consider some additional hypothesis tests. The full MSW model has two

additional degrees of freedom over the null hypothesis (Model 1). We can compare

the fit to these models, finding a difference ∆L = 56.414. However, because there are

two additional degrees of freedom, the rejection of the null hypothesis is made with

a significance of only 7.21σ (see appendix A.5). We see that the linear flavor change

model is slightly more powerful in rejecting the null hypothesis.

We now switch to a new null hypothesis test, comparing Models 3 and 2a. Model 2a

has two physics parameters (φtot and Pee) and Model 3 has three (φtot, ∆m2, tan2 θ).

We create a correspondence between the models by changing the basis for Model 3

{∆m2, tan2 θ} → {< P >cc, ζ}. Here < P >cc is the average value of the survival

probability for the CC reaction6, defined in Fig. 1.6. For Model 2a, < P >cc and

Pee are identical. The second parameter ζ is redundant when comparing the models

and there are a number of ways to construct it so that Model 3 reduces to Model

2a as ζ → 0. Figure 4.6 shows the comparison of the two models. Because Model 3

is defined on a grid, it is shown as a scatter plot. For Model 2a, Pee is a non-linear

parameter, hence the non-quadratic shape of δL. A symmetric figure is obtained if

we plot against e.g. φµτ = φtot(1 − Pee), although the conclusions are identical. We

note that the two models converge as Pee → 1, where there is a high density of points

for Model 3. This is because the lower left quadrant of the MSW plane describes only

very weak oscillation. In Table 4.6, we see that Model 3 is preferred over Model 2a

at just 1.45σ. This is telling us that there is a slight preference for a model which, in

addition to flavor change, allows for distortions in the day and night spectra.

6Actually, there are a number of choices we could have made for the correspondence between the
models. The above may not be the most ideal choice but is expected to be close to optimal.
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4.6 Exclusion Region from Day-Night and Spectral Shape

We saw in the last section that the addition of day-night asymmetry and spectral

distortions, as described by two neutrino MSW oscillations, is only weakly favored

over a simple flavor change model. However, we know that there are large regions

of the MSW plane which predict significant spectral distortions and day-night asym-

metry (see Figures 1.7 and 4.3). This means that the day-night and spectral shape,

independent of the flavor change component of the model, must be strongly excluding

these regions.

For each ∆m2, tan2 θ, we ask if Model 3 is a much worse fit than Model 2a. To do

this we calculate < P >cc for Model 3 and compare this to Model 2a, evaluated at

Pee = < P >cc. Both φtot and Pee are free parameters in the comparison, so we have

increased the number of degrees of freedom by one in going from Model 2a to 3. The

99.73% exclusion region, due to day-night asymmetry and spectral shape information,

therefore corresponds to δL > (3σ)2 = 9. This excluded region is shown as a dashed

green line in Figure 4.7, where we again show the allowed regions for comparison.

The 99.73% allowed region is not the complement of our excluded region because the

former includes information about the average survival probability Pee (equivalently

the ratio φe/φtot). The exclusion region discussed here is independent of the average

survival probability.

4.7 Combining With Other Experimental Data

We wish to further constrain the MSW contours by adding data from other experi-

ments. To do this, we add two terms terms to the likelihood function.

Ltotal = LSNO + χ2
other exps. + χ

2
SSM (4.28)

The other experiments typically have bins with sufficient statistics, so that we can

use a χ2 measure for them. We also introduce a term χ2
SSM which constrains the pp,
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pep, and 7Be fluxes (but not the 8B flux) using the SSM. These fluxes have a much

more robust prediction from the SSM.

Prior to the analysis described in Section 4.4, the SNO collaboration pursued a

much simpler approach. The simpler analysis performed a χ2 fit to the day and night

energy distributions. This allows one to circumvent the need (and advantages) of

having the neutrino data to constrain systematic parameters. It is seen in Appendix

A.6 that the energy-only analysis produces very similar contours to Fig. 4.5, although

slightly more conservative. Also in Appendix A.6, we compare both analyses to the

published SNO contours of [53]. It is argued that the published analysis includes a

crude approximation that makes it unnecessarily conservative.

In Fig. 4.9, we have combined data from other experiments with the (unpublished)

energy-only SNO analysis. This involves a simultaneous χ2 fit to the SNO day and

night energy histograms, the SK day and night energy histograms, the measured

event rate for the Gallium and Chlorine experiments, and the predicted pp, pep and

7Be fluxes. Only a single region survives, as seen in Fig. 4.9. For interest, we have

replaced the grid with the contours of constant < P >cc and Ae.

Note: The contours presented here are considerably smaller than those of [1]. The

differences between the two analyses are discussed in Appendix A.7.
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Figure 4.8: Result of a combined fit of SNO day and night spectra, SK day and night
spectra, and the event rates of the Gallium and Chlorine experiments.
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Chapter 5

FUTURE WORK

5.1 Refinement of MSW Analysis

5.1.1 Theoretical Systematics

As pointed out in Section 4.4.1, there are some systematics neglected in our MSW

analysis.

• Uncertainty in the 8B neutrino spectrum

The neutrino spectrum used in our analysis was obtained from a fit to experimental

data and reported in [44]. The best-fit shape for this spectrum and its 1σ errors

(λo(Eν)± δλ(Eν)) are available from [56]. A simple way to include the uncertainty in

the spectrum is to assume that there is a single dominant systematic α. In this case,

one can write the spectrum as

λ(Eν) = λo(Eν) + α× δλ(Eν) (5.1)

This approach has the uncertainty completely correlated from bin to bin and some

investigation is needed to determine if this is appropriate.

A second approach would have us compare the spectra of different authors (e.g.

[57]), linearly interpolating between the two models with a parameter α. However,

this approach would tend to unnecessarily inflate this systematic. The Ortiz spectrum

of [44] is derived from a more refined experimental technique, so provides the best

estimate of the spectral uncertainty.

• Uncertainty in the SNO cross sections

We also neglected the uncertainty in the NC and CC cross sections. Fortunately, as
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described in [45], these can both be parametrized by a single linear parameter L1A.

One can even use the SNO data to provide additional constraint on this free parameter

of Effective Field Theory, although it is expected that very little information will be

gained [58].

• Uncertainty in the Earth Density Profile

This uncertainty has not been included and, in principle, one could do so with some-

thing similar to Eqn. 5.1. However, with the day-night uncertainty being statistically

limited, this is unlikely to be an important systematic.

Refer to Appendix A.7 for further discussion on how these systematics might be

affecting the MSW contours. There we examine the MSW contours of other authors

and find some significant differences from the analysis of Section 4.7.

5.1.2 Explicit Correlation Between Systematics

For all analyses, we assumed that the systematics were explicitly uncorrelated, taking

the error matrix σ2 to be diagonal1. This turns out to be a very good approximation

for instrumental parameters, which are each determined by separate calibration tech-

niques. However, for background amplitudes, there are some significant correlations

that we ignored.

The most significant explicit correlation is between the internal neutrons and

Cherenkov backgrounds, since these were related by a scaling parameter. A crude

estimate suggests that this correlation could be as large as +0.50. The second largest

correlation is thought to arise intrinsically from the radial decomposition of external

backgrounds, between the AV and H2O sources. However, we have summed these, so

the correlation is no longer important (see Section 3.4 for more details). Fortunately,

the backgrounds are small and the assumption of no correlation probably does not

1We later used neutrino information to further constrain these parameters and this process induced
correlations between the systematics.
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radically alter the final analysis.

5.1.3 Finer Binned Zenith Angle Information

Our division of data into day and night is perfectly correct, but does not use all of

the available information. There can be some additional dependence of the νe rate

on cos θz, the cosine of the solar zenith angle. For the LMA region, this dependence

is approximately linear with the path length through the Earth (L ≈ −2R cos θz for

cos θz < 0).

One can access this additional information by using more than two zenith angle

bins. Alternatively, since there is essentially no uncertainty in our measurement of

cos θz, we could leave the distribution unbinned as shown in Eqn. 3.26.

5.2 Future Phases of the SNO Experiment.

This thesis has presented an analysis of the first phase of SNO, the pure D2O phase.

The salt phase is currently underway and the NCD phase will follow soon.

5.2.1 The Salt Phase

During the salt phase, we have added 2 tonnes of NaCl to the D2O. This enhances

the capture of neutrons via

n+ 35Cl→ 36Cl + Σγ + e− EΣγ = 8.6MeV (5.2)

There is now a cascade of γ’s, with total energy 8.6 MeV, giving greater light output

for each neutron capture. In addition, the neutron capture efficiency is increased to

≈ 86%. Finally, the multiple γ’s yield a more isotropic distribution of light, allowing

for a stronger separation of neutron capture events from single electron events (CC

and ES). To make use of this, one adds an isotropy parameter (e.g. ΘIJ) to the set of

measurable quantities. Some care must be taken, because ΘIJ may depend strongly

on other parameters, such as the energy.
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5.2.2 The NCD Phase

The Neutral Current Detectors (NCDs), discussed in Appendix B.1, are an array

of proportional counters to be deployed into the heavy water volume. They are

constructed from 5cm-diameter thin-walled ultra-pure nickel and filled with a mix of

3He and CF4. An anode of Cu wire runs down the center, held at 1825 V. These

counters will detect neutrons via

n+ 3He→ p+ 3H+ + 764keV (5.3)

The proton and triton ionize the gas, with the ionized electrons cascading at the anode.

This produces a signal independent of the PMT array. The additional information

from the NCDs allows one to break the correlations shown in Figs. 4.2 and 4.3. A

simulation of how this occurs is shown in Fig. 5.1.

The total length of NCDs that can make up the array is Ltotal = 776 m, although

we wish to consider the possibility of deploying only a fraction of this (L < Ltotal). We

assume that the neutron capture efficiency on 3He increases linearly with L. Monte

Carlo simulations suggest that the efficiency is 47% for L = Ltotal. Cuts on the NCD

signal, designed to remove ionization events from α’s, will cut ≈ 50% of the captured

neutrons. We also assume that the light loss due to absorption of photons by nickel

increases linearly with L.

We use the SNOMAN Monte Carlo to simulate both a fully deployed array (L =

Ltotal) and a pure D2O configuration (L = 0). The simulation includes a model for

PMT loss during the future running of SNO. For simplicity, we consider only the

number of hit PMTs (Nhit), generating a distribution for each configuration. Using

linear interpolation, we create a model for the Nhit distribution as a function of L.

Backgrounds are taken to be the same as the D2O phase presented in Chapters 2 to 4.

The NCDs will introduce additional U and Th, with the number of decays increasing

linearly with L. We assume that this contributes an additional ≈ 4.5% uncertainty

to the total NCD background. No systematics are considered for this analysis.
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With a 1-dimensional distribution over Nhit, we are able to make a χ2 fit, ex-

tracting the two parameters φe and φtot, as well as the amplitude of the various

backgrounds. Additional constraints are added to χ2, accounting for the calibration

measurements of the backgrounds. A final term is added, corresponding to the NCD

measurement, constraining the total number of neutrons. The extracted physics pa-

rameters are shown in Figs. 5.1 and 5.2. We see that the uncertainties on φe and

φtot and the magnitude of the correlation decrease by adding NCDs. For a simula-

tion of 306 days of data, the optimal configuration for the measurement of φtot is one

where L ≈ 0.7. Other considerations, such as the sensitivity to day-night and spectral

distortions, will be studied before settling on a final NCD configuration.
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array deployed. Simulation is for 306 days of livetime. This is a variant of a figure
created by Jeff Manor.
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5.3 Future Neutrino Experiments

Borexino [59]

Borexino is a real time experiment, located at the Laboratori Nazionali del Gran

Sasso, Italy. It is designed to detect the elastic scattering of electrons by the 863

keV 7Be neutrino line. This is achieved by viewing 300 tonnes of liquid scintillator

with 2200 photomultiplier tubes. This will provide a critical data point. As discussed

in Section 1.2.2, one can constrain the three fluxes φpp+pep, φ7Be, and φ8B using the

measurements from Ga, Cl and water Cherenkov detectors. Unfortunately, if one uses

these data to constrain the flux of each reaction in a completely model independent

way, there is limited information for studying MSW parameters. That is why, in

Section 4.7, we chose to combine the experimental data with information the SSM

regarding the pp, pep and 7Be fluxes. By adding the information from Borexino, we

may be able to carry out a completely model independent MSW analysis. This may

provide the first model-independent evidence that the suppression of νe is not uniform

across all energies.

KamLAND [60]

The Kamioka Liquid-scintillator Anti-Neutrino Detector (KamLAND) is not strictly

a solar neutrino experiment. However, it is worth mentioning here because it is

sensitive to the same regions of MSW space as solar neutrinos experiments. It is

located in the Kamioka mine in Japan, with approximately 2000 PMTs viewing a

liquid scintillator core. Reactor anti-neutrinos are detected over baselines of 150 -

200 km. This length scale makes KamLAND sensitive to vacuum oscillations, with

similar values of ∆m2, tan2 θ to those that produce matter enhanced oscillation for

solar neutrino experiments. If KamLAND confirms the allowed region in parameter

space, this solution will have been identified with two completely independent sources.

There is no known mechanism that predicts flavor change for both solar neutrino

experiments and KamLAND, other than neutrino oscillation.



125

BIBLIOGRAPHY

[1] J. N. Bahcall, M. C. Gonzalez-Garcia, C. Pena-Garay. Before and After: How

has the SNO Neutral Current Measurement Changed Things? JHEP07, 054,

2002.

[2] J. N. Bahcall, M. H. Pinsonneault, and S. Basu. Solar Models: Current Epoch

and Time Dependences, Neutrinos, and Helioseismological Properties. Ap.J.,

555:990-1012, 2000.

[3] W. Pauli. Letter to Tubingen Conference. December 4, 1933.

[4] F. Reines, and C. L. Cowan Jr. Detection of the Free Neutrino. Phys. Rev. Lett.

92: 330, 1953.

[5] G. Danby, et al. Observation of High-Energy Neutrino Reactions and the Exis-

tence of Two Kinds of Neutrinos. Phys.Rev.Lett.9:36-44, 1962.

[6] The DONUT Collaboration. The Observation of Tau Neutrino Interactions.

Phys. Lett. B504, 218-224, 2001.

[7] G. Steigman, D. N. Schramm, and J. Gunn. Phys. Lett. B66, 202, 1977.

[8] R. H. Cyburt, B. D. Fields, K. A. Olive. Primordial Nucleosynthesis with CMB

Inputs. Astropart. Phys. 17, 87-100, 2002.

[9] The LEP Collaborations. Results from LEP Concerning the Width of the Z from

L3, ALEPH, OPAL and DELPHI. Physics Letters B 509,519,530,539, 1989.



126

[10] T. D. Lee and C. N. Yang. Parity Nonconservation and a Two-Component

Theory of the Neutrino. Phys. Rev. 105(5): 1671, 1957.

[11] H. A. Bethe. Energy Production in Stars. Phys. Rev., 55, 434., 1939.

[12] J. N. Bahcall. Neutrino Astrophysics. Cambridge University Press, 1989.

[13] A. S. Brun, S. Turck-Chieze, and J. P. Zahn. Ap.J., 555, 2001.

[14] J. N. Bachall. http://www.sns.ias.edu/˜ jnb/.

[15] R. Davis Jr., et al. Phys. Rev. Lett., 20, 1205 & 1209, 1968.

[16] B. T. Cleveland, et al. Measurement of the Solar Electron Neutrino Flux with

the Homestake Chlorine Detector. Astrophysical Journal v.496, p.505, 1998.

[17] J. N. Abdurashitov, et al. Solar Neutrino Flux Measurements by the Soviet-

American Gallium Experiment (SAGE) for Half the 22-Year Solar Cycle. JETP,

95, No.2:181-193, 1999.

[18] W. Hampel, et al. Phys. Lett. B, 447. 127, 1999.

[19] M. Altmann, et al. GNO Solar Neutrino Observatory: Results for GNO I. Phys.

Lett. B 490, 16, 2000.

[20] S. Fukuda, et al. Solar 8B and hep Neutrino Measurements from 1258 Days of

Super-Kamiokande Data. Phys. Rev. Lett. 86:5651-5655, 2001.

[21] S. Fukuda, et al. Determination of Solar Neutrino Oscillation Parameters Using

1496 Days of Super-Kamiokande I Data. Phys. Lett. B539:179-187, 2002.



127

[22] R.G.H. Robertson K. M. Heeger. Probability of a Solution to the Solar Neutrino

Problem Within the Minimal Standard Model. Phys. Rev. Lett. 77:3720-3723,

1996.

[23] N. Hata and P. Langacker. Model Independent Determination of the Solar Neu-

trino Spectrum with and without MSW. Phys. Rev. D52, 420, 1995.

[24] N. Cooper, editor. Celebrating the Neutrino. Los Alamos National Laboratory,

1997.

[25] C. Giunti. Neutrino Wave Packets in Quantum Field Theory. hep-ph/0205014,

2002.

[26] Y. Fukuda, et al. Phys. Rev. Lett. 81 1562, 1998.

[27] A. de Gouvea, A. Friedland, H. Murayama. The Darkside of the Solar Neutrino

Parameter Space. Phys. Lett. B490, 125-130, 2000.

[28] S. M. Bilenky et al. Constraints on |Ue3|2 From a Three-Neutrino Oscillation

Analysis of the CHOOZ Data. Phys. Lett. B466 415, 1999.

[29] M. Apollonino et al. Phys. Lett. B466 415, 1999.

[30] S. P. Mikheyev and A. Yu. Smirnov. Sov. J. nucl. Phys. 42, 913., 1986.

[31] L. Wolfenstein. Phys. Rev. D, 17, 2369 and 20, 2634., 1978, 1979.

[32] This was pointed out to me in a talk given by Lincoln Wolfenstein.

[33] A. M. Dziewonski and D. L. Anderson. The Prelinary Reference Earth Model.

Earth Planet. Inter., 25, 297-356, 1981.



128

[34] C-W. Chiang, L. Wolfenstein. The Sign of the Day Night Asymmetry for Solar

Neutrinos. Phys. Rev. D 63:057303, 2000.

[35] C. Athanassopoulos, et al. Phys. Rev. Lett. 81 1774, 1998.

[36] C. Giunti, et al. Four Neutrino Oscillation Solutions of the Solar Neutrino Prob-

lem. Nucl. Instrum. Meth. A 472: 364-370, 2000.

[37] R. L. Boger, et al. The Sudbury Neutrino Observatory. Nuc. Inst. Meth., 1999.

[38] Neil K. McCauley. Producing a Background Free Data Set for the Measurment

of the Charge Current Flux and Day-Night Asymmetry at the Sudbury Neutrino

Observatory. PhD thesis, Oxford University, 2001.

[39] Mark S. Neubauer. Evidence for Electron Neutrino Flavor Change through Mea-

surement of the 8B Solar Neutrino Flux at the Sudbury Neutrino Observatory.

PhD thesis, University of Pennsylvania, 2001.

[40] H. Goldstein. Classical Mechanics. Addison-Wesley, 1980.

[41] D. R. Lide, editor. CRC Handbook of Chemistry and Physics. CRC Press, 1995.

[42] Electron Gamma Shower (EGS) Code. www.slac.stanford.edu/egs/.

[43] MCNP-A General Monte Carlo N-Particle Transport Code. www-

xdiv.lanl.gov/x5/mcnp/.

[44] C. E. Ortiz, et al. Shape of the 8B Alpha and Neutrino Spectra.

Phys.Rev.Lett.85:2909-2912, 2000.

[45] M. Butler, J. Chen, and X. Kong. Phys. Rev. C 63, 035501, 2001.



129

[46] Mark G. Boulay. Direct Evidence for Weak Flavor Mixing with the Sudbury

Neutrino Observatory. PhD thesis, Queen’s University, 2001.

[47] Andre Hamer. Energy Calibration of SNO for Measurements of the Charged-

Current Neutrino Reaction. PhD thesis, Queen’s University, 1999.

[48] M. Dragowski and A. Hime. Neutron Response and Efficiency for the Pure D2O

Phase in SNO. SNO internal document, 2002.

[49] A. Poon, et al. The Low Energy Backgrounds in the Pure D2O Phase of the

SNO Experiment. SNO internal document, 2002.

[50] M. Smith, et al. The Day-Night Unified Document. SNO internal document,

2002.

[51] These particular models were suggested by Scott Oser.

[52] Q. R. Ahmad, et al. Direct Evidence for Neutrino Flavor Transformation from

Neutral Current Interactions in the Sudbury Neutrino Observatory. Phys. Rev.

Lett. 89: 011301, 2002.

[53] Q. R. Ahmad, et al. Measurement of Day and Night Neutrino Energy Spectra

at Sno and Constraints on Neutrino Mixing Parameters. Phys. Rev. Lett. 89:

011302, 2002.

[54] G.L. Fogli, et al. Getting the Most from the Statistical Analysis of Solar Neutrino

Oscillations. hep-ph/0206162, 2002.

[55] W. T. Eadie, et al. Statistical Methods in Experimental Physics. American

Elsevier Pub. Co., 1971.

[56] C. Ortiz, et al. www.nd.edu/ nsl/BeyondSM/boron8/tables/spectrum.nu.



130

[57] J. N. Bahcall, et al. Phys. Rev.C 54, 411, 1996.

[58] Karsten Heeger. Private Communication.

[59] Borexino Collaboration. www.almime.mi.infn.it/.

[60] The KamLand Collaboration. www.awa.tohoku.ac.jp/html/kamland/.

[61] Q. R. Ahmad, et al. Measurement of the Rate of νe+d→ p+p+e− Interactions

Produced By 8B Solar Neutrinos at the Sudbury Neutrino Observatory. Phys.

Rev. Lett. 87: 071301, 2001.



131

Appendix A

MATHEMATICAL FORMALISM

A.1 Linear Expansion in Systematics

The number density of events µ(X|η, α), distributed over measurable quantities X,

also depends continuously on a vector of physics parameters η and a vector of system-

atics α. To a very good approximation, because α is small, we can expand the model

as a linear function of the systematics. This provides a continuous parametrization

with respect to α.

µ(X|η, α) = µo ×
[
1 + βT (α − αo)

]
(A.1)

where µo(X|η) is independent of α and

β(X|η) =
1

µo

∂µ

∂αT

∣∣∣∣
α=αo

(A.2)

We make measurements of the systematics using the calibration data, with the best

fit values referred to as αcal. It should be noted that αo is not necessarily set to αcal.

We can choose to expand around any value we like, provided the linear approxima-

tion is still good. Broadly speaking, there are two kinds of systematics, instrumental

parameters such as energy scale, position reconstruction, etc., and backgrounds am-

plitudes. These two kinds are treated differently here. For instrumental parameters,

the obvious choice is αo = αcal, so that µo, the model we expand around, includes

our best estimate of the detector response. However, for background amplitudes, we

might choose to set αo = αcal or αo = 0. In the latter case, µo describes a detector

with zero backgrounds. We will find this choice useful for creating MSW contours

(see Appendix A.4).
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A.1.1 Background Amplitudes

The expected number of events B, for a particular background source, is measured

to be

B = Bcal ± σ(B) (A.3)

The expansion coefficient we will use is α = B. However, the addition of this back-

ground to the model is made by expanding around B = 0, not Bcal.

µ(X|η,B) = µo +B × ρB(X)

= µo × (1 +
ρB
µo
B)

(A.4)

where ρB(X) is the multi-dimension PDF for the background. We see that the first

order derivative β is defined as

β(X|η) =
ρB(X)

µo(X|η) (A.5)

It is interesting to note that the treatment of a background amplitude in this way is

exact. Because any background adds linearly, there are no higher order terms.

We can also treat the contribution from hep neutrinos perturbatively, with only a

slight change in formalism.

β(X|η) =
µhep(X|η)
µo(X|η) (A.6)

The expansion coefficient in now α = φhep, the flux of hep neutrinos relative to the

SSM hep flux.

In addition to an uncertainty in the background amplitude, there can also be an

uncertainty in the shape of the PDF ρB. This is dealt with in Section A.1.2.

A.1.2 Instrumental Parameters

For instrumental parameters we must calculate the derivatives of Eqn. A.2. In this

case, we construct β out of individual contributions from each reaction

β =
Sccρccβcc + Sesρesβes + Sncρncβnc

Sccρcc + Sesρes + Sncρnc
(A.7)
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where ρcc(X|η) is the PDF for the CC reaction and Scc is the expected number of

events. The individual derivatives such as βcc are defined by Eqn. A.2, but with

all other contributions to the model (except CC) turned off. These individual β-

functions are largely independent of the physics parameters η. We can therefore

derive them using undistorted SSM distributions. On the other hand, the weighting

factors Sccρcc, etc., have a strong effect on the overall shape of β and should not be

considered independent of η. Since the α are small, we can replace the derivatives

βcc, etc., with discrete approximations, derived from Monte Carlo simulations.

In this formulation, the shape of the background distributions are assumed to

be unperturbed by the variation of instrumental parameters. This is not strictly

true, although such variations are 2nd order in α (a cross term between two different

perturbations) and are therefore neglected.

A.2 Solving for a Linear Physics Model (Models 2a, b, c)

In this Appendix we consider models which are linear in the physics parameters, e.g.

φe and φµτ . We will show how to extract these linear physics parameters from the

likelihood function and determine an error matrix. The approach outlined here does

not use all of the available information. The neutrino data set, in addition to the

calibration data, contains information regarding the systematics. However, we will

not use this additional handle on systematics here, reserving neutrino data to only

give us information about physics parameters. We pursue the simpler approach first

because it was the approach of SNO publications [52] and [53].

A.2.1 Extracting physics parameters

For a linear physics model, we have a vector of flux amplitudes, e.g. η =

{φeD, φeN , φtotD, φtotN} for Model 2c. In the approach taken here, we define the

best model with α = αcal, for both instrumental parameters and background am-
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plitudes. This model is then used to perform the flux extraction. Although the

full log-likelihood function depends on many more parameters, we have now created

the simpler 4 parameter function Lo = L(η, α = αcal). We then solve the set of 4

(non-linear) equations1 given by

∂Lo
∂ηT

= 0 (A.8)

A.2.2 Error matrix determination

Collectively, let us refer to the full set of parameters as ζ = {η, α}. The combined

statistical + systematic error matrix is given by first calculating the error matrix for

the full set of parameters

[σ2(ζ)] =

[
∂2L
∂ζ∂ζT

]−1

(A.9)

The 4 × 4 submatrix, defined by η = {φeD, φeN , φtotD, φtotN}, is the reduced error

matrix we seek for the physics parameters.

In this example, we can make a fast determination of this reduced error matrix,

without the need to invert a large (4 + n)× (4 + n) system. To do this, we break the

matrix into statistical and systematic parts. The statistical part is determined by

[σ2
η]stat =

[
∂2Lo
∂η∂ηT

]−1

(A.10)

We now determine the systematic part. For each systematic parameter αk, we perturb

the model by an amount equal to ±σ(αk), while leaving all other systematics fixed to

their nominal values. This allows us to re-extract the vector of fluxes η and compare

them to ηo, the extraction of section A.2.1. We then calculate the perturbation

δkη = η − ηo, where k labels the perturbation with respect to the kth systematic.

1The more complicated approach is to solve the full likelihood function given by L = L(η, α).
This approach allows neutrino data to add further constraint to the size of the systematics. For
further discussion, see Appendix A.4.
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This allows us to define a systematic component to the error matrix.

σ2
η = (σ2

η)stat +
∑
jk

δjη ⊗ δkηT
(σ2
α)jk

σ(αj)σ(αk)
(A.11)

In the case where the separate calibrations are independent, σ2
α is diagonal and we

get

σ2
η = (σ2

η)stat +
∑
k

δkη ⊗ δkηT (A.12)

One can make some additional approximations when determining the size of the

systematic perturbations δη. For example, an error in energy scale requires that we

perturb the modelled energy measure Teff by an amount ±1.21% and re-extract the

physics parameters to give δη. Alternatively, one could perturb the value of Teff

assigned to each event and re-extract the physics parameters. The results will be

slightly different, although close enough for the purposes of studying systematics.2

A.3 Combining the SNO and SK Day-Night Results

The SK experiment has measured the day-night asymmetry in the ES reaction [20].

Assuming that there is no NC asymmetry, their measurement is diluted by the NC

component of the ES reaction. One can use the SNO data to remove this dilution.

One begins with the set of 3 measurements

η =




φSNOtotal

φSKES,D

φSKES,N




2This approximation is akin to the standard replacement σ2
i ≈ ni in χ2 =

∑
i

(ni−yi)
2

σ2
i
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and changes variables to

η′ =




φSNOtotal

φSKe,D

φSKe,N




The variable change can be expressed as η = V −1 η′, where V is the 3 × 3 matrix

V −1 =




1 0 0

ε 1 − ε 0

ε 0 1 − ε


 or V =




1 0 0

− ε
1−ε

1
1−ε 0

− ε
1−ε 0 1

1−ε




and ε = 0.1559. We solve to get

φSKe,D =
φSKES,D − ε φSNOtotal

1 − ε

φSKe,N =
φSKES,N − ε φSNOtotal

1 − ε
If σ2 is the 3 × 3 error matrix for φ, we can also transform it

(σ2)′ = V σ2 V T

=




σ2
tot − ε

1−εσ
2
tot − ε

1−εσ
2
tot

− ε
1−εσ

2
tot

ε2

(1−ε)2σ
2
tot +

1
(1−ε)2σ

2
D

ε2

(1−ε)2σ
2
tot +

1
(1−ε)2σ

2
DN

− ε
1−εσ

2
tot

ε2

(1−ε)2σ
2
tot +

1
(1−ε)2σ

2
DN

ε2

(1−ε)2σ
2
tot +

1
(1−ε)2σ

2
N




where


 σ2

D σ2
DN

σ2
DN σ2

N


 is the SK error matrix.

We now form the SK electron neutrino asymmetry and find:

ASKe = ASKES

(
1 − 2ε φSNOtotal

φSKES,D + φSKES,N

)−1
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By simple propagation of errors, we can calculate the uncertainty σ(ASKe ). Doing so,

we find that the σtot terms cancel in this calculation. One can see why this happens

by looking at the above error matrix. For the SK sub-matrix, the σtot contribution is

completely correlated from day to night.

Although σtot does not contribute to the uncertainty, there is still a correlation

between SK and the SNO total flux ρ(φSNOtotal , A
SK
e ), but we shall not calculate it here.

A.4 Solving for the MSW Model

In Appendix A.1, we argued that one could make a linear expansion of the model

with respect to the systematics α. In terms of the number density of events, we have

µ(X|η, α) = µo ×
[
1 + βT (α − αo)

]
(A.13)

whereX = {Teff , R3
fit, cos θ�} represents the measurable quantities, η are the physics

parameters and α are the systematics. µo is represents the model with backgrounds

set to zero and instrumental parameters set to their nominal values, determined by

calibrations. In fact, there is no reason why we can’t redefine te instrumental parame-

ters, so that αo = 0 corresponds to the nominal values of the instrumental parameters.

For simplicity, we shall henceforth define the notation so that αo = 0 for the zero

background, nominal instrumental parameter model.

For the MSW model, the physics parameters are η[0] = φtot, η[1] = tan2 θ, η[2] =

∆m2. Since µo(X|η) describes only the 8B neutrinos, we can write it as

µo = φtot yo(X|∆m2, tan2 θ) (A.14)

Recall that φtot is the flux relative to the SSM flux, so that yo is the number density

of events for the case that the solar flux of 8B neutrinos is exactly 5.05×106cm−2s−1.

We also define the total expected number of events for the case that φtot = 1, no
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backgrounds and instrumental parameters set to their nominal values.

So ≡
∑
X

yo(X|∆m2, tan2 θ) (A.15)

To minimize the log-likelihood function, we write φtot = φo+ ∆φ Our model becomes

µ = φo × yo
(

1 +
∆φ

φ
+ βTα

)
(A.16)

where, in the spirit of linearization, we recognize that the cross terms ∆φ
φ

× α are

insignificant and are hence neglected. This suggests that we redefine the vectors α

and β to have zeroth components

α[0] =
∆φ

φ
β[0] = 1 (A.17)

Doing this, Equation A.16 returns to the form

µ = φo yo(1 + βTα) (A.18)

and, to within a constant, Equation 4.8 becomes

L = 2φo So − 2N lnφo − 2
∑
m

ln yo(Xm)

+ 2φo
∑
X

yo(X)βT (X)α − 2
∑
m

ln(1 + βT (Xm)α)

+ (α − αcal)
Tσ−2
α (α − αcal)

(A.19)

where So, yo, β all depend on η[1] = tan2 θ, η[2] = ∆m2 but not on the systematics.

Recall that αcal �= 0 for background amplitudes, even though we have defined αo = 0.

By construction, φo minimizes the simpler equation

L0 = 2φo So − 2N lnφo − 2
∑
m

ln yo(Xm) (A.20)

and, with the way we have set the problem up, it turns out that φo has an analytic

solution.

φo =
N

So(∆m2, tan2 θ)
(A.21)
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Where N is the total number of events. By substituting this result back into Equation

A.20, we can generate contours for the simplified problem of a detector with assumed

zero background and no systematic error in its description. The result is shown in

Fig. 4.4.

The remainder of L = L0 + L′ is then expanded to 2nd order3 in α about L0. To

within a constant, we find that

L′ = 2(p − q − r)Tα + αT (σ−2 + M)α (A.22)

where

M =
∑
m

β(Xm) ⊗ β(Xm)T

r = σ−2
α αo

p =
∑
X

yo(X)β(X)

q =
∑
m

β(Xm)

The value of α that minimizes L′ (and hence L) is

αmin = (σ−2
α + M)−1(r + q − p) (A.23)

by combining Equations A.20, A.21, A.22, and A.23, we have minimized L with

respect to both the 8B flux and systematic parameters. We repeat this for each point

of MSW space, thus generating the MSW contours shown in Fig. 4.5.

We also note that the fitted values of α have a new error matrix

σ2 = (σ−2
α + M)−1 (A.24)

Here we see that M−1 carries the information about systematics from the neutrino

data while, as before, σ2
α is the information provided by calibrations. Table 4.5 shows

what the neutrino data adds to our knowledge of systematics.

3Why expand to 2nd order, when we have already neglected cross terms in α? Actually, the cross
terms behave as 3rd order, since they are always contracted with

∑
X(yX − nX).
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A.5 Some Notes About the χ2 Distribution

For ν degrees of freedom, the standard χ2 probability distribution is given by

ρ(χ2; ν) =
(χ2)(ν−2)/2e−χ

2/2

2ν/2Γ(ν/2)

In general, we want the integral of this

αc = P (χ2 > χ2
c) =

∫ ∞

χ2
c

dχ2ρ(χ2; ν)

There are two special cases that we will consider here. For ν = 2 degrees of freedom

αc =

∫ ∞

χ2
c

dχ2 e
−χ2/2

2

= e−χ
2
c/2

(A.25)

In the case of 1 degree of freedom we have

αc =

∫ ∞

χ2
c

dχ2 e
−χ2/2√
2πχ2

which can not be integrated analytically. Even a numerical integration can be tricky

because of the divergence of the integrand as χ2 → 0. However we can easily circum-

vent these problems by changing variables to the significance ζ =
√
χ2. Doing this

we get

αc = P (|ζ| > ζc) = 2

∫ ∞

ζc

dζ
e−ζ

2/2

√
2π

= 1 − erf( ζc√
2
)

(A.26)

where we have multiplied by 2 in the second line, to account for the fact that we test

for |ζ| > ζc (This is for a two sided test).

The application of these ideas comes when we make a hypothesis test with two

degrees of freedom distinguishing the null hypothesis and the alternate hypothesis

(ν = 2). In this case, the ∆χ2 between the new model and the null hypothesis should

be distributed by Equation A.25. One determines the size of αc for this hypothesis

test and then solves Equation A.26 to find the equivalent significance of the data.
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A.6 Comparing the Current MSW Analysis to Previous SNO Analyses

Prior to the analysis described in Section 4.4, the SNO collaboration pursued a much

simpler approach. The simpler analysis used only the day and night energy distri-

butions and, because there was sufficient statistics in each bin, the log-likelihood

formulation simplified to a χ2 formulation. Being a χ2 analysis, one could create a

systematic error matrix for the energy histogram, thus circumventing the need (and

advantages) of allowing the neutrino data to constrain systematic parameters.

There was also another notable difference. Let us revisit Equation A.7 for instru-

mental parameters.

β =
Sccρccβcc + Sesρesβes + Sncρncβnc

Sccρcc + Sesρes + Sncρnc

The individual functions βcc, βes are largely independent of physics parameters and,

in all analyses, were calculated by perturbing the SSM distribution (βnc is always

independent of physics parameters, provided the model describes only active neutri-

nos). The overall β-function, however, can depend strongly on ∆m2, tan2 θ through

the weightings Sccρcc, etc. When performing the initial SNO MSW analysis, we did

not have a full implementation of Equation A.7 and instead used two alternate ap-

proximations.

• Approximation A Replace Sccρcc(X|η) with its SSM distribution

Sccssmρ
cc(X|ssm). Similarly for the ES reaction.

• Approximation B Replace Sccρcc(X|η) with the SSM distribution, weighted

by the results of the flux extraction e.g. φe × Sccssmρcc(X|ssm).

It should be obvious that Approx. A is actually nowhere near approximate. It assigns

the incorrect relative weighting to the various reactions. Approximation B is certainly

much closer to the truth. However, Approx. A was viewed as more conservative with
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Table A.1: Differences between the analysis of this thesis and previous energy-only
analyses. The treatment of β-functions in the current analysis is considered to be the
most correct.

analysis information statistical weighting used to reference

used measure combine β-functions

Approx. A energy-only χ2 1 × Sccssmρcc(X|SSM), etc. published in [53]

Approx. B energy-only χ2 φcc × Sccssmρcc(X|SSM) not published

This Thesis T,R3, cos θ� log-like Sccρcc(X|∆m2, tan2 θ, ...) section 4.4

regards to the acceptance of the LOW solution and was therefore included in our

publication [53]. The differences between the various analyses are shown in Table A.1.

The current analysis, presented in this thesis, does not approximate the weighting

factors of Equation A.7.

Figure A.1 shows the two previous analyses, using Approx. A and B. We see that

Approx. B agrees relatively well with the current analysis C. Approx. A disagrees

considerably, although typically in a more conservative way. We have learned from

this that the additional information from R3, cos θ� is providing very little additional

discriminating power. On the other hand, an improved treatment of systematics

makes a significant improvement.
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Figure A.1: Comparing the current MSW analysis to the published SNO analysis,
using Approx. A (top left), and the unpublished analysis, using Approx. B (top
right). Analyses with Approx. A & B use only energy information and χ2. The three
analyses are compared at the 99.97% c.l. in the bottom two plots.
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A.7 Comparison to Other Published MSW Analyses

Since the publication of our results, a number of authors have incorporated SNO

data into their global analysis of solar neutrino experiments. For simplicity, we will

compare the analysis of Section 4.7 to just one other published analysis, that of

Bahcall et al. [1]. They consider a number of analysis approaches, although we will

only compare to one that treats SNO data in the same way that we have treated it in

Section 4.7, making a χ2 fit to SNO’s day and night energy histograms while floating

the 8B flux. The result of their global fit is seen in Fig. A.2.
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Figure A.2: A global fit to all solar neutrino data made by authors Bahcall et al. [1].
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With regard to the number of distinct allowed regions, there is very good agree-

ment between the our analysis of Fig. 4.5 and that of Fig. A.2. The only difference

is some marginally allowed regions (99.73 % c.l.) around ∆m2 ≈ 10−9 − 10−7. A

more serious disagreement is with the size of the allowed Large Mixing Angle (LMA)

region at ∆m2 ≈ 10−5 − 10−4. The SNO analysis presents a much more constrained

allowed region, around half the size of Fig. A.2. This difference has not yet been

resolved, although a number of possibilities are being considered.
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Figure A.3: A global fit to solar neutrino data, prior to the addition of SNO data.
The left hand panel is taken from [14]. The right hand panel is created by SNO
analysis tools and was provided by Fraser Duncan and Mark Chen.

Fig. A.3 shows us that both analyses treat the Gallium, Chlorine and H2O ex-

periments in an almost identical way. Therefore, the differences in the final allowed

regions must be introduced by the addition of SNO data.

One possibility is that the our analysis is in error because it has neglected some

important theoretical systematics (see Section 5.2). For example, the uncertainty

in the NC and CC cross sections were neglected. However, these two uncertainties
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are small and are correlated, largely cancelling in the measurement of the survival

probability Pee. They are suspected to play a small yet significant contribution to the

uncertainty in φtot, but not in the MSW contours. In addition, the error in the CC

spectral shape is neglected. This again is small and has a similar effect to the much

larger energy scale uncertainty. Although we suspect these uncertainties to play only

a minor role, one can not be completely sure until we have incorporated them into

the set of SNO systematics. Work is underway to do this.

An interesting note is that the LMA region of Fig. A.3 does not come particu-

larly close to the dark side (ln tan2 θ > 0). In Fig. 1.6, we saw that Pee ≈ 0.5 at

ln tan2 θ = 0. However, SNO data provides a clear experimental measurement that

Pee is significantly less than 0.5. It is therefore surprising that the addition of SNO

data could lead to ln tan2 θ = 0 being less strongly rejected, as shown in Fig. A.2.

Understanding this feature might help understand the differences between the two

analyses.
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Appendix B

NEUTRAL CURRENT DETECTORS

B.1 Description

The Neutral Current Detectors (NCDs) are an array of proportional counters to be

deployed into the SNO heavy water volume, as shown in Fig. B.1. Each NCD is made

from a thin walled tube of Chemically Vapor Deposited (CVD) Nickel, is 5 cm in

diameter and varies from 200 cm to 300 cm in length. The CVD process assures high

radiopurity for the bulk of the material that makes up the NCD. Each detector is

filled with a mix of 85% 3He and 15% CF4, with the gas being contained by CVD

Nickel endcaps, and has a Cu wire anode running down the center. A group of NCDs

are welded together into an electrically continuous string, as shown in Fig. B.2.

NCDs detect thermal neutrons via the interaction

n+3 He→ p+3 H+ (B.1)

The proton and triton carry away a combined energy of 764 keV, which is deposited

into the gas as ionization. The ionized electrons drift towards the Cu wire (held at

+1825 V). As they approach the region immediately surrounding the wire, the high

electric field causes an avalanche of secondary electrons, with these collecting at the

wire to provide the NCD signal. The signal is read out via a 91-ohm coaxial cable at

the top end of a string, with the cable also providing the high voltage. A delay line at

the bottom end of the string lengthens it electronically. This increases the separation

between the primary and reflected signals and allows for position discrimination along

the active length of the string.

Events in the NCD gas with energy above ≈ 100keV are digitized.
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Figure B.1: The NCD array partially deployed into the SNO D2O.
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Figure B.2: Cross section of an NCD string.
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B.2 Construction

Radioactive contaminants of the NCD materials can produce background events in a

number of ways.

• β-γ decays of U and Th in the nickel can produce Cherenkov light that triggers the

SNO PMT array.

• These chains both produce a γ with sufficient energy to photodisintegrate deuterium,

generating a neutron background identical to the NC reaction. These neutrons pro-

duce a measurable signal by capturing either on 3He or on D2O. In addition, cosmic

ray activation of nickel can produce 56Co, which also produces a γ with sufficient

energy to photodisintegrate deuterium.

• α decays of U and Th in the bulk nickel can ionize the 3He gas. If the majority of

the α energy is deposited in the the Ni, rather than the gas, the measured energy can

be similar to that of a neutron capture on 3He (764 keV).

• Surface contamination by 210Po produces 5.3 MeV α’s. Depending on the orientation

of the ionization track, just a fraction of the energy can be deposited into the gas.

• Tritium in the 3He gas produces β’s with an endpoint of 18.6 keV. If there is a

sufficient pileup of tritium decays, they can trigger the NCD electronics and perhaps

mimic a neutron capture event.

We went to great lengths to achieve radioactive purity. The construction materials

were radioassayed to ensure their low contamination levels. In addition, the NCDs

were built under class 1000 cleanroom conditions, to avoid the accumulation of dust.

The detectors have been stored underground for many half lives of 56Co (78 days),

thus mitigating this particular source. A purification system was used to remove

tritium from the 3He gas. A number of hurdles had to be overcome to achieve this

goal, and some of these are presented here.
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B.2.1 Aluminum Contamination

The CVD process deposits nickel from a carbonyl vapor onto a 2-inch diameter an-

odized aluminum mandrel. When the desired thickness is reached, the nickel is sep-

arated by differential contraction by cooling. Due to imperfections in the mandrel,

some aluminum oxide may adhere to the inner nickel surface. Aluminum is known to

contain thorium at the 1-10 ppm level. Since we require the nickel to be < 10 ppt

Th, aluminum becomes a concern at the 1-10 ppm level.

Scanning Electron Microscopy (SEM) reveals the shape and chemical makeup of

the nickel surface. A particularly bad area is shown in the left hand side of Fig. B.3.

A beam of 20 keV electrons, 60 Angstroms wide, scans across the sample, imaging

the surface. Flat flakes of aluminum oxide appear dark and the rough nickel appear

as various shades of gray. Elemental abundances are determined from the scattered

x rays, averaged over a depth of approximately 2 µm.

Etching of the tubes in a 10 minute bath of 4M nitric + 0.2M HF acid cleans up

the surface considerably, as shown in the right hand side of Fig. B.3. An SEM scan

detects no aluminum to within a sensitivity of approximately 0.5%.

Seeking a higher sensitivity for aluminum, the problem was pursued using Induc-

tively Coupled Plasma Mass Spectroscopy (ICPMS). ICPMS works by vaporizing a

fluid sample and drawing it into a plasma torch. After the sample is ionized, it is

accelerated and electrostatically steered, so as to identify the various mass compo-

nents. Nickel segments were etched in 4M nitric, 0.2M HF acid baths and the left over

solution was analyzed. The Al concentration of the bath was measured using ICPMS,

while the Ni content was determined by weighing the segments before and after, also

allowing one to calculate how deeply the nickel was etched. Backgrounds were deter-

mined by subjecting blank samples of nitric + HF acid to the same reduction and

analysis.
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Figure B.3: A region of a nickel tube before and after acid etching, as viewed with a
scanning electron microscope.
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These results are also shown in Fig. B.4. If one does a linear extrapolation of the

last four data points, one finds an x-intercept of 10.6± 2.2µm. This result should be

taken somewhat loosely, as we have made no argument for a linear fit and the data

points do not represent the aluminum contamination at particular depths but rather

the integrated contamination over a given depth range. However, this result still

proves useful in defining the depth required for mitigating aluminum. Prior to this

study, tubes were being etched for only 10 minutes, removing approximately 2µm of

nickel from each side. As a consequence of this work it was decided that significantly

more nickel needed to be removed from the inner surface of the tube. A procedure

was implemented for electropolishing the inner surface to a depth of approximately

20µm (see section B.2.2). This is followed by an etch which removes an additional

2µm from each side, thus removing a total of approximately 22µm of material from

the inner surface. Even if this linear fit is incorrect, one can still argue that the

total aluminum contamination is less than 1 ppm. As the SEM photographs showed,

the contamination is in the form of aluminum oxide flakes. The sections of nickel

tube used in this study were deposited onto a mandrel that had a 25µm anodized

layer and so one expects the contamination to go no deeper than this. The last data

point is 31 ± 5 ppm (at 9 µm). Tubes are typically 0.015 - 0.020 inches thick. In

a worst case scenario, if this contamination extended uniformly all the way to 25µm

and we remove 22µm from electropolishing and etching, one would get an aluminum

contamination of 0.2 - 0.3 ppm, averaged over the entire nickel. This is an extreme

upper limit. However, many NCD tubes were laid down on a mandrel with 38µm of

anodizing. Scaling to this case, the linear fit to the tail of this profile would extend

the contamination to around 16±3µm. The worst case scenario argument would give

an upper limit of 0.9 - 1.5 ppm, averaged over the entire nickel.
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Figure B.4: Al/Ni ratio as a function of depth in an NCD tube, as determined
by ICPMS. The vertical error bars are the uncertainties in the Al/Ni ratio. The
horizontal bars are not errors but rather represent the range over which the sample
was etched.
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B.2.2 210Po Contamination

To avoid cosmic activation of the NCD nickel into 56Co, the NCD tubes were stored

prior to construction in a man-made cave near the town of Index, WA. This turned

out to be a grave error because the granite walls of the cave emanated high levels of

airborne 222Rn. Its daughter product 210Po (138 day half life) easily plates out on Ni

surfaces. This subsequently decays via α-emission into the stable 206Pb. The Po con-

tamination led to extremely high α rates in the NCD gas. To remove this plated Po, a

serious R&D effort was undertaken, leading to the construction and implementation

of an electropolishing procedure. Purely chemical etches were unsuccessful because

Ni displaces Po in solution and the Po remains on the surface.
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Figure B.5: Spectra of deposited energy in the NCD gas, before and after Po removal.
The peak at 5.3 MeV corresponds to the α from the decay of 210Po. The low energy
tail is due to α events which do not deposit all of their energy and due to cosmic rays.
The α tail is more prominent for the high rate data, shown in the left hand panel.
The cosmic rays are more prominent for the much longer duration data on the right,
where one should note the different vertical scale.
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To optimize this procedure, a test bench was set up, where a temporary anode

could be sealed inside a nickel tube. P-10 gas was flowed down the length of the

tube, providing for α ionization. Calibration of the set up was made with the gamma

emission of 241Am. Figure B.5 shows the ionization spectra, both before and after

electropolishing, of a typical tube that was stored at Index. Figure B.6 shows how a

series of etches and polishes reduces the Po levels in a particular tube.
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Figure B.6: Po levels as a function of etching and electropolishing. Note that etching
leads to almost no reduction of the Po contamination, while electropolishing leads to
a significant reduction. The Po peak is defined as ranging from 0.7 to 3.7 × 5.8 MeV.
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B.2.3 3H contamination

The 3He used to fill NCDs was recovered from the decay of 1950’s tritium. An

extensive effort was undertaken to remove residual tritium, typically in the form of

HTO and T2O. This included using a SAES Getter and various LN2 cold traps. The

quantity of residual tritium is measured after raising the voltage of the NCDs to 2225

V, thus raising their gain and pulling the tritium β-spectrum out of the noise. The

result of these tritium measurements are shown for 222 of the NCDs in Fig. B.7. Most

NCDs were constructed with less than the specified 2.7 nCi/l. This specification was

designed to keep the rate of tritium pileup to a manageable level. In a 10 m string,

2.7 nCi/l corresponds to 5000 Hz of β decay. At this rate, we expect a pileup of more

than 5 β events (in the 4 µs NCD trigger widow) to occur less than once a year. Only

for n > 5 can the β pileup lead to digitized events with energy above 100 keV.
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Solar neutrinos from the decay of 8B have been detected at the Sudbury Neutrino Observatory
(SNO) via the charged current (CC) reaction on deuterium and by the elastic scattering (ES)
of electrons. The CC reaction is sensitive exclusively to �e's, while the ES reaction also has a
small sensitivity to ��'s and �� 's. The 
ux of �e's from 8B decay measured by the CC reaction
rate is �CC(�e) = 1:75� 0:07 (stat:)+0:12

�0:11 (sys:)� 0:05 (theor:)� 106 cm�2s�1. Assuming no 
avor

tranformation, the 
ux inferred from the ES reaction rate is �ES(�x) = 2:39�0:34 (stat:)+0:16
�0:14 (sys:)�

106 cm�2s�1. Comparison of �
CC(�e) to the Super-Kamiokande Collaboration's precision value

of �
ES(�x) yields a 3:3� di�erence, providing evidence that there is a non-electron 
avor active

neutrino component in the solar 
ux. The total 
ux of active 8B neutrinos is thus determined to be
5:44� 0:99� 106 cm�2s�1, in close agreement with the predictions of solar models.
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Solar neutrino experiments over the past 30 years [1{6]

have measured fewer neutrinos than are predicted by

models of the Sun [7,9]. One explanation for the de�cit is

the transformation of the Sun's electron-type neutrinos

into other active 
avors. The Sudbury Neutrino Obser-

vatory (SNO) measures the 8B solar neutrinos through

the reactions:

�e + d! p+ p+ e
� (CC)

�x + d! p+ n+ �x (NC)

�x + e
�

! �x + e
� (ES)

The charged current reaction (CC) is sensitive exclu-

sively to electron-type neutrinos, while the neutral cur-

rent (NC) is sensitive to all active neutrino 
avors (x =

e; �; �). The elastic scattering (ES) reaction is sensitive

to all 
avors as well, but with reduced sensitivity to ��

and �� . By itself, the ES reaction cannot provide a mea-

sure of the total 8B 
ux or its 
avor content. Comparison

of the 8B 
ux deduced from the ES reaction assuming no

neutrino oscillations (�ES(�x)), to that measured by the

CC reaction (�CC(�e)) can provide clear evidence of 
a-

vor transformation without reference to solar model 
ux

calculations. If neutrinos from the Sun change into other

active 
avors, then �
CC(�e) < �

ES(�x).

This Letter presents the �rst results from SNO on the

ES and CC reactions. SNO's measurement of �ES(�x)

is consistent with previous measurements described in

Ref [5]. The measurement of �CC(�e), however, is sig-

ni�cantly smaller than the measurements by [5] and is

inconsistent with the null hypothesis that all observed

solar neutrinos are �e. A measurement using the NC re-

action, which has equal sensitivity to all neutrino 
avors,

will be reported in a future publication.

SNO [12] is an imaging water �Cerenkov detector lo-

cated at a depth of 6010 m of water equivalent in the

INCO, Ltd. Creighton mine near Sudbury, Ontario. It

features 1000 metric tons of ultra-pure D2O contained

in a 12 m diameter spherical acrylic vessel. This sphere

is surrounded by a shield of ultra-pure H2O contained

in a 34 m high barrel-shaped cavity of maximum diame-

ter 22 m. A stainless steel structure 17.8 m in diameter

supports 9456 20-cm photomultiplier tubes (PMTs) with

light concentrators. Approximately 55% of the light pro-

duced within 7 m of the center of the detector will strike

a PMT.

The data reported here were recorded between Nov. 2,

1999 and Jan. 15, 2001 and correspond to a live time of

240.95 days. Events are de�ned by a multiplicity trig-

ger of 18 or more PMTs exceeding a threshold of � 0:25

photo-electrons within a time window of 93 ns. The trig-

ger reaches 100% eÆciency at 23 PMTs. The total in-

stantaneous trigger rate is 15-18 Hz, of which 6-8 Hz is

the data trigger. For every event trigger, the time and

charge responses of each participating PMT are recorded.

The data were partitioned into two sets, with approx-

imately 70% used to establish the data analysis proce-

TABLE I. Data reduction steps.

Analysis step Number of events

Total event triggers 355 320 964

Neutrino data triggers 143 756 178

Nhit �30 6 372 899

Instrumental background cuts 1 842 491

Muon followers 1 809 979

High level cutsa 923 717

Fiducial volume cut 17 884

Threshold cut 1 169

Total events 1 169

aReconstruction �gures of merit, prompt light, and h�iji.

dures and 30% reserved for a blind test of statistical bias

in the analysis. The analysis procedures were frozen be-

fore the blind data set was analyzed, and no statistically

signi�cant di�erences in the data sets were found. We

present here the analysis of the combined data sets.

Calibration of the PMT time and charge pedestals,

slopes, o�sets, charge vs. time dependencies, and second

order rate dependencies are performed using electronic

pulsers and pulsed light sources. Optical calibration is

obtained using a di�use source of pulsed laser light at

337, 365, 386, 420, 500 and 620 nm. The absolute energy

scale and uncertainties are established with a triggered
16N source (predominantly 6.13-MeV 
's) deployed over

two planar grids within the D2O and a linear grid in

the H2O. The resulting Monte Carlo predictions of de-

tector response are tested using a 252Cf neutron source,

which provides an extended distribution of 6.25-MeV 


rays from neutron capture, and a 3H(p; 
)4He [13] source

providing 19.8-MeV 
 rays. The volume-weighted mean

response is approximately nine PMT hits per MeV of

electron energy.

Table I details the steps in data reduction. The �rst

of these is the elimination of instrumental backgrounds.

Electrical pickup may produce false PMT hits, while elec-

trical discharges in the PMTs or insulating detector ma-

terials produce light. These backgrounds have character-

istics very di�erent from �Cerenkov light, and are elimi-

nated using cuts based only on the PMT positions, the

PMT time and charge data, event-to-event time correla-

tions, and veto PMTs. This step in the data reduction

is veri�ed by comparing results from two independent

background rejection analyses.

For events passing the �rst stage, the calibrated times

and positions of the hit PMTs are used to reconstruct the

vertex position and the direction of the particle. The re-

construction accuracy and resolution are measured using

Compton electrons from the 16N source, and the energy

and source variation of reconstruction are checked with

a 8Li � source. Angular resolution is measured using

Compton electrons produced more than 150 cm from the
16N source. At these energies, the vertex resolution is

16 cm and the angular resolution is 26.7 degrees.
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An e�ective kinetic energy, Te� , is assigned to each
event passing the reconstruction stage. Te� is calculated
using prompt (unscattered) �Cerenkov photons and the
position and direction of the event. The derived energy
response of the detector can be characterized by a Gaus-
sian:

R(Ee�; Ee) =
1

p
2��E(Ee)

exp[�
1

2
(
Ee� � Ee

�E(Ee)
)2]

where Ee is the total electron energy, Ee� = Te� +me,
and �E(Ee) = (�0:4620+0:5470

p
Ee+0:008722Ee) MeV

is the energy resolution. The uncertainty on the energy
scale is found to be �1:4%. For validation, a second
energy estimator counts all PMTs hit in each event, Nhit,
without position and direction corrections.
Further instrumental background rejection is obtained

using reconstruction �gures of merit, PMT time resid-
uals, and the average angle between hit PMTs (h�iji),
measured from the reconstructed vertex. These cuts
test the hypothesis that each event has the character-
istics of single electron �Cerenkov light. The e�ects of
these and the rest of the instrumental background re-
moval cuts on neutrino signals are quanti�ed using the
8Li and 16N sources deployed throughout the detector.
The volume-weighted neutrino signal loss is measured to
be 1:4+0:7

�0:6
% and the residual instrumental contamination

for the data set within the D2O is < 0:2%. Lastly, cos-
mic ray induced neutrons and spallation products are re-
moved based upon their time coincidence with the parent
muon.
Figure 1 shows the radial distribution of all remaining

events above a threshold of Te��6.75 MeV. The distri-
bution is expressed as a function of the volume-weighted
radial variable (R=RAV)

3, where RAV = 6:00 m is the
radius of the acrylic vessel. Above this energy threshold,
there are contributions from CC events in the D2O, ES
events in the D2O and H2O, a residual tail of neutron
capture events, and high energy 
 rays from radioactiv-
ity in the outer detector. The data show a clear signal
within the D2O volume. For (R=RAV)

3 > 1:0 the distri-
bution rises into the H2O region until it is cut o� by the
acceptance of the PMT light collectors at R � 7:0 m. A
�ducial volume cut is applied at R = 5:50 m to reduce
backgrounds from regions exterior to the D2O, and to
minimize systematic uncertainties associated with optics
and reconstruction near the acrylic vessel.
Possible backgrounds from radioactivity in the D2O

and H2O are measured by regular low level radio-assays
of U and Th decay chain products in these regions. The
�Cerenkov light character of D2O and H2O radioactiv-
ity backgrounds is used in situ to monitor backgrounds
between radio-assays. Low energy radioactivity back-
grounds are removed by the high threshold imposed, as
are most neutron capture events. Monte Carlo calcula-
tions predict that the H2O shield e�ectively reduces con-
tributions of low energy (< 4 MeV) 
 rays from the PMT
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FIG. 1. Distribution of event candidates with Te��6.75

MeV as a function of the volume weighted radial variable

(R/RAV )
3. The Monte Carlo simulation of the signals,

weighted by the results from the signal extraction, is shown

as a histogram. The dotted line indicates the �ducial volume

cut used in this analysis.

array, and these predictions are veri�ed by deploying an
encapsulated Th source in the vicinity of the PMT sup-
port sphere. High energy 
 rays from the cavity are also
attenuated by the H2O shield. A limit on their leakage
into the �ducial volume is estimated by deploying the
16N source near the edge of the detector's active volume.
The total contribution from all radioactivity in the de-
tector is found to be <0.2% for low energy backgrounds
and <0.8% for high energy backgrounds.
The �nal data set contains 1169 events after the �du-

cial volume and kinetic energy threshold cuts. Figure 2
(a) displays the distribution of cos �

�
, the angle between

the reconstructed direction of the event and the instanta-
neous direction from the Sun to the Earth. The forward
peak in this distribution arises from the kinematics of the
ES reaction, while CC electrons are expected to have a
distribution which is (1�0:345 cos �

�
), before accounting

for detector response.
The data are resolved into contributions from CC, ES,

and neutron events above threshold using probability
density functions (pdfs) in Te�, cos ��, and (R=RAV)

3,
generated from Monte Carlo simulations assuming no 
a-
vor transformation and the shape of the standard 8B
spectrum [11] (hep neutrinos are not included in the
�t). The extended maximum likelihood method used
in the signal extraction yields 975.4�39.7 CC events,
106.1�15.2 ES events, and 87.5�24.7 neutron events for
the �ducial volume and the threshold chosen, where the
uncertainties given are statistical only. The dominant
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FIG. 2. Distributions of (a) cos ��, and (b) Extracted ki-

netic energy spectrum for CC events with R �5.50 m and

Te��6.75 MeV. The Monte Carlo simulations for an undis-

torted 8B spectrum are shown as histograms. The ratio of

the data to the expected kinetic energy distribution with cor-

related systematic errors is shown in (c).

sources of systematic uncertainty in this signal extrac-

tion are the energy scale uncertainty and reconstruction

accuracy, as shown in Table II. The CC and ES signal de-

composition gives consistent results when used with the

Nhit energy estimator, as well as with di�erent choices

of the analysis threshold and the �ducial volume up to

6.20 m with backgrounds characterized by pdfs.

The CC spectrum can be extracted from the data by

removing the constraint on the shape of the CC pdf and

repeating the signal extraction. Figure 2 (b) shows the ki-

netic energy spectrum with statistical error bars with the

predicted standard
8
B spectrum [7] superimposed. The

ratio of the data to the prediction is shown in Figure 2

(c). The bands represent the 1� uncertainties derived

from the most signi�cant energy-dependent systematic

errors. There is no evidence for a deviation of the spectral

shape from the predicted shape under the non-oscillation

TABLE II. Systematic error on 
uxes.

Error source CC error ES error

(percent) (per cent)

Energy scale -5.2, +6.1 -3.5 ,+5.4

Energy resolution �0.5 �0.3

Energy scale non-linearity �0.5 �0.4

Vertex accuracy �3.1 �3.3

Vertex resolution �0.7 �0.4

Angular resolution �0.5 �2.2

High energy 
's -0.8, +0.0 -1.9, +0.0

Low energy background -0.2, +0.0 -0.2, +0.0

Instrumental background -0.2, +0.0 -0.6, +0.0

Trigger eÆciency 0.0 0.0

Live time �0.1 �0.1

Cut acceptance -0.6, +0.7 -0.6, +0.7

Earth orbit eccentricity �0.2 �0.2
17O, 18O 0.0 0.0

Experimental uncertainty -6.2, +7.0 -5.7, +6.8

Cross section 3.0 0.5

Solar Model -16, +20 -16, +20

hypothesis.

Using the integrated rates above the kinetic energy

threshold Te� = 6:75 MeV, the measured
8
B neutrino


uxes assuming no oscillations are:

�CCSNO(�e) = 1:75� 0:07 (stat:)+0:12
�0:11 (sys:)� 0:05 (theor:)

�10
6
cm

�2
s
�1

�ESSNO(�x) = 2:39� 0:34(stat:)+0:16
�0:14 (sys:)� 10

6
cm

�2
s
�1

where the theoretical uncertainty is the CC cross section

uncertainty [10]. Radiative corrections have not been

applied to the CC cross section, but they are expected

to decrease the measured �CC(�e) 
ux [14] by up to a

few percent. The di�erence between the
8
B 
ux deduced

from the ES rate and that deduced from the CC rate in

SNO is 0:64 � 0:40 � 10
6
cm

�2
s
�1

, or 1.6�. SNO's ES

rate measurement is consistent with the precision mea-

surement by the Super-Kamiokande Collaboration of the
8
B 
ux using the same ES reaction [5]:

�ESSK(�x) = 2:32� 0:03 (stat:)+0:08
�0:07 (sys:)� 10

6
cm

�2
s
�1:

The di�erence between the 
ux �ES(�x) measured by

Super-Kamiokande via the ES reaction and the �CC(�e)


ux measured by SNO via the CC reaction is 0:57 �

0:17�10
6
cm

�2
s
�1

, or 3.3� [8]. The probability that the

SNO measurement is not a downward 
uctuation from

the Super-Kamiokande measurement is 99.96%. For ref-

erence, the ratio of the SNO CC
8
B 
ux to that of the

BP2001 solar model [7] is 0.347�0.029, where all uncer-

tainties are added in quadrature.

If oscillation with maximal mixing to a sterile neu-

trino is occurring, the SNO CC-derived
8
B 
ux above

a threshold of 6.75 MeV will be consistent with the in-

tegrated Super-Kamiokande ES-derived
8
B 
ux above a

4
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threshold of 8.5 MeV [20]. Correcting for the ES thresh-

old [5] this derived 
ux di�erence is 0:53 � 0:17 � 106

cm�2s�1, or 3.1�. The probability that this di�erence is

not a downward 
uctuation is 99.87%. These data are

therefore evidence of a non-electron active 
avor com-

ponent in the solar neutrino 
ux. These data are also

inconsistent with the \Just-So2" parameters for neutrino

oscillation [15].

Figure 3 displays the inferred 
ux of non-electron 
a-

vor active neutrinos (�(��� )) against the 
ux of electron

neutrinos. The two data bands represent the one stan-

dard deviation measurements of the SNO CC rate and

the Super-Kamiokande ES rate. The error ellipses rep-

resent the 68%, 95%, and 99% joint probability contours

for �(�e) and (�(��� )). The best �t to �(��� ) is:

�(��� ) = 3:69� 1:13� 106 cm�2s�1:
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FIG. 3. Flux of 8B solar neutrinos which are � or � 
avor

vs. the 
ux of electron neutrinos as deduced from the SNO

and Super-Kamiokande data. The diagonal bands show the

total 8B 
ux �(�x) as predicted by BP2001 (dashed lines) and

that derived from the SNO and Super-Kamiokande measure-

ments (solid lines). The intercepts of these bands with the

axes represent the �1� errors.

The total 
ux of active 8B neutrinos is determined to

be:

�(�x) = 5:44� 0:99� 106 cm�2s�1:

This result is displayed as a diagonal band in Fig. 3, and

is in excellent agreement with predictions of standard

solar models [7,9].

The evidence for electron neutrino 
avor change im-

plies a mass squared di�erence between �e and �� or ��

that is less than 10�3 eV2 as shown by previous analy-

ses [16,15]. This result can also be combined with present

limits on electron neutrino mass [17] of less than 2.8 eV

and �m2

��
(assuming neutrino oscillations [19]), to limit

the sum of the masses of �e, ��, and �� to be between

0.05 and 8.4 eV. This corresponds to a constraint of 0.001

< 
� < 0.18 for the neutrino mass contribution to the

critical density of the Universe [18].

In summary, the results presented here are the �rst

direct indication of a non-electron 
avor component in

the solar neutrino 
ux, and enable the �rst determination

of the total 
ux of 8B neutrinos generated by the Sun.

This research was supported by the Canadian Natural

Sciences and Engineering Research Council of Canada,

Industry Canada, National Research Council of Canada,

Northern Ontario Heritage Fund Corporation and the

Province of Ontario, the United States Department of

Energy, and the United Kingdom by the Science and En-

gineering Research Council and the Particle Physics and

Astronomy Research Council. Further support was pro-

vided by INCO, Ltd., Atomic Energy of Canada Limited

(AECL), Agra-Monenco, Canatom, Canadian Microelec-

tronics Corporation, AT&T Microelectronics, Northern

Telecom and British Nuclear Fuels, Ltd. The heavy wa-

ter was loaned by AECL with the cooperation of Ontario

Power Generation.

� Deceased.
y Permanent address: TRIUMF, 4004 Wesbrook Mall,

Vancouver, BC V6T 2A3, Canada.
z Permanent address: Birkbeck College, University of Lon-

don, Malet Road, London WC1E 7HX, UK.
x Permanent address: Rutherford Appleton Laboratory,

Chilton, Didcot, Oxon, OX11 0QX, and University of

Sussex, Physics and Astronomy Department, Brighton

BN1 9QH, UK.

[1] B.T. Cleveland et al., Astrophys. J. 496, 505 (1998).

[2] K.S. Hirata et al., Phys. Rev. Lett. 65, 1297 (1990); K.S.

Hirata et al., Phys. Rev. D 44, 2241 (1991); Y. Fukuda

et al., Phys. Rev. Lett. 77, 1683 (1996).

[3] J.N. Abdurashitov et al., Phys. Rev. C 60, 055801,

(1999).

[4] W. Hampel et al., Phys. Lett. B 447, 127 (1999).

[5] S. Fukuda et al., Phys. Rev. Lett. 86, 5651 (2001).

[6] W. Altmann et al., Phys. Lett. B 490, 16 (2000).

[7] J.N. Bahcall, M. H. Pinsonneault, and S. Basu, astro-

ph/0010346 v2. The reference 8B neutrino 
ux is 5.05�

106 cm�2s�1.

[8] Given the limit set for the hep 
ux by Ref. [5], the e�ects

of the hep contribution may increase this di�erence by a

few percent.

[9] A.S. Brun, S. Turck-Chi�eze, and J.P. Zahn, Astrophys.

J. 525, 1032 (1999).

5



164

[10] S. Nakamura, T. Sato, V. Gudkov, and K. Kubodera,
Phys. Rev. C 63, 034617 (2001); M. Butler, J.-W. Chen,
and X. Kong, Phys. Rev. C 63, 035501 (2001); G. 't
Hooft, Phys. Lett. 37B 195 (1971). The Butler et al.

cross section with LI;A = 5:6 fm3 is used.
[11] J.N. Bahcall et al., Phys. Rev. C 54, 411 (1996); C.E.

Ortiz et al., Phys. Rev. Lett. 85, 2909 (2000).
[12] The SNO Collaboration, Nucl. Instr. and Meth. A449,

172 (2000).
[13] A.W.P. Poon et al., Nucl. Instr. and Meth. A452, 115,

(2000).
[14] I. Towner, J. Beacom, and S. Parke, private commu-

nication; I. Towner, Phys. Rev. C 58 1288 (1998), J.
Beacom, and S. Parke, hep-ph/0106128; J.N. Bahcall,
M. Kamionkowski, and A. Sirlin, Phys. Rev. D 51 6146
(1995).

[15] J.N. Bahcall, P.I. Krastev, and A.Yu. Smirnov, JHEP
05, 015 (2001).

[16] M. Apollonio et al., Phys. Lett. B 466, 415 (1999).
[17] J. Bonn et al. Nucl. Phys. Proc. B Suppl. 91, 273 (2001).
[18] Allen's Astrophysical Quantities, 4th ed., ed. Arthur Cox,

(New York:Springer-Verlag), 2000. European Physical
Journal C15, 1 (2000)

[19] T. Toshito et al. hep-ex/0105023
[20] G. L. Fogli, E. Lisi, A. Palazzo, and F.L. Villante Phys.

Rev. D 63, 113016 (2001); F.L. Villante, G. Fiorintini
and E. Lisi Phys. Rev. D 59 013006 (1999).

6



165

� � � � � 	 � 
 � � � � � � � � � � � � 	 � � � � � ! # 
 � � & � # � ) � � � - # 	 � � � � � � - � � � 	 � # ! 4 6 � � � � � 	

: � 	 � � # � 	 � � � ) � � 	 = � > � � @ � � B � � � 	 � � � � D @ ) � � 
 # 	 � � B

G H I H K M N O P R T V I H W H K X X Z [ R ] ^ H W H K [ P Z ` a Z [ R c d H f H K [ g X h [ R T k d H W H m O ` o p [ R T T q s t H u H m Z h Z ` R T x y H m Z ` z p { h o z M R T k

d H m h g ~ R V � H f H m h X X Z ` R T T I H K H m X O z � R T T � H m X Z { h a R � I H d H m p O ` P N O [ R T T d H m p g Z ` R � t H m p [ { h [ R T ] y H � H m p ~ X O � R � q T ]

y H � H m p � X Z ` R T T ^ H d H m p � X Z a R � � H d H m ` h z Z R � q T T y H W H m ` p � [ Z R T V q � ^ H � H m ~ X X O ` P R T V � H m �~ M X Z ` R ] d H W O N Z ` p [ R T T

� H f H W M O [ R � � H � H W M Z [ R ] q � y H W M Z [ R T ] � H W M Z [ R � q T T m H ^ H W X Z { Z X O [ P R T T t H ^ H � H W X h � p ` P R T ] d H � H y H W p � O [ R V

f H � H W p � Z [ R T x � H K H W p � R T V � H f O h R T T � H f O X [ p � h � � Z ` Z a a R � u H � H f O { h P a p [ R T k � H d H f p Z R T V q � q ] � H f p ~ z O a R T T

y H I H f ` O g p � a � � R � q � W H K H f ~ � O R T V � H K H f ~ [ z O [ R T ] y H f ~ [   p ` P R T x d H K H f ~ [ N p ` Z R T T t H f H t O ` X Z R T ] q T � H I H t X X h p o o R T V q �

� H W H t { O [ a R T ] � H ^ H t � O [ R T ] d H � O ` h [ Z R V q � � H � Z ` g O [ h R T T K H � H � Z ` ` O ` h a R T T I H d H � p ` P R T ] d H K H � p ` N O g g h p R T V

y H y H � p � X Z ` R � ¢ H � ` O N Z R T T t H f H � ` O [ � R T x u H � ` O o h R T x ¤ H � O g [ p [ R T T q � q � q T V d H � H � Z ` N O [ h R T V � H � h X R x ¢ H � ` O M O N R T ]

f H I H � ` O [ o R � I H ¦ H � O M [ R � K H ¦ H � O X X h [ R T ] t H f H � O X X N O [ R V K H � H � O N Z ` R � q T ] K H K H � O N h O [ R T V u H m H � O [ P X Z ` R T ]

I H § H � O ¨ R V W H ¢ H � O ` g ` p { Z R � � H d H � O ` { Z � R T ] I H � O © O N O R T V ¢ H y H � Z Z g Z ` R T V u H d H � Z h [ o © Z X N O [ R T x d H � Z h a Z R x q �

I H ¦ H � Z X N Z ` R T c q x d H f H � Z ª � ~ ` [ R T ] � H � Z ` p [ R T T d H � Z � Z o o R V K H � h N Z R � d H � H � � � O � � R V y H W H � H � a O O z R �

� H d O g O N R c ¤ H K H d Z X X Z � R T T W H d h X X h [ g a R T ] � H d p [ � N O [ a R V q T ¢ H ¢ O © � O © R T V � H ^ H ¢ Z Z [ Z ` R T x d H I H ¢ X Z h [ R T x

K H m H ¢ [ p � R T T I H d H ¢ p N O ` R x I H ¢ p ~ © Z a R T � ^ H ¢ ~ o o Z ` R x W H W H y H ¢ � � O R T x d H ¦ O � R c � H ^ H ¦ O � a p [ R c y H ¦ O � R T T

� H u H ¦ Z Z R T ] ¢ H ^ H ¦ Z a � p R � d H I H ¦ Z a X h Z R T ] � H ¦ Z { h [ Z R � u H ¦ p z � Z R T T � H ¦ ~ p N O R V d H ¦ � p [ R T T � H y O ¬ Z ` ~ a R T T � H m H y O � R T ]

d H y O [ Z h ` O R T ] d H y O [ p ` R T V K H f H y O ` h [ p R � ¤ H y z W O ~ X Z � R T x q T T f H � H y z f p [ O X P R T x K H m H y z f p [ O X P R T ] q T � ¢ H y z � O ` X O [ Z R �

� H y z � ` Z g p ` R T T I H y Z h ¬ Z ` f ` Z Z a R T V W H y h ¯ h [ R � � H � H y h X X Z ` R � � H y h X o p [ R T m H K H y p � O o R T ] y H y p p ` M Z O P R T T

W H u H ¤ O X X � R x y H � H ¤ Z ~ � O ~ Z ` R T x � H y H ¤ Z � z p N Z ` R T x � H � H ¤ g R x K H d H ¤ p � X Z R T c q � t H m H ¤ p ` N O [ R � � H y H ¤ p { h � p { R �

y H ° ± ¤ Z h X X R � W H t H ° � O P O R � I H u H ° X X Z ` M Z O P R c y H ° N p ` h R T T d H ¦ H ° ` ` Z X X R T V � H y H ° a Z ` R T x K H u H � H � p p [ R � q T V q x q �

^ H d H I O P z X h � Z R T ] K H I p � Z ` g Z R V m H W H I p � Z ` o a p [ R T ] I H � H � H I p � Z ` o a p [ R T V q � � H � H t H I p a Z [ P O M X R � d H ¢ H I p � X Z � R �

� H ¦ H I ~ a ~ R T x t H � O Z o o X Z ` R V ¢ H ¢ H � z M O � Z ` R T V y H � H � z M � Z [ P Z [ Z ` R V K H � z M �~ X � Z R � � H � Z h   Z ` o R V q T V q � y H � M O o � O � R �

d H d H � h N ª a p [ R c W H d H � h N a R T T f H � h [ z X O h ` R � � H � � Z [ a { Z P R T ] K H I H � N h o M R � y H u H t H � N h o M R T V ^ H � ª ` Z h o © Z ` R T x

¤ H � o O ` h [ a � � R � ^ H f H � o Z h g Z ` R T V I H � H � o p � a o O P R � ¦ H W H � o p [ Z M h X X R T V I H � H � o p ` Z � R T k q � m H � ~ ` R T q T ] I H ^ O ² ` p ~ o R V

¤ H ^ O g g R c q T T ¤ H u H ^ O [ [ Z ` R T T I H ¢ H ^ O ª X h [ R T T y H ^ M p ` N O [ R T T � H y H ^ M p ` [ Z � Z X X R T T � H ^ H ^ ` Z [ o R T T � H � H ^ a Z ` � p { [ � O � R x

I H � O [ m Z ` g R T x I H � H � O [ P Z u O o Z ` R � q T x W H d H � h ` o ~ Z R V W H t H u O X o M O N R x d H � � H u O [ g R c f H ¦ H u O ` � R T � q T T q �

¤ H u Z a o R T T d H m H u h X M Z X N � R � d H � H u h X � Z ` a p [ R T V q � d H I H u h X a p [ R T T � H u h o o h z M R T x d H y H u p ~ o Z ` a R � O [ P y H � Z M �

µ � ¤ ° W p X X O � p ` O o h p [ ·

¸ ¹ º » ½ ¾ ¿ À Á Â Ã Ä Å » Ç È É Á É Ê É Ë Ì ¾ ½ ¾ º Â Ê Ë È Í É Î Ï Ð ¾ Ñ Â Ã Ì É Ò » Ã É º » Ã ¾ Â Ó Ë È Í É Î Ï Ð ¾ Ñ Â Ã Ë Ô Õ Ö × Ø Ù Ø × Ë È É Á É Ê É
Ú Û Â Ü É Ã º ½ Â Á º » Ç Ý Í Å Ó ¾ ¿ Ó É Á Ê ¹ Ó º Ã » Á » ½ Å Ë Þ Á ¾ Ñ Â Ã Ó ¾ º Å » Ç ß Ã ¾ º ¾ Ó Í È » Î à ½ Ò ¾ É Ë á É Á ¿ » à Ñ Â Ã Ë ß È á â ã Ù å Ù È É Á É Ê É

ç È Í Â ½ ¾ Ó º Ã Å Û Â Ü É Ã º ½ Â Á º Ë ß Ã » » Ï Í É Ñ Â Á Õ É º ¾ » Á É Î Ì É Ò » Ã É º » Ã Å Ë Þ Ü º » Á Ë Õ è Ù Ù é ê ë ì í × × ×
î Û Â Ü É Ã º ½ Â Á º » Ç Ý Í Å Ó ¾ ¿ Ó Ë Þ Á ¾ Ñ Â Ã Ó ¾ º Å » Ç È É Î ¾ Ç » Ã Á ¾ É Ë ð Ã Ñ ¾ Á Â Ë È ¹ é ò ê Ù ê

ó È É Ã Î Â º » Á Þ Á ¾ Ñ Â Ã Ó ¾ º Å Ë Ô º º É ô É Ë Ô Á º É Ã ¾ » Ö Ù õ í ß â È É Á É Ê É
÷ Ý Í Å Ó ¾ ¿ Ó Û Â Ü É Ã º ½ Â Á º Ë Þ Á ¾ Ñ Â Ã Ó ¾ º Å » Ç ø à Â Î Ü Í Ë ø à Â Î Ü Í Ë Ô Á º É Ã ¾ » Õ Ù ø ò ù Ù È É Á É Ê É

ú Û Â Ü É Ã º ½ Â Á º » Ç Ý Í Å Ó ¾ ¿ Ó É Á Ê ¹ Ó º Ã » Á » ½ Å Ë Ì É à Ã Â Á º ¾ É Á Þ Á ¾ Ñ Â Ã Ó ¾ º Å Ë õ à Ê Ò à Ã Å Ë Ô Á º É Ã ¾ » Ý ë À ò È â È É Á É Ê É
ü ð Á Ó º ¾ º à º Â Ç » Ã Õ à ¿ Î Â É Ã É Á Ê Ý É Ã º ¾ ¿ Î Â ¹ Ó º Ã » Ü Í Å Ó ¾ ¿ Ó É Á Ê Õ à ¿ Î Â É Ã õ ¿ ¾ Â Á ¿ Â

Û ¾ Ñ ¾ Ó ¾ » Á Ë Ì É ô Ã Â Á ¿ Â ß Â Ã Ï Â Î Â Å Õ É º ¾ » Á É Î Ì É Ò » Ã É º » Ã Å Ë ß Â Ã Ï Â Î Â Å Ë È ¹ é ý ê ò ×
þ Ì » Ó ¹ Î É ½ » Ó Õ É º ¾ » Á É Î Ì É Ò » Ã É º » Ã Å Ë Ì » Ó ¹ Î É ½ » Ó Ë Õ ÿ � ê í ý í

¸ � Õ É º ¾ » Á É Î Ð Â Ó Â É Ã ¿ Í È » à Á ¿ ¾ Î » Ç È É Á É Ê É Ë Ô º º É ô É Ë Ô Õ Ö Ù ¹ × Ð â Ë È É Á É Ê É
¸ ¸ Û Â Ü É Ã º ½ Â Á º » Ç Ý Í Å Ó ¾ ¿ Ó Ë Þ Á ¾ Ñ Â Ã Ó ¾ º Å » Ç Ô � Ç » Ã Ê Ë Û Â Á Å Ó ù ¾ Î Ï ¾ Á Ó » Á ß à ¾ Î Ê ¾ Á Ä Ë Ö Â Ò Î Â Ð » É Ê Ë Ô � Ç » Ã Ê Ë Ô � Ù ë Ð 	 Ë Þ Ö

¸ Ú Û Â Ü É Ã º ½ Â Á º » Ç Ý Í Å Ó ¾ ¿ Ó É Á Ê ¹ Ó º Ã » Á » ½ Å Ë Þ Á ¾ Ñ Â Ã Ó ¾ º Å » Ç Ý Â Á Á Ó Å Î Ñ É Á ¾ É Ë Ý Í ¾ Î É Ê Â Î Ü Í ¾ É Ë Ý ¹ Ù é Ù × ý ì â ë é â
¸ ç Û Â Ü É Ã º ½ Â Á º » Ç Ý Í Å Ó ¾ ¿ Ó Ë Ý Ã ¾ Á ¿ Â º » Á Þ Á ¾ Ñ Â Ã Ó ¾ º Å Ë Ý Ã ¾ Á ¿ Â º » Á Ë Õ Ø × � í ý ý

¸ î Û Â Ü É Ã º ½ Â Á º » Ç Ý Í Å Ó ¾ ¿ Ó Ë � à Â Â Á � Ó Þ Á ¾ Ñ Â Ã Ó ¾ º Å Ë Ö ¾ Á Ä Ó º » Á Ë Ô Á º É Ã ¾ » Ö ê Ì ë Õ â È É Á É Ê É
¸ ó Ð à º Í Â Ã Ç » Ã Ê ¹ Ü Ü Î Â º » Á Ì É Ò » Ã É º » Ã Å Ë È Í ¾ Î º » Á Ë Û ¾ Ê ¿ » º Ë Ô � » Á Ë Ô � Ù Ù × � � Ë É Á Ê

Þ Á ¾ Ñ Â Ã Ó ¾ º Å » Ç õ à Ó Ó Â � Ë Ý Í Å Ó ¾ ¿ Ó É Á Ê ¹ Ó º Ã » Á » ½ Å Û Â Ü É Ã º ½ Â Á º Ë ß Ã ¾ Ä Í º » Á ß Õ Ù é � 	 Ë Þ Ö
¸ ÷ ã Ð ð Þ ÿ � Ë ý × × ý ù Â Ó Ò Ã » » Ï ÿ É Î Î Ë á É Á ¿ » à Ñ Â Ã Ë ß È á â ã ò ¹ ë Ë È É Á É Ê É

¸ ú È Â Á º Â Ã Ç » Ã À � Ü Â Ã ¾ ½ Â Á º É Î Õ à ¿ Î Â É Ã Ý Í Å Ó ¾ ¿ Ó É Á Ê ¹ Ó º Ã » Ü Í Å Ó ¾ ¿ Ó Ë É Á Ê
Û Â Ü É Ã º ½ Â Á º » Ç Ý Í Å Ó ¾ ¿ Ó Ë Þ Á ¾ Ñ Â Ã Ó ¾ º Å » Ç ù É Ó Í ¾ Á Ä º » Á Ë õ Â É º º Î Â Ë ù ¹ é � Ù é í

� � � � �  " $ & ( ) + , - / 1 1 / 3

4 5 7 � + 9 � � , ; < 7 ; = < � ? � + � - A B ? + + � < � F , < � � + � B � , ; < 7 ; <  � ? � � + , ? J , < � M � N ?  5 ? + P Q � ? � + , < ; 4 5 7 � + A
9 � � ; + P � + � + � ) ; + � �  W X 7 , < Y � M � < � ? � + � - B ? + + � < � [ � - � 7 � , B 7 B � � � � + , < Y [ � <  B M � + Y �  B ? + + � < � + � � B A

� , ; < 7 � <  � 7 7 ? J , < Y � M � 7 � � <  � +  d e 7 M � ) � [ � M � F h B ; J ) ; < � < � ; = � M � d e 7 ; - � + k ? m , 7 n h o
$ p q r s t u t v

w t u t v
� 7 � � � W 3 s t u t x

w t u t x
� 7 P 7 � W 3 y $ 1 z B J w { 7 w | = ; + � ~ , < � � , B � < � + Y P � M + � 7 M ; -  ; = � � � � W � M � < ; < A F h

B ; J ) ; < � < � , 7 n � � o � p � $ s t u � v
w t u � v

� 7 � � � W 3 s t u � d
w t u � v

� 7 P 7 � W 3 y $ 1 z B J w { 7 w | [ � p � � Y + � � � � + � M � < � � + ; [ ) + ; 9 ,  , < Y



166

�

7 � + ; < Y � 9 ,  � < B � = ; + 7 ; - � + F h k � 9 ; + � + � < 7 = ; + J � � , ; < W � M � � ; � � - k ? m J � � 7 ? + �  � , � M � M � Q � + � � B � , ; < , 7
n � � o � p 1 & s t u � �

w t u � 	
� 7 � � � W 3 s t u � z

w t u � 	
� 7 P 7 � W 3 y $ 1 z B J w { 7 w | [ B ; < 7 , 7 � � < � � , � M 7 ; - � + J ;  � - 7 W

� 
 � � � � � � � � � ! # % ' % ) ' * + , . 0 ' % 1 ' � 2 , . 5 ' . ) ' * 7 , 9 ) ' : ) ' ; <

^ M Z � ~ P � ~ ` � ¤ Z ~ o ` h [ p ° � a Z ` { O o p ` � µ � ¤ ° · P Z o Z z o a � m

a p X O ` [ Z ~ o ` h [ p a o M ` p ~ g M o M Z ` Z O z o h p [ a >

? @ A P C ª A ª A Z E µ W W · F

? H A P C ª A [ A ? H µ ¤ W · F

? H A Z E C ? H A O E µ t � · H

^ M Z z M O ` g Z P z ~ ` ` Z [ o ` Z O z o h p [ µ W W · h a a Z [ a h o h { Z Z � z X ~ a h { Z X �

o p Z X Z z o ` p [ � o � ª Z [ Z ~ o ` h [ p a R � M h X Z o M Z [ Z ~ o ` O X z ~ ` ` Z [ o ` Z �

O z o h p [ µ ¤ W · h a Z ¨ ~ O X X � a Z [ a h o h { Z o p O X X O z o h { Z [ Z ~ o ` h [ p Q O �

{ p ` a µ S U O F W F X · H ^ M Z Z X O a o h z a z O o o Z ` h [ g ` Z O z o h p [ µ t � ·

h a a Z [ a h o h { Z o p O X X Q O { p ` a O a � Z X X R � ~ o � h o M ` Z P ~ z Z P a Z [ a h �

o h { h o � o p ? Y O [ P ? Z H � Z [ a h o h { h o � o p o M Z a Z o M ` Z Z ` Z O z o h p [ a

O X X p � a � ¤ ° o p P Z o Z ` N h [ Z o M Z Z X Z z o ` p [ O [ P [ p [ � Z X Z z o ` p [

O z o h { Z [ Z ~ o ` h [ p z p N ª p [ Z [ o a p   o M Z a p X O ` Q ~ � [ ] _ H ^ M Z W W

O [ P t � ` Z O z o h p [ ` Z a ~ X o a M O { Z ` Z z Z [ o X � � Z Z [ ª ` Z a Z [ o Z P [ � _ H

^ M h a ¦ Z o o Z ` ª ` Z a Z [ o a o M Z ² ` a o ¤ W ` Z a ~ X o a O [ P ~ ª P O o Z P W W

O [ P t � ` Z a ~ X o a   ` p N � ¤ ° H

� ¤ ° [ b _ h a O � O o Z ` W M Z ` Z [ � p { P Z o Z z o p ` X p z O o Z P O o O

P Z ª o M p   c e ] e N p   � O o Z ` Z ¨ ~ h { O X Z [ o h [ o M Z � ¤ W ° R ¦ o P H

W ` Z h g M o p [ N h [ Z [ Z O ` � ~ P � ~ ` � R ° [ o O ` h p R W O [ O P O H ^ M Z P Z �

o Z z o p ` ~ a Z a ~ X o ` O � ª ~ ` Z M Z O { � � O o Z ` z p [ o O h [ Z P h [ O o ` O [ a �

ª O ` Z [ o O z ` � X h z a ª M Z ` h z O X a M Z X X ] � N h [ P h O N Z o Z ` o p P Z �

o Z z o a p X O ` [ Z ~ o ` h [ p a H W M Z ` Z [ � p { ª M p o p [ a g Z [ Z ` O o Z P h [ o M Z

M Z O { � � O o Z ` O ` Z P Z o Z z o Z P � � h j k c ª M p o p N ~ X o h ª X h Z ` o ~ � Z a

µ � y ^ a · N p ~ [ o Z P p [ O a o O h [ X Z a a a o Z Z X g Z p P Z a h z a ª M Z ` Z ] l H m

N h [ P h O N Z o Z ` H ^ M Z g Z p P Z a h z a ª M Z ` Z h a h N N Z ` a Z P h [ ~ X o ` O �

ª ~ ` Z X h g M o � O o Z ` o p ª ` p { h P Z a M h Z X P h [ g   ` p N ` O P h p O z o h { h o �

h [ � p o M o M Z � y ^ O ` ` O � O [ P o M Z z O { h o � ` p z � H

^ M Z P O o O ` Z ª p ` o Z P M Z ` Z � Z ` Z ` Z z p ` P Z P � Z o � Z Z [ ¤ p { H � R

] h h h O [ P y O � � m R � e e ] O [ P ` Z ª ` Z a Z [ o O o p o O X p   b e c H j X h { Z

P O � a R a ª O [ [ h [ g o M Z Z [ o h ` Z ² ` a o ª M O a Z p   o M Z Z � ª Z ` h N Z [ o R h [

� M h z M p [ X � f
x

° � O a ª ` Z a Z [ o h [ o M Z a Z [ a h o h { Z { p X ~ N Z H ^ M Z

O [ O X � a h a ª ` p z Z P ~ ` Z � O a a h N h X O ` o p o M O o P Z a z ` h � Z P h [ [ � _ H

� y ^ o h N Z a O [ P M h o ª O o o Z ` [ a � Z ` Z ~ a Z P o p ` Z z p [ a o ` ~ z o

Z { Z [ o { Z ` o h z Z a O [ P P h ` Z z o h p [ a O [ P o p O a a h g [ o p Z O z M Z { Z [ o

O N p a o ª ` p � O � X Z � h [ Z o h z Z [ Z ` g � R p q r H ^ M Z o p o O X Q ~ � p  

O z o h { Z � m a p X O ` [ Z ~ o ` h [ p a � h o M Z [ Z ` g h Z a g ` Z O o Z ` o M O [ � H �

y Z � µ o M Z ¤ W ` Z O z o h p [ o M ` Z a M p X P · � O a N Z O a ~ ` Z P � h o M o M Z

¤ W a h g [ O X µ W M Z ` Z [ � p { ª M p o p [ a ` Z a ~ X o h [ g   ` p N o M Z c H � k

y Z � u ` O �   ` p N [ Z ~ o ` p [ z O ª o ~ ` Z p [ P Z ~ o Z ` h ~ N H · ^ M Z

O [ O X � a h a o M ` Z a M p X P � O a p q r x k y Z � R ª ` p { h P h [ g a Z [ a h o h { h o �

o p [ Z ~ o ` p [ a   ` p N o M Z ¤ W ` Z O z o h p [ H K � p { Z o M h a Z [ Z ` g �

o M ` Z a M p X P R o M Z ` Z � Z ` Z z p [ o ` h � ~ o h p [ a   ` p N W W Z { Z [ o a h [

o M Z f
x

° R t � Z { Z [ o a h [ o M Z f
x

° O [ P �
x

° R z O ª o ~ ` Z p  

[ Z ~ o ` p [ a µ � p o M   ` p N o M Z ¤ W ` Z O z o h p [ O [ P � O z � g ` p ~ [ P a · R

O [ P X p � Z [ Z ` g � W M Z ` Z [ � p { � O z � g ` p ~ [ P Z { Z [ o a H

K ² P ~ z h O X { p X ~ N Z � O a P Z ² [ Z P o p p [ X � O z z Z ª o Z { Z [ o a

� M h z M M O P ` Z z p [ a o ` ~ z o Z P { Z ` o h z Z a � h o M h [ k k e z N   ` p N o M Z

P Z o Z z o p ` z Z [ o Z ` o p ` Z P ~ z Z Z � o Z ` [ O X � O z � g ` p ~ [ P a O [ P a � a �

o Z N O o h z ~ [ z Z ` o O h [ o h Z a O a a p z h O o Z P � h o M p ª o h z a O [ P Z { Z [ o

` Z z p [ a o ` ~ z o h p [ [ Z O ` o M Z O z ` � X h z { Z a a Z X H ^ M Z [ Z ~ o ` p [ ` Z �

a ª p [ a Z O [ P a � a o Z N O o h z ~ [ z Z ` o O h [ o � � O a z O X h � ` O o Z P � h o M

O x � x W   a p ~ ` z Z H ^ M Z P Z P ~ z Z P Z z z h Z [ z �   p ` [ Z ~ o ` p [ z O ª �

o ~ ` Z a p [ P Z ~ o Z ` h ~ N h a � h { h } ] { ] �   p ` O ~ [ h   p ` N a p ~ ` z Z

p   [ Z ~ o ` p [ a h [ o M Z f
x

° H ^ M Z [ Z ~ o ` p [ P Z o Z z o h p [ Z z �

z h Z [ z � � h o M h [ o M Z ² P ~ z h O X { p X ~ N Z O [ P O � p { Z o M Z Z [ �

Z ` g � o M ` Z a M p X P h a ] j H j � H ^ M Z Z [ Z ` g � z O X h � ` O o h p [ � O a

~ ª P O o Z P   ` p N [ � _ � h o M o M Z T c ¤ z O X h � ` O o h p [ a p ~ ` z Z [ j _

P O o O O [ P y p [ o Z W O ` X p z O X z ~ X O o h p [ a H ^ M Z Z [ Z ` g � ` Z a ª p [ a Z

  p ` Z X Z z o ` p [ a R ~ ª P O o Z P   p ` o M Z X p � Z ` O [ O X � a h a o M ` Z a M p X P R

� O a z M O ` O z o Z ` h © Z P O a O � O ~ a a h O [   ~ [ z o h p [ � h o M ` Z a p X ~ o h p [

� � U � e { e c m j A e { b b ] � p @ A e { e j � k p @ R � M Z ` Z p @ h a o M Z

o ` ~ Z Z X Z z o ` p [ � h [ Z o h z Z [ Z ` g � h [ y Z � H ^ M Z Z [ Z ` g � a z O X Z

~ [ z Z ` o O h [ o � h a ] { � � H

^ M Z ª ` h N O ` � � O z � g ` p ~ [ P a o p o M Z ¤ W a h g [ O X O ` Z P ~ Z o p

X p � X Z { Z X a p   ~ ` O [ h ~ N O [ P o M p ` h ~ N P Z z O � z M O h [ P O ~ g M o Z ` a

µ x T ] m h O [ P x k � ^ X · h [ o M Z P Z o Z z o p ` N O o Z ` h O X a H ^ M Z a Z O z o h { �

h o h Z a g Z [ Z ` O o Z   ` Z Z [ Z ~ o ` p [ a h [ o M Z f
x

° R   ` p N P Z ~ o Z ` p [

ª M p o p P h a h [ o Z g ` O o h p [ µ ª P · R O [ P X p � Z [ Z ` g � W M Z ` Z [ � p {

Z { Z [ o a H � � � � � � � O a a O � a O [ P � � � � � � � O [ O X � a h a p   o M Z X p �

Z [ Z ` g � µ j � j { k y Z � · W M Z ` Z [ � p { a h g [ O X ` Z g h p [ ª ` p { h P Z

h [ P Z ª Z [ P Z [ o ~ ` O [ h ~ N O [ P o M p ` h ~ N ª M p o p P h a h [ o Z g ` O o h p [

� O z � g ` p ~ [ P N Z O a ~ ` Z N Z [ o a H

^ � p � � � � � � O a a O � o Z z M [ h ¨ ~ Z a � Z ` Z Z N ª X p � Z P o p P Z o Z ` �

N h [ Z O { Z ` O g Z X Z { Z X a p   ~ ` O [ h ~ N O [ P o M p ` h ~ N h [ � O o Z ` H I O �

P h ~ N h p [ a � Z ` Z P h ` Z z o X � Z � o ` O z o Z P   ` p N o M Z � O o Z ` p [ o p Z h �

o M Z ` y [ ° � p ` M � P ` p ~ a ^ h p � h P Z µ � ^ h ° · h p [ Z � z M O [ g Z N Z �

P h O H I O P p [ P O ~ g M o Z ` a h [ o M Z § O [ P ^ M z M O h [ a � Z ` Z a ~ � a Z �

¨ ~ Z [ o X � ` Z X Z O a Z P R h P Z [ o h ² Z P � � � a ª Z z o ` p a z p ª � R p ` o M Z ` O �

P h ~ N � O a z p [ z Z [ o ` O o Z P O [ P o M Z [ ~ N � Z ` p   P Z z O � P O ~ g M o Z `

� � � z p h [ z h P Z [ z Z a P Z o Z ` N h [ Z P H ^ � ª h z O X O a a O � a z h ` z ~ X O o Z P

O ª ª ` p � h N O o Z X � j e e o p [ [ Z a p   � O o Z ` o M ` p ~ g M o M Z Z � o ` O z �

o h p [ N Z P h O H ^ M Z a Z o Z z M [ h ¨ ~ Z a ª ` p { h P Z h a p o p ª h z h P Z [ o h ² z O �

o h p [ p   o M Z P Z z O � P O ~ g M o Z ` a O [ P z p [ o O N h [ O o h p [ X Z { Z X a h [

o M Z O a a O � Z P � O o Z ` { p X ~ N Z a R ª ` Z a Z [ o Z P h [ � h g H ] µ O · H � Z z �

~ X O ` Z ¨ ~ h X h � ` h ~ N h [ o M Z § P Z z O � z M O h [ � O a � ` p � Z [ � � o M Z

h [ g ` Z a a p   X p [ g � X h { Z P µ b H m P O � M O X   � X h   Z · x x x I [ h [ o M Z Z � ª Z ` �

h N Z [ o H y Z O a ~ ` Z N Z [ o a p   o M h a � O z � g ` p ~ [ P � Z ` Z N O P Z � �

ª Z ` h p P h z O X X � Z � o ` O z o h [ g O [ P z ` � p g Z [ h z O X X � z p [ z Z [ o ` O o h [ g

x x x I [   ` p N � O o Z ` P Z g O a a Z ` a H I O P p [   ` p N a Z { Z ` O X o p [ [ Z

O a a O � a � O a a ~ � a Z ¨ ~ Z [ o X � z p ~ [ o Z P h [ � [ � µ K g · a z h [ o h X X O o h p [

z Z X X a [ k _ H ^ M Z I O P p [ ` Z a ~ X o a O ` Z ª ` Z a Z [ o Z P µ O a N O a a   ` O z �

o h p [ a h [ g µ § · � g µ f
x

° · · h [ � h g H ] µ � · H

� [ P Z ª Z [ P Z [ o N Z O a ~ ` Z N Z [ o a p   § O [ P ^ M P Z z O � z M O h [ a

� Z ` Z N O P Z � � O [ O X � © h [ g W M Z ` Z [ � p { X h g M o ª ` p P ~ z Z P � �

o M Z ` O P h p O z o h { Z P Z z O � a H ^ M Z � O [ P � � u P Z z O � a   ` p N o M Z

§ O [ P ^ M z M O h [ a P p N h [ O o Z o M Z X p � Z [ Z ` g � N p [ h o p ` h [ g

� h [ P p � H t { Z [ o a h [ o M h a � h [ P p � N p [ h o p ` u ` O � a o M O o ª ` p �

P ~ z Z ª M p o p P h a h [ o Z g ` O o h p [ h [ o M Z a Z z M O h [ a µ t � � � H � y Z � · H

W M Z ` Z [ � p { Z { Z [ o a ² o o Z P � h o M h [ j k e z N   ` p N o M Z P Z o Z z o p `

z Z [ o Z ` O [ P Z � o ` O z o Z P   ` p N o M Z [ Z ~ o ` h [ p P O o O a Z o ª ` p { h P Z



167

b

O o h N Z � h [ o Z g ` O o Z P N Z O a ~ ` Z p   o M Z a Z � O z � g ` p ~ [ P a p { Z ` o M Z

a O N Z o h N Z ª Z ` h p P O [ P � h o M h [ o M Z ² P ~ z h O X { p X ~ N Z p   o M Z

[ Z ~ o ` h [ p O [ O X � a h a H � o O o h a o h z O X a Z ª O ` O o h p [ p   � � � � � � ^ X O [ P

m h Z { Z [ o a � O a p � o O h [ Z P � � O [ O X � © h [ g o M Z W M Z ` Z [ � p { a h g �

[ O X h a p o ` p ª � H ^ X P Z z O � a O X � O � a ` Z a ~ X o h [ O � O [ P O � H c ] j

y Z � u R � M h X Z h [ o M h a Z [ Z ` g � � h [ P p � m h P Z z O � a O ` Z P p N h �

[ O o Z P � � P Z z O � a � h o M p [ X � O � R O [ P ª ` p P ~ z Z R p [ O { Z ` O g Z R

N p ` Z O [ h a p o ` p ª h z M h o ª O o o Z ` [ a H

I Z a ~ X o a   ` p N o M Z � � � � � � O [ P � � � � � � N Z o M p P a O ` Z z p [ �

a h a o Z [ o � h o M Z O z M p o M Z ` O a a M p � [ p [ o M Z ` h g M o M O [ P a h P Z

p   � h g a H ] µ O · O [ P ] µ � · H � p ` o M Z x � x ^ M z M O h [ R o M Z � Z h g M o Z P

N Z O [ µ h [ z X ~ P h [ g O P P h o h p [ O X a O N ª X h [ g a � a o Z N O o h z ~ [ z Z ` �

o O h [ o � · p   o M Z o � p P Z o Z ` N h [ O o h p [ a � O a ~ a Z P   p ` o M Z O [ O X �

� a h a H ^ M Z x � � § z M O h [ O z o h { h o � h a P p N h [ O o Z P � � I [ h [ g ` Z a a

� M h z M h a M h g M X � o h N Z P Z ª Z [ P Z [ o H ^ M Z ` Z   p ` Z o M Z � � � � � � � P Z �

o Z ` N h [ O o h p [ � O a ~ a Z P   p ` o M h a O z o h { h o � O a h o ª ` p { h P Z a o M Z

O ª ª ` p ª ` h O o Z o h N Z � Z h g M o h [ g H ^ M Z O { Z ` O g Z ` O o Z p   � O z � �

g ` p ~ [ P [ Z ~ o ` p [ ª ` p P ~ z o h p [   ` p N O z o h { h o h Z a h [ o M Z f
x

°

` Z g h p [ h a ] { e } e { � [ Z ~ o ` p [ a ª Z ` P O � R X Z O P h [ g o p j j � �
E �

P Z �

o Z z o Z P � O z � g ` p ~ [ P Z { Z [ o a H ^ M Z ª ` p P ~ z o h p [ ` O o Z   ` p N Z � �

o Z ` [ O X O z o h { h o h Z a h a ] { b � k � ]
E k � �

[ Z ~ o ` p [ a ª Z ` P O � R � M h z M X Z O P a

o p � l } m � O z � g ` p ~ [ P Z { Z [ o a a h [ z Z o M Z [ Z ~ o ` p [ z O ª o ~ ` Z Z   �

² z h Z [ z � h a ` Z P ~ z Z P   p ` [ Z ~ o ` p [ a � p ` [ [ Z O ` o M Z M Z O { � � O �

o Z ` � p ~ [ P O ` � H ^ M Z o p o O X ª M p o p P h a h [ o Z g ` O o h p [ � O z � g ` p ~ [ P

z p ` ` Z a ª p [ P a o p O ª ª ` p � h N O o Z X � ] � � p   o M Z [ ~ N � Z ` p   ¤ W

[ Z ~ o ` p [ a ª ` Z P h z o Z P � � o M Z a o O [ P O ` P a p X O ` N p P Z X   ` p N � m

[ Z ~ o ` h [ p a H

¦ p � Z [ Z ` g � � O z � g ` p ~ [ P a   ` p N W M Z ` Z [ � p { Z { Z [ o a h [ o M Z

a h g [ O X ` Z g h p [ � Z ` Z Z { O X ~ O o Z P � � ~ a h [ g O z ` � X h z Z [ z O ª a ~ �

X O o Z P a p ~ ` z Z a p   § O [ P ^ M P Z ª X p � Z P o M ` p ~ g M p ~ o o M Z P Z �

o Z z o p ` { p X ~ N Z O [ P � � y p [ o Z W O ` X p z O X z ~ X O o h p [ a H � ` p � �

O � h X h o � P Z [ a h o �   ~ [ z o h p [ a µ ª P   a · h [ ` Z z p [ a o ` ~ z o Z P { Z ` o Z �

` O P h ~ a P Z ` h { Z P   ` p N § O [ P ^ M z O X h � ` O o h p [ P O o O � Z ` Z

~ a Z P o p P Z o Z ` N h [ Z o M Z [ ~ N � Z ` p   � O z � g ` p ~ [ P W M Z ` Z [ � p {

Z { Z [ o a   ` p N Z � o Z ` [ O X ` Z g h p [ a � M h z M Z h o M Z ` Z [ o Z ` Z P p ` N h a �

` Z z p [ a o ` ~ z o Z P h [ o p o M Z ² P ~ z h O X { p X ~ N Z H W M Z ` Z [ � p { Z { Z [ o

� O z � g ` p ~ [ P a   ` p N O z o h { h o h Z a h [ o M Z f
x

° � Z ` Z Z { O X ~ O o Z P

� h o M y p [ o Z W O ` X p z O X z ~ X O o h p [ a H

^ O � X Z � a M p � a o M Z [ ~ N � Z ` p   ª M p o p P h a h [ o Z g ` O o h p [ O [ P

W M Z ` Z [ � p { � O z � g ` p ~ [ P Z { Z [ o a µ h [ z X ~ P h [ g a � a o Z N O o h z ~ [ �

z Z ` o O h [ o h Z a · P ~ Z o p O z o h { h o � h [ o M Z f
x

° µ h [ o Z ` [ O X ` Z g h p [ · R

O z ` � X h z { Z a a Z X µ K � · R �
x

° µ Z � o Z ` [ O X ` Z g h p [ · R O [ P � y ^ O ` �

` O � H ° o M Z ` a p ~ ` z Z a p     ` Z Z [ Z ~ o ` p [ a h [ o M Z f
x

° ` Z g h p [

O ` Z z p a N h z ` O � Z { Z [ o a O [ P O o N p a ª M Z ` h z [ Z ~ o ` h [ p a H ^ p

` Z P ~ z Z o M Z a Z � O z � g ` p ~ [ P a R O [ O P P h o h p [ O X [ Z ~ o ` p [ � O z � �

g ` p ~ [ P z ~ o h N ª p a Z P O � k e � N a P Z O P o h N Z µ h [ a p   o � O ` Z ·   p X �

X p � h [ g Z { Z ` � Z { Z [ o h [ � M h z M o M Z o p o O X [ ~ N � Z ` p   � y ^ a

� M h z M ` Z g h a o Z ` Z P O M h o � O a g ` Z O o Z ` o M O [ c e H ^ M Z [ ~ N �

� Z ` p   ` Z N O h [ h [ g ¤ W O o N p a ª M Z ` h z [ Z ~ o ` h [ p Z { Z [ o a O [ P

� O z � g ` p ~ [ P Z { Z [ o a g Z [ Z ` O o Z P � � a ~ � � W M Z ` Z [ � p { o M ` Z a M �

p X P N ~ p [ a h a Z a o h N O o Z P o p � Z a N O X X R O a a M p � [ h [ ^ O � X Z � H

^ M Z P O o O ` Z z p ` P Z P P ~ ` h [ g o M Z ª ~ ` Z f
x

° P Z o Z z o p ` ª M O a Z

O ` Z a M p � [ h [ � h g ~ ` Z � H ^ M Z a Z P O o O M O { Z � Z Z [ O [ O X � © Z P

~ a h [ g o M Z a O N Z P O o O ` Z P ~ z o h p [ P Z a z ` h � Z P h [ [ � _ R � h o M o M Z

O P P h o h p [ p   o M Z [ Z � [ Z ~ o ` p [ � O z � g ` p ~ [ P z ~ o R � h Z X P h [ g

10-15

10-14

10-13

C
on

ce
nt

ra
tio

n 
(g

 U
/g

 D
2O

)

5004003002001000

Days Since November 2, 1999

Goal: < 4.5x10
-14

 b) 238U  In-situ
 Rn Assay 

10-15

10-14

C
on

ce
nt

ra
tio

n 
(g

 T
h/

g 
D

2O
)

 In-situ 
 MnOx  HTiO

 a) 
232

Th

 Goal: < 3.7x10
-15

 Weighted
Average

� � � W $ " � M ; + , ? J � � 3 � <  ? + � < , ? J � 5 3 5 � B ~ Y + ; ? <  7 � � 
 ? , 9 A
� - � < � � 
 ? , - , 5 + , ? J B ; < B � < � + � � , ; < 7 3 , < � M � �

{
4  �  ? B �  5 P ¾ Á

Ó ¾ º à � <  Â � Ó ¾ º à � � B M < , 
 ? � 7 W � M � � < 4 
 � <  � � , 4 + �  , ; A
B M � J , B � - � 7 7 � P + � 7 ? - � 7 [ � M � � < � 7 7 � P + � 7 ? - � 7 [ � <  � M � ¾ Á Ó ¾ º à

� M � + � < ~ ; 9 7 , Y < � -  � � � + J , < � � , ; < ; = � M � 5 � B ~ Y + ; ? <  7 � + � ) + � A
7 � < � �  = ; + � M � ) � + , ;  ; = � M , 7 � < � - P 7 , 7 ; < � M � - � = � A M � <  7 ,  � ; =

= + � J � 7 � � 3 � <  � 5 3 W � M � + , Y M � A M � <  7 ,  � 7 M ; � 7 � , J � A , < � � Y + � � �  
� 9 � + � Y � 7 , < B - ?  , < Y � < �   , � , ; < � - 7 � J ) - , < Y 7 P 7 � � J � � , B ? < B � + A

� � , < � P = ; + � M � Â � Ó ¾ º à J � � 7 ? + � J � < � W

� ( e � � � " Q � ? � + ; < � <  � M � + � < ~ ; 9 5 � B ~ Y + ; ? <  � 9 � < � 7 W

N ; ? + B � � 9 � < � 7
�

{
4 ) M ; � ;  , 7 , < � � Y + � � , ; < � � s d

w x�
{

4 � ( � ) M ; � ;  , 7 , < � � Y + � � , ; < / q s d
w d( � J ; 7 ) M � + , B F � 7 � <  

7 ? 5 A � M � + � < ~ ; 9 � M + � 7 M ; -  � � 7 � � $
� , 7 7 , ; <  $

{ � � ! # ! 3 ) < / � 1 p �

| % 4 � ! [ < 3  $
� � + + � 7 � + , � - � <  + � � B � ; + 'F � 7 $ s 	

w |� m � � + < � - < � ? � + ; < 7  $
� ; � � - < � ? � + ; < 5 � B ~ Y + ; ? <  q * � $ /
�

{
4 � M � + � < ~ ; 9 / 1 s | 	

w z�
{

4 � M � + � < ~ ; 9 � s �
w 	

( � � M � + � < ~ ; 9 r s 	
w z, � � � M � + � < ~ ; 9 $ r s | |

w d
� ; � � - � M � + � < ~ ; 9 5 � B ~ Y + ; ? <  � � s | d

w | {



168

j

� ( e � � � � " N P 7 � � J � � , B ? < B � + � � , < � , � 7 ; < k ? m � 7 W � M � � m ) � + , A

J � < � � - ? < B � + � � , < � P = ; + � N � < ; � 7 M ; � < 3 , 7 A � W * [ � � W 1 ) � + B � < � W

�  � < ; � � 7 � � 9 7 Q � � < � , A B ; + + � - � � , ; < W

� � � � 	 q � � 
 � 	 q � � � � � 
 � 	 q � � � � � � 
 � 	 q � � �
�  q � 	 q � � # �  q � 	 q � � # �  q � 	 q � � #

% � q � & ' ( 	 * + q � - ] � x q � ] � � - c � x q � c � T - T k � ] q � T k � �
% � q � & ' � q ( � + � � / � � � - k � � q � k � k - k � k q � ] � ] - k � k q � c � �
% � q � & ' � � � - + / � q * � / � ' � 2 k � T 2 k � ] 2 k � c
3 q � � q � � q ( � + � � / � � � 2 k � k 2 k � T 2 k � x
3 q � � q � * 	 	 � � * 	 ' - x � � q � x � � 2 T � � 2 T � ]
4 � & � + * � � q ( � + � � / � � - k � x q � k � x - k � � q � k � � - k � � q � k � �
5 � � q � � * + ( � � � 	 q  7 � 2 k � k - T � � q � T � c - x � k q � x � x
% � � q � � * + ( � � � 	 q  7 2 k � T - T � k q � T � k 2 T � ]
8 9 ; � < q � q � = � > � - k � T q � k � x - x � c q � T � x - � � V q � T � V
@ 9 ; � < q � q � = � > 2 k � k - k � x q � k � ] - k � x q � k � c
4 3 � < q � q � = � > 2 k � k - k � x q � k � x - k � � q � k � �
C D E � < q � q � = � > � 2 k � T - x � T q � T � c - � � k q � x � x
� q � � � � � 	 *  � � � q 2 k � k - ] � k q � � � c - � � � q � � � x� � � * 	 	 q  � * � 	 q - k � x q � k � ] - k � x q � k � ] - k � x q � k � ]
% �  q � / G q � � * + � � 	 q � � * / � � ' - � � x q � � � x - � � � q � � � T - T � � x q � T ] � T� � � ( ( ( q 	 � / � � I V K 2 T � � 2 T � � 2 T � ]

� h � m Z { Z [ o a h [ o M Z Z [ Z ` g � ` Z g h p [ a Z X Z z o Z P   p ` O [ O X � a h a R k

o p � e y Z � H � h g H � µ O · a M p � a o M Z P h a o ` h � ~ o h p [ p   a Z X Z z o Z P
Z { Z [ o a h [ o M Z z p a h [ Z p   o M Z O [ g X Z � Z o � Z Z [ o M Z W M Z ` Z [ � p {
Z { Z [ o P h ` Z z o h p [ O [ P o M Z P h ` Z z o h p [   ` p N o M Z a ~ [ µ z p a L N ·

  p ` o M Z O [ O X � a h a o M ` Z a M p X P p   p q r x k y Z � O [ P ² P ~ z h O X
{ p X ~ N Z a Z X Z z o h p [ p   P R k k e z N R � M Z ` Z P h a o M Z ` Z z p [ �
a o ` ~ z o Z P Z { Z [ o ` O P h ~ a H � h g H � µ � · a M p � a o M Z P h a o ` h � ~ o h p [ p  

Z { Z [ o a h [ o M Z { p X ~ N Z � � Z h g M o Z P ` O P h O X { O ` h O � X Z µ P U P 4 3 · � R
� M Z ` Z P 4 3 U c e e z N h a o M Z ` O P h ~ a p   o M Z O z ` � X h z { Z a �
a Z X H � h g ~ ` Z � µ z · a M p � a o M Z � h [ Z o h z Z [ Z ` g � a ª Z z o ` ~ N p   o M Z
a Z X Z z o Z P Z { Z [ o a H

� [ p ` P Z ` o p o Z a o o M Z [ ~ X X M � ª p o M Z a h a R o M Z O a a ~ N ª o h p [
o M O o o M Z ` Z O ` Z p [ X � Z X Z z o ` p [ [ Z ~ o ` h [ p a h [ o M Z a p X O ` [ Z ~ �
o ` h [ p Q ~ � R o M Z P O o O O ` Z ` Z a p X { Z P h [ o p z p [ o ` h � ~ o h p [ a   ` p N

W W R t � R O [ P ¤ W Z { Z [ o a O � p { Z o M ` Z a M p X P ~ a h [ g ª P   a h [ p q r R
z p a L N R O [ P µ P U P 4 3 · � R P Z ` h { Z P   ` p N y p [ o Z W O ` X p z O X z ~ �

X O o h p [ a g Z [ Z ` O o Z P O a a ~ N h [ g [ p Q O { p ` o ` O [ a   p ` N O o h p [ O [ P
o M Z a o O [ P O ` P � m a ª Z z o ` O X a M O ª Z [ c _ H m O z � g ` p ~ [ P Z { Z [ o
ª P   a O ` Z h [ z X ~ P Z P h [ o M Z O [ O X � a h a � h o M ² � Z P O N ª X h o ~ P Z a
P Z o Z ` N h [ Z P � � o M Z � O z � g ` p ~ [ P z O X h � ` O o h p [ H ^ M Z Z � o Z [ P Z P

N O � h N ~ N X h � Z X h M p p P N Z o M p P ~ a Z P h [ o M Z a h g [ O X P Z z p N ª p �
a h o h p [ � h Z X P a ] h c l { l � c T � �

E c k � �
W W Z { Z [ o a R � c b { c � x c � ]

E x � � c
t � Z { Z [ o a R

O [ P k l c { k � ] � � �
E ] � � �

¤ W Z { Z [ o a [ ] � _ R � M Z ` Z p [ X � a o O o h a o h z O X ~ [ �
z Z ` o O h [ o h Z a O ` Z g h { Z [ H � � a o Z N O o h z ~ [ z Z ` o O h [ o h Z a p [ Q ~ � Z a
P Z ` h { Z P � � ` Z ª Z O o h [ g o M Z a h g [ O X P Z z p N ª p a h o h p [ � h o M ª Z ` �

o ~ ` � Z P ª P   a µ z p [ a o ` O h [ Z P � � z O X h � ` O o h p [ P O o O · O ` Z a M p � [
h [ ^ O � X Z � � H

¤ p ` N O X h © Z P o p o M Z h [ o Z g ` O o Z P ` O o Z a O � p { Z o M Z � h [ Z o h z
Z [ Z ` g � o M ` Z a M p X P p   p q r x k y Z � R o M Z Q ~ � p   � m [ Z ~ o ` h �
[ p a N Z O a ~ ` Z P � h o M Z O z M ` Z O z o h p [ h [ � ¤ ° R O a a ~ N h [ g o M Z
a o O [ P O ` P a ª Z z o ` ~ N a M O ª Z [ c _ h a µ O X X Q ~ � Z a O ` Z ª ` Z a Z [ o Z P

h [ ~ [ h o a p   ] e c z N E x a E T · >

X � � ;� � U ] { l c � k � k c
E k � k �

µ a o O o H · � k � k �
E k � k �

µ a � a o H ·

X � � ;
% � U � { b h � k � x ]

E k � x �
µ a o O o H · � k � T x

E k � T x
µ a � a o H ·

X � � ;
� � U k { e h � k � ] ]

E k � ] �
µ a o O o H · � k � ] c

E k � ] �
µ a � a o H · {

t X Z z o ` p [ [ Z ~ o ` h [ p z ` p a a a Z z o h p [ a O ` Z ~ a Z P o p z O X z ~ X O o Z O X X

-1.0 -0.5 0.0 0.5 1.0

E
ve

nt
s 

pe
r 

0.
05

 w
id

e 
bi

n

0

20

40

60

80

100

120

140

160

ESCC

NC + bkgd neutrons

Bkgd

(a)

0.0 0.2 0.4 0.6 0.8 1.0 1.2

E
ve

nt
s 

pe
r 

0.
1 

w
id

e 
bi

n

0

100

200

300

400

500

CC

NC + bkgd neutrons
ES

Bkgd

Fi
du

ci
al

 V
ol

um
e

(b)

3)AV(R/R

5 6 7 8 9 10 11 12 13

E
ve

nt
s 

pe
r 

50
0 

ke
V

0

100

200

300

400

500

600

 20→

NC + bkgd
neutrons

ES

CC

Bkgd

(c)

 (MeV)effT

Z [ ] ^ _

� � � W / " � � 3 � , 7 � + , 5 ? � , ; < ; = B ; 7 ` a = ; + b d � � 1 B J W � 5 3 � , 7 A

� + , 5 ? � , ; < ; = � M � 9 ; - ? J � � � , Y M � �  + �  , � - 9 � + , � 5 - � � b e b g i 3 	 W

� B 3 j , < � � , B � < � + Y P = ; + b d � � 1 B J W ( - 7 ; 7 M ; � < � + � � M �

� ; < � � � � + - ; ) + �  , B � , ; < 7 = ; + � � [ � N � <  Q � � 5 ~ Y  < � ? � + ; <

� 9 � < � 7 7 B � - �  � ; � M � n � + � 7 ? - � 7 [ � <  � M � B � - B ? - � � �  7 ) � B � + ? J

; = � M � + � < ~ ; 9 5 � B ~ Y + ; ? <  � e ~ Y  3 � 9 � < � 7 W � M �  � 7 M �  - , < � 7

+ � ) + � 7 � < � � M � 7 ? J J �  B ; J ) ; < � < � 7 [ � <  � M � 5 � <  7 7 M ; � � $ �

? < B � + � � , < � , � 7 W ( - -  , 7 � + , 5 ? � , ; < 7 � + � = ; + � 9 � < � 7 � , � M o q r s �

� � � W



169

k

Q ~ � Z a H ^ M Z W W O [ P t � ` Z a ~ X o a ` Z ª p ` o Z P M Z ` Z O ` Z z p [ a h a �

o Z [ o � h o M o M Z Z O ` X h Z ` � ¤ ° ` Z a ~ X o a [ � _   p ` p q r x c H l k y Z � H

^ M Z Z � z Z a a p   o M Z ¤ W Q ~ � p { Z ` o M Z W W O [ P t � Q ~ � Z a

h N ª X h Z a [ Z ~ o ` h [ p Q O { p ` o ` O [ a   p ` N O o h p [ a H

K a h N ª X Z z M O [ g Z p   { O ` h O � X Z a ` Z a p X { Z a o M Z P O o O P h �

` Z z o X � h [ o p Z X Z z o ` p [ µ X @ · O [ P [ p [ � Z X Z z o ` p [ µ X Y Z · z p N ª p �

[ Z [ o a [ ] b _ R

X @ U ] { l c � k � k �
E k � k �

µ a o O o H · � k � k �
E k � k �

µ a � a o H ·

X Y Z U b { j ] � k � ] �
E k � ] �

µ a o O o H · � k � ] �
E k � ] �

µ a � a o H ·

O a a ~ N h [ g o M Z a o O [ P O ` P � m a M O ª Z H W p N � h [ h [ g o M Z a o O �

o h a o h z O X O [ P a � a o Z N O o h z ~ [ z Z ` o O h [ o h Z a h [ ¨ ~ O P ` O o ~ ` Z R X Y Z
h a b { j ] � k � c c

E k � c ]
R � M h z M h a k H b � O � p { Z © Z ` p R ª ` p { h P h [ g a o ` p [ g

Z { h P Z [ z Z   p ` Q O { p ` o ` O [ a   p ` N O o h p [ z p [ a h a o Z [ o � h o M [ Z ~ �

o ` h [ p p a z h X X O o h p [ a [ m R h _ H K P P h [ g o M Z � ~ ª Z ` � ¢ O N h p � O [ P Z

t � N Z O a ~ ` Z N Z [ o p   o M Z � m Q ~ � [ ] e _ X � �
% �

U � { b � }

e { e b µ a o O o H · � k � k �
E k � k V

µ a � a o H · O a O [ O P P h o h p [ O X z p [ a o ` O h [ o R � Z

² [ P X Y Z U b { j k � k � c �
E k � c x

R � M h z M h a k H k � O � p { Z © Z ` p H � h g �

~ ` Z b a M p � a o M Z Q ~ � p   [ p [ � Z X Z z o ` p [ Q O { p ` O z o h { Z [ Z ~ o ` h �

[ p a { a o M Z Q ~ � p   Z X Z z o ` p [ [ Z ~ o ` h [ p a P Z P ~ z Z P   ` p N o M Z

� ¤ ° P O o O H ^ M Z o M ` Z Z � O [ P a ` Z ª ` Z a Z [ o o M Z p [ Z a o O [ P O ` P

P Z { h O o h p [ N Z O a ~ ` Z N Z [ o a p   o M Z W W R t � R O [ P ¤ W ` O o Z a H

^ M Z Z ` ` p ` Z X X h ª a Z a ` Z ª ` Z a Z [ o o M Z c m � R h k � R O [ P h h � ¬ p h [ o

ª ` p � O � h X h o � z p [ o p ~ ` a   p ` X @ O [ P X Y Z H

I Z N p { h [ g o M Z z p [ a o ` O h [ o o M O o o M Z a p X O ` [ Z ~ o ` h [ p Z [ Z ` g �

a ª Z z o ` ~ N h a ~ [ P h a o p ` o Z P R o M Z a h g [ O X P Z z p N ª p a h o h p [ h a ` Z �

ª Z O o Z P ~ a h [ g p [ X � o M Z z p a L N O [ P µ P U P 4 3 · � h [   p ` N O o h p [ H

^ M Z o p o O X Q ~ � p   O z o h { Z � m [ Z ~ o ` h [ p a N Z O a ~ ` Z P � h o M o M Z

¤ W ` Z O z o h p [ h a

X � � ;
� � U c { j � � T � � V

E T � � V
µ a o O o H · � k � � �

E k � � �
µ a � a o H ·

� M h z M h a h [ O g ` Z Z N Z [ o � h o M o M Z a M O ª Z z p [ a o ` O h [ Z P { O X ~ Z

O � p { Z O [ P � h o M o M Z a o O [ P O ` P a p X O ` N p P Z X ª ` Z P h z o h p [ [ ] ] _

  p ` � m R X � � D U k { e k � T � k T
E k � � T

{

� [ a ~ N N O ` � R o M Z ` Z a ~ X o a ª ` Z a Z [ o Z P M Z ` Z O ` Z o M Z ² ` a o P h �

` Z z o N Z O a ~ ` Z N Z [ o p   o M Z o p o O X Q ~ � p   O z o h { Z � m [ Z ~ o ` h [ p a

O ` ` h { h [ g   ` p N o M Z a ~ [ O [ P ª ` p { h P Z a o ` p [ g Z { h P Z [ z Z   p `

[ Z ~ o ` h [ p Q O { p ` o ` O [ a   p ` N O o h p [ H ^ M Z W W O [ P t � ` Z O z o h p [

` O o Z a O ` Z z p [ a h a o Z [ o � h o M o M Z Z O ` X h Z ` ` Z a ~ X o a [ � _ O [ P � h o M

o M Z ¤ W ` Z O z o h p [ ` O o Z ~ [ P Z ` o M Z M � ª p o M Z a h a p   Q O { p ` o ` O [ a �

  p ` N O o h p [ H ^ M Z o p o O X Q ~ � p   � m [ Z ~ o ` h [ p a N Z O a ~ ` Z P � h o M

o M Z ¤ W ` Z O z o h p [ h a h [ O g ` Z Z N Z [ o � h o M o M Z � � y ª ` Z P h z o h p [ H

^ M h a ` Z a Z O ` z M � O a a ~ ª ª p ` o Z P � � > W O [ O P O > ¤ � t I W R � [ �

P ~ a o ` � W O [ O P O R ¤ I W R ¤ p ` o M Z ` [ ° [ o O ` h p � Z ` h o O g Z � ~ [ P

W p ` ª p ` O o h p [ R � [ z p R K t W ¦ R ° [ o O ` h p � p � Z ` � Z [ Z ` O o h p [ �

§ � > f Z ª o H p   t [ Z ` g � � § ¢ > � � K I W H u Z o M O [ � o M Z � ¤ °

o Z z M [ h z O X a o O �   p ` o M Z h ` a o ` p [ g z p [ o ` h � ~ o h p [ a H

� , � + J � < � < � (   + � 7 7 " e , + ~ 5 � B ~ � ; - - � Y � [ X < , 9 � + 7 , � P ; =
� ; <  ; < [ � � - � � � ; �  [ � ; <  ; < � � $ � q � � [ X j


 � � B � � 7 �  
� $ � � W � M � < [ , M P 7 W � � 9 W � � � � W � � [ $ � � � � $ & * � 3 W

0 1 2 3 4 5 6
0

1

2

3

4

5

6

7

8

)-1 s-2 cm
6

 (10eφ

)
-1

 s
-2

 c
m

6
 (

10
τ

µ
φ SNO

NCφ

SSMφ

SNO
CCφ

SNO
ESφ

� � � W � " � - ? m ; = d e 7 ; - � + < � ? � + , < ; 7 � M , B M � + � � ; + � k � 9 ; + 9 7
k ? m ; = � - � B � + ; < < � ? � + , < ; 7  �  ? B �  = + ; J � M � � M + � � < � ? � + , < ; + � A
� B � , ; < 7 , < N Q 4 W � M �  , � Y ; < � - 5 � <  7 7 M ; � � M � � ; � � - d e k ? m � 7
) + �  , B � �  5 P � M � N N � � $ $ � �  � 7 M �  - , < � 7 3 � <  � M � � J � � 7 ? + �  

� , � M � M � Q � + � � B � , ; < , < N Q 4 � 7 ; - ,  5 � <  3 W � M � , < � � + B � ) � 7
; = � M � 7 � 5 � <  7 � , � M � M � � m � 7 + � ) + � 7 � < � � M � � $ � � + + ; + 7 W � M �
5 � <  7 , < � � + 7 � B � � � � M � n � 9 � - ? � 7 = ; + n h � <  n � � [ , <  , B � � , < Y

� M � � � M � B ; J 5 , < �  k ? m + � 7 ? - � 7 � + � B ; < 7 , 7 � � < � � , � M < � ? � + , < ;
k � 9 ; + � + � < 7 = ; + J � � , ; < � 7 7 ? J , < Y < ;  , 7 � ; + � , ; < , < � M � d e < � ? A
� + , < ; � < � + Y P 7 ) � B � + ? J W

� / � � W � W ( M J �  Â º É Î � [ , M P 7 W � � 9 W � � � � W � � [ 1 q $ � 1 $ � / 1 1 $ 3 W
� � � � M � N Q 4 B ; - - � 5 ; + � � , ; < [ Q ? B - W � < 7 � + W � <  � � � M W � � �  [

$ q / � / 1 1 1 3 W
� � � � W � W � + � Y ; � 7 ~ P Â º É Î � [ Q ? B - W � < 7 � + W � <  � � � M W � � � # [

/ * � � / 1 1 / 3 W
� � � � W A � W � , ? [ � W � W � � � [ � <  ( W e W � B � ; < � -  [ Q ? B - W � < 7 � W

� � � M W � & '  [ / & $ � $ & & � 3 W
� r � � W � W 4 + � , � Â º É Î � [ , M P 7 W � � 9 W � � � � W � � [ / & 1 & � / 1 1 1 3 W
� q � � + ; 7 7 7 � B � , ; < ? < B � + � � , < � P , < B - ?  � 7 ( * ? < B � + � � , < � P � 1 W r , 3 [

 , . � + � < B � 5 � � � � � < Q N � j � N W Q � ~ � J ? + � [ � W N � � ; [ � W
� ?  ~ ; 9 � <  j W j ? 5 ;  � + � [ , M P 7 W � � 9 W 0 2 & � / 1 1 $ 3
1 � � r $ q 3 � <  e � j � � W e ? � - � + [ 4 W A � W � M � < � <  � W j ; < Y [
, M P 7 W � � 9 W 0 2 & � / 1 1 $ 3 1 � � � 1 $ 3 , < N Q 4 � 7 B � - B ? - � � , ; < 7

� 1 W r , 3 [ + �  , � � , 9 � B ; + + � B � , ; < ? < B � + � � , < � , � 7 � 1 W � , = ; + � � [
1 W $ , = ; + Q � [ ( W j ? + P - ; 9 [ � W 4 W � � J 7 � P A � ? 7 ; - = � <  , W
� ; Y � - [ , M P 7 W � � 9 W 0 2 � � / 1 1 / 3 1 � � � 1 $ 3 [ ? < B � + � � , < � P � 7 A
7 ; B , � � �  � , � M < � Y - � B � ; = + � � - ) M ; � ; < 7 , < N Q 4 � 1 W q , = ; +
� � 3 [ � <  � M � ; + � � , B � - B + ; 7 7 7 � B � , ; < ? < B � + � � , < � P � $ , [ N W

Q � ~ � J ? + � Â º É Î � [ 8 : ; < > ? @ B C E F G H I J K J M J O K [ � � ; 5 � ) ? 5 A
- , 7 M �  3 3 W

� * � P W � � ~ , [ Q W Q � ~ � Y � � � [ � <  N W N � ~ � � � [ , + ; Y W � M � ; + W , M P 7 W
' � [ * q 1 � $ & r / 3 W

� & � � W � + , 5 ; 9 � <  e W , ; < � � B ; + 9 ; [ , M P 7 W � � � � W Q ' � [ � & �
� $ & r & 3 W

� $ 1 � N W � ? ~ ?  � Â º É Î � [ , M P 7 W � � 9 W � � � � W � 2 [ � r � $ � / 1 1 $ 3 W
� $ $ � 4 ; M < Q W e � M B � - - [ � W � W , , < 7 ; < < � � ? - � [ � <  N � + 5 � < , e � 7 ? [

( 7 � + ; ) M P 7 W 4 W � � � [ & & 1 � / 1 1 $ 3 W
� $ / � � � < ; � � � M � � � M , 7 + � � � ; = < � ? � + ; < � 9 � < � 7 � - 7 ; - � �  7 � ; �

- ; � � + 5 ; ? <  ; < � M � ) + ; � ; < - , = � � , J � = ; + V , < 9 , 7 , 5 - � X J ;  � 7
� 5 � 7 �  ; < � M � = + � � < � ? � + ; < � M � � � ; ? -  5 � - � = � , <  � ? A

� � + , ? J � � W � W � + � � P � ~ � <  Z ? W � W P  � 7 � < ~ ; [ , M P 7 W � � � � W
Q � \ � [ � & � / 1 1 $ 3 3 , < � m B � 7 7 ; = $ 1 { d P � � + 7 [ � ) ) + ; m , J � � � - P



170

c

� ; +  � + 7 ; = J � Y < , � ?  � J ; + � + � 7 � + , B � , 9 � � M � < ) + � 9 , ; ? 7 - , J A

, � 7 � 4 W � 9 � < 7 � <  � W N � � , < 5 � + Y [ N B , � < B � [ #  � [ & * & � $ & q q 3 W 3

� M � ) ; 7 7 , 5 - � B ; < � + , 5 ? � , ; < ; = � M , 7 J � B M � < , 7 J � ; � M � 7 ; - � +

< � ? � + , < ; Q � 5 � B ~ Y + ; ? <  , 7 , Y < ; + �  W

� $ � � � M , 7 B M � < Y � ; = 9 � + , � 5 - � 7 � - - ; � 7 �  , + � B � � � 7 � ; = � M � < ? - -

M P ) ; � M � 7 , 7 ; = < ; k � 9 ; + � + � < 7 = ; + J � � , ; < � n � � o 1 3 � , � M A

; ? � + � 
 ? , + , < Y B � - B ? - � � , ; < ; = � M � � � [ � N [ � <  Q � 7 , Y < � -

B ; + + � - � � , ; < 7 W



171

� � � � � 	 � � � � � � � � � � � � � � � ! # � � � � � 	 � � � * � � 	 ! � - / � 2 � 	 � � � - � 7 � � �

: � � � � 	 � � � � � � � � � � � 	 � � � � � @ � � ! B � 	 � � � � � 	 �

F G H G J L M N P R S U H G W G J Y Y Z \ R ^ _ G W G J \ P Z c e Z \ R h j G k G J \ l Y n \ R S o j G W G q N c s t \ R S S u v w G x G q Z n Z c R S z { G q Z c | t } n s | L R S o

j G q n l � R U � G k G q n Y Y Z c R S S H G J G q Y N | � R S S � G q Y Z } n e R � H G j G q t N c P M N \ R S S j G q t l Z c R � w G q t \ } n \ R S ^ { G � G q t � Y N � R � u S ^

{ G � G q t � Y Z c R S S _ G j G q t � Y Z e R � � G j G q c n | Z R � u S S { G W G q c t � \ Z R S U u � _ G � G q � Y Y N c P R S U � G q �� L Y Z c R ^ j G W N M Z c t \ R S S

� G k G W L N \ R � � G � G W L Z \ R ^ u � { G W L Z \ R S ^ � G W L Z \ R � u S S q G _ G W Y Z } Z Y N \ P R S S w G _ G � G W Y n � t c P R S ^ j G � G { G W t � N \ R U

k G � G W t � Z \ R S z � G J G W t � R S U � G k N n R S S � G k N Y \ t � n � � Z c Z e e R � x G � G k N } n P e t \ R S o � G j G k t Z R S U u � u ^ � G k t � | N e R S S

{ G H G k c N l t � e � � R � u � W G J G k � ¢ N R S U � G J G k � \ | N \ R S ^ { G k � \ £ t c P R S z j G J G k � \ M t c Z R S S w G k G w N c Y Z R S ^ u S � G H G w Y Y n t s s R S U u �

� G W G w } N \ e R S ^ � G _ G w � N \ R S ^ j G � N c n \ Z R U u � � G � Z c l N \ n R S S J G � G � Z c c N c n e R S S H G j G � t c P R S ^ j G J G � t c M N l l n t R S U

{ G { G � t � Y Z c R � ¥ G � c N M Z R S S w G k G � c N \ � R S z x G � c N s n R S z ¦ G � N l \ t \ R S S u � u � u S U j G � G � Z c M N \ n R S U � G � n Y R z ¥ G � c N L N M R S ^

k G H G � c N \ s R � H G § G � N L \ R � J G § G � N Y Y n \ R S ^ w G k G � N Y Y M N \ R U J G � G � N M Z c R � u S ^ J G J G � N M n N \ R S U x G q G � N \ P Y Z c R S ^

H G ¨ G � N © R U W G ¥ G � N c l c t } Z R � � G j G � N c } Z � R S ^ H G � N ª N M N R S U ¥ G { G � Z Z l Z c R S U x G j G � Z n \ s ª Z Y M N \ R S z j G � Z n e Z R z u �

H G § G � Z Y M Z c R S h u z j G k G � Z « ¢ � c \ R S ^ � G � Z c t \ R S S j G � Z � Z s s R U J G � n M Z R � j G � G � � � N � � R U { G W G � G � e N N | R �

� G j N l N M R h ¦ G J G j Z Y Y Z � R S S W G j n Y Y n \ l e R S ^ � G j t \ � M N \ e R U u S ¥ G ¥ N ª � N ª R S U � G _ G ¥ Z Z \ Z c R S z j G H G ¥ Y Z n \ R S z

J G q G ¥ \ t � R S S H G j G ¥ t M N c R z H G ¥ t � ª Z e R S � _ G ¥ � s s Z c R z W G W G { G ¥ � ¢ N R S z j G § N � R h � G _ G § N � e t \ R h { G § N � R S S

� G x G § Z Z R S ^ ¥ G _ G § Z e � t R � j G H G § Z e Y n Z R S ^ � G § Z } n \ Z R � x G § t | � Z R S S � G § � t M N R U j G § � t \ R S S � G { N ­ Z c � e R S S � G q G { N � R S ^

j G { N \ Z n c N R S ^ j G { N \ t c R S U J G k G { N c n \ t R � ¦ G { | W N � Y Z � R S z u S S k G � G { | k t \ N Y P R S z J G q G { | k t \ N Y P R S ^ u S � ¥ G { | � N c Y N \ Z R �

� G { | � c Z l t c R S S H G { Z n ­ Z c k c Z Z e R S U W G { n ¯ n \ R � � G � G { n Y Y Z c R � � G { n Y s t \ R S q G J G { t � N s R S ^ { G { t t c L Z N P R S S

W G x G ¦ N Y Y � R z { G � G ¦ Z � ¢ N � Z c R S z � G { G ¦ Z � | t M Z c R S z � G � G ¦ l R z J G j G ¦ t ¢ Y Z R S h u � w G q G ¦ t c M N \ R � � G { G ¦ t } n � t } R �

{ G ° ± ¦ Z n Y Y R � W G w G ° � N P N R � H G x G ° Y Y Z c L Z N P R h { G ° M t c n R S S j G § G ° c c Z Y Y R S U � G { G ° e Z c R S z J G x G � G � t t \ R � u S U u z u �

_ G j G H N P | Y n � Z R S ^ J G H t ¢ Z c l Z R U q G W G H t ¢ Z c s e t \ R S ^ H G � G � G H t ¢ Z c s e t \ R S U u � � G � G w G H t e Z \ P N L Y R � j G ¥ G H t � Y Z � R �

� G § G H � e � R S z w G � N Z s s Y Z c R U ¥ G ¥ G � | L N � Z c R S U { G � G � | L � Z \ P Z \ Z c R U J G � | L �� Y � Z R � � G � Z n £ Z c s R U u S U u � { G � L N s � N � R �

j G j G � n M « e t \ R h W G j G � n M e R S S k G � n \ | Y N n c R � � G � � Z \ e } Z P R S ^ J G H G � M n s L R � { G x G w G � M n s L R S U _ G � « c Z n s ª Z c R S z

¦ G � s N c n \ e � � R � _ G k G � s Z n l Z c R S U H G � G � s t � e s N P R � § G W G � s t \ Z L n Y Y R S U H G � G � s t c Z � R S o u � q G � � c R S u S ^ H G _ N ² c t � s R U

¦ G _ N l l R h u S S ¦ G x G _ N \ \ Z c R S S H G ¥ G _ N « Y n \ R S S { G _ L t c M N \ R S S � G { G _ L t c \ Z � Z Y Y R S S � G _ G _ c Z \ s R S S � G � G _ e Z c � t } \ � N � R z

H G � N \ q Z c l R S z H G � G � N \ P Z x N s Z c R � u S z W G j G � n c s � Z R U W G w G x N Y s L N M R z j G � � G x N \ l R h k G § G x N c � R S � u S S u �

¦ G x Z e s R S S j G q G x n Y L Z Y M � R � j G � G x n Y � Z c e t \ R S U u � j G H G x n Y e t \ R S S � G x n s s n | L R S z j G { G x t � s Z c e R � N \ P { G � Z L �

µ � ¦ ° W t Y Y N ¢ t c N s n t \ ·

¸ ¹ º » ¼ ½ ¾ ¿ À Á Â Ã Ä » Å Æ Ç À Ç È Ç É Ê ½ ¼ ½ º Á È É Æ Ë Ç Ì Í Î ½ Ï Á Â Ê Ç Ð » Â Ç º » Â ½ Á Ñ É Æ Ë Ç Ì Í Î ½ Ï Á Â É Ò Ó Ô Ö × Ø × Ö É Æ Ç À Ç È Ç
Ú Û Á Ü Ç Â º ¼ Á À º » Å Ý Ë Ä Ñ ½ ¾ Ñ Ç À È ¹ Ñ º Â » À » ¼ Ä É Þ À ½ Ï Á Â Ñ ½ º Ä » Å ß Â ½ º ½ Ñ Ë Æ » Ì á ¼ Ð ½ Ç É â Ç À ¾ » á Ï Á Â É ß Æ â ä å Ø æ Ø Æ Ç À Ç È Ç

ç Æ Ë Á ¼ ½ Ñ º Â Ä Û Á Ü Ç Â º ¼ Á À º É ß Â » » Í Ë Ç Ï Á À Ó Ç º ½ » À Ç Ì Ê Ç Ð » Â Ç º » Â Ä É Þ Ü º » À É Ó è Ø Ø é ê ë ì í Ö Ö Ö
î Û Á Ü Ç Â º ¼ Á À º » Å Ý Ë Ä Ñ ½ ¾ Ñ É Þ À ½ Ï Á Â Ñ ½ º Ä » Å Æ Ç Ì ½ Å » Â À ½ Ç É ï Â Ï ½ À Á É Æ ¹ é ñ ê Ø ê

ò Æ Ç Â Ì Á º » À Þ À ½ Ï Á Â Ñ ½ º Ä É Ò º º Ç ó Ç É Ò À º Ç Â ½ » Ô Ø ô í ß ä Æ Ç À Ç È Ç
ö Ý Ë Ä Ñ ½ ¾ Ñ Û Á Ü Ç Â º ¼ Á À º É Þ À ½ Ï Á Â Ñ ½ º Ä » Å ÷ á Á Ì Ü Ë É ÷ á Á Ì Ü Ë É Ò À º Ç Â ½ » Ó Ø ÷ ñ ù Ø Æ Ç À Ç È Ç

ú Û Á Ü Ç Â º ¼ Á À º » Å Ý Ë Ä Ñ ½ ¾ Ñ Ç À È ¹ Ñ º Â » À » ¼ Ä É Ê Ç á Â Á À º ½ Ç À Þ À ½ Ï Á Â Ñ ½ º Ä É ô á È Ð á Â Ä É Ò À º Ç Â ½ » Ý ë ¿ ñ Æ ä Æ Ç À Ç È Ç
û ï À Ñ º ½ º á º Á Å » Â Ó á ¾ Ì Á Ç Â Ç À È Ý Ç Â º ½ ¾ Ì Á ¹ Ñ º Â » Ü Ë Ä Ñ ½ ¾ Ñ Ç À È Ó á ¾ Ì Á Ç Â ô ¾ ½ Á À ¾ Á

Û ½ Ï ½ Ñ ½ » À É Ê Ç ó Â Á À ¾ Á ß Á Â Í Á Ì Á Ä Ó Ç º ½ » À Ç Ì Ê Ç Ð » Â Ç º » Â Ä É ß Á Â Í Á Ì Á Ä É Æ ¹ é ü ê ñ Ö
ý Ê » Ñ ¹ Ì Ç ¼ » Ñ Ó Ç º ½ » À Ç Ì Ê Ç Ð » Â Ç º » Â Ä É Ê » Ñ ¹ Ì Ç ¼ » Ñ É Ó þ ÿ ê í ü í

¸ � Ó Ç º ½ » À Ç Ì Î Á Ñ Á Ç Â ¾ Ë Æ » á À ¾ ½ Ì » Å Æ Ç À Ç È Ç É Ò º º Ç ó Ç É Ò Ó Ô Ø ¹ Ö Î ä É Æ Ç À Ç È Ç
¸ ¸ Û Á Ü Ç Â º ¼ Á À º » Å Ý Ë Ä Ñ ½ ¾ Ñ É Þ À ½ Ï Á Â Ñ ½ º Ä » Å Ò � Å » Â È É Û Á À Ä Ñ ù ½ Ì Í ½ À Ñ » À ß á ½ Ì È ½ À Ã É Ô Á Ð Ì Á Î » Ç È É Ò � Å » Â È É Ò � Ø ë Î � É Þ Ô

¸ Ú Û Á Ü Ç Â º ¼ Á À º » Å Ý Ë Ä Ñ ½ ¾ Ñ Ç À È ¹ Ñ º Â » À » ¼ Ä É Þ À ½ Ï Á Â Ñ ½ º Ä » Å Ý Á À À Ñ Ä Ì Ï Ç À ½ Ç É Ý Ë ½ Ì Ç È Á Ì Ü Ë ½ Ç É Ý ¹ Ø é Ø Ö ü ì ä ë é ä
¸ ç Û Á Ü Ç Â º ¼ Á À º » Å Ý Ë Ä Ñ ½ ¾ Ñ É Ý Â ½ À ¾ Á º » À Þ À ½ Ï Á Â Ñ ½ º Ä É Ý Â ½ À ¾ Á º » À É Ó × Ö ÿ í ü ü

¸ î Û Á Ü Ç Â º ¼ Á À º » Å Ý Ë Ä Ñ ½ ¾ Ñ É 
 á Á Á À � Ñ Þ À ½ Ï Á Â Ñ ½ º Ä É Ô ½ À Ã Ñ º » À É Ò À º Ç Â ½ » Ô ê Ê ë Ó ä Æ Ç À Ç È Ç
¸ ò Î á º Ë Á Â Å » Â È ¹ Ü Ü Ì Á º » À Ê Ç Ð » Â Ç º » Â Ä É Æ Ë ½ Ì º » À É Û ½ È ¾ » º É Ò � » À É Ò � Ø Ø Ö 
 � É Ç À È

Þ À ½ Ï Á Â Ñ ½ º Ä » Å ô á Ñ Ñ Á � É Ý Ë Ä Ñ ½ ¾ Ñ Ç À È ¹ Ñ º Â » À » ¼ Ä Û Á Ü Ç Â º ¼ Á À º É ß Â ½ Ã Ë º » À ß Ó Ø é 
 � É Þ Ô
¸ ö å Î ï Þ þ � É ü Ö Ö ü ù Á Ñ Ð Â » » Í þ Ç Ì Ì É â Ç À ¾ » á Ï Á Â É ß Æ â ä å ñ ¹ ë É Æ Ç À Ç È Ç

¸ ú Æ Á À º Á Â Å » Â ¿ � Ü Á Â ½ ¼ Á À º Ç Ì Ó á ¾ Ì Á Ç Â Ý Ë Ä Ñ ½ ¾ Ñ Ç À È ¹ Ñ º Â » Ü Ë Ä Ñ ½ ¾ Ñ É Ç À È
Û Á Ü Ç Â º ¼ Á À º » Å Ý Ë Ä Ñ ½ ¾ Ñ É Þ À ½ Ï Á Â Ñ ½ º Ä » Å ù Ç Ñ Ë ½ À Ã º » À É ô Á Ç º º Ì Á É ù ¹ é ÿ Ø é í

� � � � � � �  " $ % ' ) * , - / / - 2

4 5 � 6 7 � 9 7 $ : < � 7 � $ % > ? @ 9 B � $ D � � ? $ : � 6 < @ 2 5 � B H � � B 7 $ � � � � : � > � > % M 5 � B ? ' � $ > � 7 � $ % > ? � > � $ M :
B " � Q � $ � � > � $ � � � B T U ? $ Q 5 � $ M � � Q 7 $ $ � > � � D � > � B , � B B 7 H % > M � > 7 > � % B � ? $ � � � Y Z B " � Q � $ 7 H , � 5 � > % M 5 �
H % > 7 B � � : $ � � � % B ) ` a / b c e a f b g h j k

l h j m
b ? o � 5 � � D � $ � M � $ � � � T q o � 5 � � ? � � ' s 7 t ? o � Q � % D � > � 7 � $ % > ? B % B

� � � % � % ? > � ' ' : Q ? > B � $ � % > � � � ? 5 � D � > ? � B : H H � � $ : , � 5 � x z � B : H H � � $ : % B o ? 7 > � � ? 9 � | a / b c ` a * b g h j }
l h j ~

b T
 M ' ? 9 � ' B ? ' � $ > � 7 � $ % > ? � > � ' : B % B % > � � $ H B ? o H � � � � $ � � > 5 � > Q � � ? B Q % ' ' � � % ? > B ? o � � ? � Q � % D � s � D ? $ B B � $ ? > M ' :
o � D ? $ B � 5 � � � $ M � � % t % > M  > M ' � � � �  2 B ? ' 7 � % ? > T



172

�

� � � � � 
 � � � � � � � � � � � � � �  ! # � � % � � '  ! * � ! � � � -  / � � 0 � � 2 3

_ L Z � � P ¢ � c � ¦ Z � s c n \ t ° ¢ e Z c } N s t c � µ � ¦ ° · L N e « c t �

} n P Z P e s c t \ l Z } n P Z \ | Z s L N s \ Z � s c n \ t e | L N \ l Z 5 N } t c N e

s L Z � « c t « N l N s Z £ c t M s L Z | t c Z t £ s L Z � � \ 7 9 R � ; R n \ P Z �

« Z \ P Z \ s Y � t £ e t Y N c M t P Z Y 5 � � « c Z P n | s n t \ e G _ L n e 5 N } t c

| t \ } Z c e n t \ | N \ ¢ Z Z � « Y N n \ Z P ¢ � \ Z � s c n \ t t e | n Y Y N s n t \ M t P �

Z Y e ¢ N e Z P t \ 5 N } t c M n � n \ l G � t c e t M Z } N Y � Z e t £ s L Z M n � n \ l

« N c N M Z s Z c e R e « Z | s c N Y P n e s t c s n t \ e N \ P N M Z N e � c N ¢ Y Z P Z « Z \ �

P Z \ | Z t \ e t Y N c ª Z \ n s L N \ l Y Z N c Z Z � « Z | s Z P 7 @ A B ; G _ L Z Y N s �

s Z c M n l L s ¢ Z | N � e Z P ¢ � n \ s Z c N | s n t \ � n s L s L Z M N s s Z c t £

s L Z w N c s L µ s L Z { � x Z � Z | s · N \ P � t � Y P P Z « Z \ P \ t s t \ Y �

t \ t e | n Y Y N s n t \ « N c N M Z s Z c e N \ P \ Z � s c n \ t Z \ Z c l � R ¢ � s N Y e t

t \ s L Z « N s L Y Z \ l s L N \ P D F P Z \ e n s � s L c t � l L s L Z w N c s L G

_ L n e § Z s s Z c « c Z e Z \ s e � ¦ ° ± e ² c e s M Z N e � c Z M Z \ s e t £ P N �

N \ P \ n l L s \ Z � s c n \ t Z \ Z c l � e « Z | s c N R N \ P | t \ e s c N n \ s e t \

N Y Y t � Z P \ Z � s c n \ t M n � n \ l « N c N M Z s Z c e G

_ L Z P N s N c Z « t c s Z P L Z c Z � Z c Z c Z | t c P Z P ¢ Z s � Z Z \ ¦ t } Z M �

¢ Z c � R 9 G G G N \ P { N � � I R � J J 9 ¨ _ W G _ L Z s t s N Y Y n } Z s n M Z e

£ t c P N � N \ P \ n l L s N c Z 9 � I G B N \ P 9 L L G G P N � e R c Z e « Z | s n } Z Y � G

_ L Z s n M Z � N } Z c N l Z P n \ } Z c e Z � e © � N c Z P n e s N \ | Z s t s L Z � � \

M µ S N O
P

· z Q � N e 9 G J J J � µ P N � · N \ P 9 G J 9 9 L µ \ n l L s · G k � c n \ l

s L Z P Z } Z Y t « M Z \ s t £ s L n e N \ N Y � e n e R s L Z P N s N � Z c Z « N c s n �

s n t \ Z P n \ s t s � t e Z s e t £ N « « c t � n M N s Z Y � Z © � N Y Y n } Z s n M Z µ e « Y n s

N s j � Y � 9 R � J J J · R Z N | L L N } n \ l e � ¢ e s N \ s n N Y P N � N \ P \ n l L s

| t M « t \ Z \ s e G J \ N Y � e n e « c t | Z P � c Z e � Z c Z c Z ² \ Z P P � c n \ l s L Z

N \ N Y � e n e t £ � Z s 9 N \ P ² � Z P ¢ Z £ t c Z � Z s � � N e N \ N Y � e Z P G _ L Z

Y N s s Z c s L � e e Z c } Z P N e N \ � \ ¢ n N e Z P s Z e s G ¨ \ Y Z e e t s L Z c � n e Z

e s N s Z P R s L Z N \ N Y � e n e « c Z e Z \ s Z P n \ s L n e « N « Z c n e £ t c s L Z

| t M ¢ n \ Z P P N s N e Z s G

_ L Z P N s N c Z P � | s n t \ n \ 7 9 ; � N e � e Z P L Z c Z G � t c Z N | L

Z } Z \ s R s L Z \ � M ¢ Z c R « N s s Z c \ R N \ P s n M n \ l t £ s L Z L n s « L t s t �

M � Y s n « Y n Z c s � ¢ Z e µ � { _ e · � Z c Z � e Z P s t c Z | t \ e s c � | s Z � Z | �

s n } Z c Z | t n Y Z Y Z | s c t \ � n \ Z s n | Z \ Z c l � X Y Z R c N P n N Y « t e n s n t \ \ R

N \ P e | N s s Z c n \ l N \ l Y Z ^ _ � n s L c Z e « Z | s s t s L Z � � \ � w N c s L

P n c Z | s n t \ G _ L Z | L N c l Z P | � c c Z \ s µ W W · R Z Y N e s n | e | N s s Z c n \ l

µ w � · N \ P \ Z � s c N Y | � c c Z \ s µ ¦ W · c Z N | s n t \ e Z N | L L N } Z | L N c �

N | s Z c n e s n | « c t ¢ N ¢ n Y n s � P Z \ e n s � £ � \ | s n t \ e µ « P £ e · t £ X Y Z ` \ R

N \ P ^ _ G J M N � n M � M Y n � Z Y n L t t P ² s t £ s L Z « P £ e s t s L Z P N s N

P Z s Z c M n \ Z P s L Z 5 � � £ c t M Z N | L t £ s L Z e Z c Z N | s n t \ e G

_ L Z M Z N e � c Z P \ n l L s N \ P P N � 5 � � Z e e f N \ P e h � Z c Z

� e Z P s t £ t c M s L Z N e � M M Z s c � c N s n t £ t c Z N | L c Z N | s n t \ i j k

� µ e f m e h · n µ e f o e h · G _ L Z W W n \ s Z c N | s n t \ n e e Z \ e n s n } Z

t \ Y � s t q r G _ L Z ¦ W n \ s Z c N | s n t \ n e Z © � N Y Y � e Z \ e n s n } Z s t N Y Y

N | s n } Z \ Z � s c n \ t 5 N } t c e R e t N | s n } Z � t \ Y � \ Z � s c n \ t M t P Z Y e

« c Z P n | s j f t k J 7 u ; G _ L Z e N M Z M t P Z Y e N Y Y t � j t t wk J G

_ L Z w � c Z N | s n t \ L N e N P P n s n t \ N Y | t \ s c n ¢ � s n t \ e £ c t M q y z

Y Z N P n \ l s t N c Z P � | s n t \ n \ n s e e Z \ e n s n } n s � s t q r N e � M M Z s c n Z e G

� ¦ ° � e Z P | N Y n ¢ c N s n t \ e t � c | Z e 7 L ; s t | t \ e s c N n \ } N c n N �

s n t \ e n \ P Z s Z | s t c c Z e « t \ e Z 7 I ; s L N s | N \ Y Z N P s t P N � � \ n l L s

N e � M M Z s c n Z e G J S h ¦ e t � c | Z 7 G ; R � L n | L « c t P � | Z e u | 9 � { Z �

l N M M N c N � e R c Z } Z N Y Z P N 9 G @ � « Z c � Z N c P c n £ s n \ s L Z Z \ Z c l �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � - �  � � � � � � � � � 3 � � � � � � � �  
� � � � � 2 � � �  � � � � � � � � ! � � � �  � �
� � � � � � � � �

A
 (
%

)

Calibrations
and Checks

Neutrino Flux
Asymmetries

ne
ut

ro
ns C
C e

A

A

-20

-10

0

10

20

pu
ls

er

m
uo

ns

se
co

nd
ar

y

ho
t s

po
t

ea
st

/w
es

t

U q   T ) � ¢ � $ % ? 7 B � D � > � Q ' � B B � B 7 B � � � ? � � � � $ H % > � B : B � � H � � % Q

� % £ � $ � > Q � B 9 � � � � � > � � : � > � > % M 5 � H � � B 7 $ � H � > � B T  ' B ? B 5 ? � >

� $ � H � � B 7 $ � � � B : H H � � $ % � B ? > � 5 � ¤ ¤ s 7 t , � > � ? > � 5 � � ' � Q � $ ? >

> � 7 � $ % > ? s 7 t � � $ % D � � o $ ? H � 5 � ¤ ¤ , ¦ 6 , � > � < ¤ $ � � � B � 5 � >

� 5 � � ? � � ' > � 7 � $ % > ? s 7 t % B Q ? > B � $ � % > � � � ? 5 � D � ¨ � $ ? � B : H H � � $ : T

e | N Y Z G k � Z s t e Z N e t \ N Y } N c n N s n t \ n \ P N � N \ P \ n l L s Y n } Z s n M Z R

s L n e P c n £ s | N \ | c Z N s Z N \ N c s n ² | n N Y N e � M M Z s c � G _ L Z N \ N Y � �

e n e | t c c Z | s Z P £ t c s L n e P c n £ s N \ P N e � e s Z M N s n | � \ | Z c s N n \ s �

� N e N e e n l \ Z P � e n \ l � t c e s � | N e Z P c n £ s M t P Z Y e G � N M M N c N � e

£ c t M s L Z S h ¦ e t � c | Z � Z c Z N Y e t � e Z P s t | t \ e s c N n \ P n c Z | �

s n t \ N Y P Z « Z \ P Z \ | Z e n \ � ¦ ° ± e c Z e « t \ e Z G

J e Z s t £ e n l \ N Y e s L N s N c Z | t \ s n \ � t � e Y � « c Z e Z \ s n \ s L Z

P Z s Z | s t c � N e � e Z P s t « c t ¢ Z « t e e n ¢ Y Z P n � c \ N Y } N c n N s n t \ e n \

P Z s Z | s t c c Z e « t \ e Z G _ L Z P Z s Z | s t c � N e s c n l l Z c Z P N s B � ª

� n s L N « � Y e Z c R } Z c n £ � n \ l Y n } Z s n M Z N | | t � \ s n \ l G { � t \ e « c t �

} n P Z N \ N Y M t e s | t \ e s N \ s e n l \ N Y N \ P R s L c t � l L n \ s Z c N | s n t \ e

� n s L k
z

° R « c t P � | Z e Z | t \ P N c � \ Z � s c t \ e G J £ s Z c N « « Y � n \ l

N | � s s t c Z M t } Z ¢ � c e s e � n s L L n l L \ Z � s c t \ M � Y s n « Y n | n s � R

s L Z e Z M � t \ � n \ P � | Z P \ Z � s c t \ e � Z c Z � e Z P s t Y n M n s s Z M « t c N Y

} N c n N s n t \ e n \ P Z s Z | s t c c Z e « t \ e Z G J M t c Z e Z \ e n s n } Z e s � P �

£ t | � e Z P t \ N e t Y n s N c � « t n \ s t £ L n l L ¢ N | � l c t � \ P c N P n t N | �

s n } n s � R t c ª L t s e « t s « R t \ s L Z � « « Z c L Z M n e « L Z c Z t £ s L Z � ¦ °

N | c � Y n | } Z e e Z Y R N « « N c Z \ s Y � n \ s c t P � | Z P P � c n \ l | t \ e s c � | s n t \ G

� s e Z } Z \ s c N s Z � N e e s N ¢ Y Z N \ P e � ­ | n Z \ s s t M N � Z N \ Z � | Z Y �

Y Z \ s s Z e s t £ P n � c \ N Y } N c n N s n t \ e G � s N Y e t « c t } n P Z e N e Z \ e n s n } Z

s Z e s £ t c | L N \ l Z e n \ c Z | t \ e s c � | s n t \ G J Y n M n s t £ @ G B � t \

s L Z L t s e « t s c N s Z N e � M M Z s c � � N e P Z s Z c M n \ Z P R � L n | L ¢ Z �

| N � e Z t £ n s e e s Z Z « Y � £ N Y Y n \ l Z \ Z c l � e « Z | s c � M | t \ e s c N n \ Z P

s L Z P N � N \ P \ n l L s Z \ Z c l � e | N Y Z e s t ¢ Z s L Z e N M Z � n s L n \

J G @ � G J \ Z N e s ¯ � Z e s P n } n e n t \ t £ s L Z \ Z � s c n \ t P N s N ¢ N e Z P

t \ s L Z � � \ ± e « t e n s n t \ e L t � Y P e L t � \ t c N s Z } N c n N s n t \ e £ c t M

M N s s Z c Z � Z | s e G J e Z � « Z | s Z P R s L Z W W c N s Z e £ t c Z N e s N \ P

� Z e s P N s N � Z c Z | t \ e n e s Z \ s G _ L Z c N s Z N e � M M Z s c n Z e £ t c Z N | L

s Z e s N c Z e L t � \ n \ � n l G 9 G

q N | � l c t � \ P e � Z c Z e � ¢ s c N | s Z P e Z « N c N s Z Y � £ t c P N � N \ P

\ n l L s N e « N c s t £ s L Z e n l \ N Y Z � s c N | s n t \ G _ L Z c Z e � Y s e � Z c Z

\ t c M N Y n ª Z P £ t c N \ w N c s L � � � \ P n e s N \ | Z t £ 9 J ¨ R � n Z Y P n \ l

s L Z c Z e � Y s e n \ _ N ¢ Y Z � G k N � N \ P \ n l L s 5 � � Z e N c Z l n } Z \

e Z « N c N s Z Y � £ t c P N s N � Z s e 9 N \ P � R N \ P £ t c s L Z | t M ¢ n \ Z P

P N s N G J ° z | t \ e n e s Z \ | � s Z e s t £ s L Z e n � M Z N e � c Z P 5 � � Z e



173

@

4  Z � ¦ q � 4 5 � $ � B 7 ' � B ? o B % M > � ' � t � $ � Q � % ? > , � B B 7 H % > M � > 7 > � % B � ? $ � � � Y Z B " � Q � $ 7 H T 4 5 � B : B � � H � � % Q 7 > Q � $ � � % > � % � B � Q ? H 9 % > � � B � � 2

% > Q ' 7 � � � Q ? H " ? > � > � � 5 � � Q � > Q � ' B % > � 5 � o ? $ H � � % ? > ? o � 5 � � T ¦ t Q � " � o ? $ � 5 � � % H � > B % ? > ' � B B � , � 5 � 7 > % � B � $ � ) / � Q H l ~ B l h T

6 � � ) 6 � � - ¤ ? H 9 % > � � � � b 2

B % M > � ' � � � � � � � � � � � �

¤ ¤ ) a 
 f c / a ) - ) a * 
 c / a ) / ) a e * c / a ) - ) a | | c / a ) ) ) a e - c / a / � c / a / � ) a � | c / a / | c / a ) / 
 ) ` a / c e a f g h j k
l h j m

¦ 6 - a * ) c / a 
 - ) a 
 * c / a f � - a f 
 c / a 
 ) - a � � c / a ` | - a e ` c / a f | c / a ) - - a - - c / a f / c / a ) - � ) | a ` c ) * a 
 g ~ j m
l ~ j ~

< ¤ | a / * c / a * | f a * 
 c / a | 
 ` a 
 e c / a � * 
 a f f c / a � ` 
 a e * c / a e e c / a ` ` ` a e f c / a 
 | c / a ` ` � - / a ` c ) e a * g ~ j m
l ~ j k

0

0.5

1

1.5

5 6 7 8 9 10 11 12 13 20

Night
Day

Kinetic energy (MeV)

C
ou

nt
s/

da
y/

0.
5 

M
eV (a)

Kinetic energy (MeV)

C
ou

nt
s/

da
y/

0.
5 

M
eV (b)

-0.2

-0.1

0

0.1

0.2

5 6 7 8 9 10 11 12 13 20

U q   T - � � � 2 ¦ > � $ M : B " � Q � $ � o ? $ � � : � > � > % M 5 � T  ' ' B % M > � ' B � > �

9 � Q � M $ ? 7 > � B Q ? > � $ % 9 7 � � T 4 5 � � > � ' 9 % > � t � � > � B o $ ? H ) f T / � ?

- / T / � � ¢ T � 9 2 � % £ � $ � > Q � , À ½ Ã Ë º ì È Ç Ä , 9 � � � � � > � 5 � B " � Q � $ � T

4 5 � � � : $ � � � � � B * a - f c / a - | � D � > � B � � � : , � > � � 5 � > % M 5 � $ � � �

� � B * a | * c / a - ` � D � > � B � � � : T

¢ Z s � Z Z \ � Z s e 9 N \ P � � n Z Y P Z P N | L N \ | Z « c t ¢ N ¢ n Y n s � t £

I � G J e n M n Y N c s Z e s P t \ Z P n c Z | s Y � t \ s L Z s L c Z Z N e � M �
M Z s c � « N c N M Z s Z c e l N } Z N | L N \ | Z « c t ¢ N ¢ n Y n s � t £ � � G ¦ t
e � e s Z M N s n | L N e ¢ Z Z \ n P Z \ s n ² Z P R n \ Z n s L Z c e n l \ N Y t c ¢ N | � �
l c t � \ P c Z l n t \ e R s L N s � t � Y P e � l l Z e s s L N s s L Z P n � Z c Z \ | Z e

¢ Z s � Z Z \ � Z s 9 N \ P � Z s � N c Z t s L Z c s L N \ N e s N s n e s n | N Y 5 � | �
s � N s n t \ G � t c s L Z | t M ¢ n \ Z P N \ N Y � e n e R j t t n e o � | � � £ c t M
ª Z c t R � L n Y Z j � � N \ P j f t N c Z m J | G � N \ P m 9 | � � £ c t M
ª Z c t R c Z e « Z | s n } Z Y � G ¦ t s Z s L N s j t t N \ P j f t N c Z e s c t \ l Y �
e s N s n e s n | N Y Y � N \ s n � | t c c Z Y N s Z P µ � k m J | B 9 I · R � L n Y Z j t t N \ P
j � � µ � k m J | 9 u 9 · N \ P j � � N \ P j f t µ � k m J | 9 J u · N c Z
M t P Z c N s Z P Y � N \ s n � | t c c Z Y N s Z P G _ N ¢ Y Z � � l n } Z e s L Z e � e s Z M �
N s n | � \ | Z c s N n \ s n Z e t \ s L Z N e � M M Z s c � « N c N M Z s Z c e G _ L Z

P N � N \ P \ n l L s Z \ Z c l � e « Z | s c N £ t c N Y Y N | | Z « s Z P Z } Z \ s e N c Z
e L t � \ n \ � n l G � G

_ N ¢ Y Z � � � µ N · e L t � e s L Z c Z e � Y s e £ t c j r P Z c n } Z P £ c t M s L Z
W W P N � N \ P \ n l L s c N s Z M Z N e � c Z M Z \ s e R n G Z G R j r k j t t G

_ L Z P N � N \ P \ n l L s 5 N } t c | t \ s Z \ s e � Z c Z s L Z \ Z � s c N | s Z P ¢ �
| L N \ l n \ l } N c n N ¢ Y Z e s t e t t k e r R e f t k e � � � k e r o e y z

A    (%)

A
 (
%

)

e

to
t

tot constrained to zeroA

tot floatingA

68%

95%
99%

Super-K
 result

-50

-40

-30

-20

-10

0

10

20

-10 -5 0 5 10 15 20 25 30 35 40

U q   T f � ! ? % > � " $ ? 9 � 9 % ' % � : Q ? > � ? 7 $ B o ? $ � $ & $ � > � � z T 4 5 �

" ? % > � B % > � % Q � � � � 5 � $ � B 7 ' � B � 5 � > � $ & $ % B � ' ' ? � � � � ? s ? � � � > �

� 5 � > % � % B Q ? > B � $ � % > � � � ? ¨ � $ ? T 4 5 � � % � M ? > � ' 9 � > � % > � % Q � � � B

� 5 � e � b , ? % > � Q ? > � ? 7 $ o ? $ � 5 � 6 7 " � $ � . � 0 1 H � � B 7 $ � H � > � T

N \ P e � � k e r o 4 e y z R � L Z c Z 4 7 9 n u | 8 I n e s L Z c N s n t
t £ s L Z N } Z c N l Z w � | c t e e e Z | s n t \ e N ¢ t } Z B { Z � £ t c q y z

N \ P q r G _ N ¢ Y Z � � � µ ¢ · e L t � e s L Z N e � M M Z s c n Z e t £ e r N \ P
e � � � � n s L s L n e N P P n s n t \ N Y | t \ e s c N n \ s £ c t M s L Z w � c N s Z

M Z N e � c Z M Z \ s e G _ L n e N \ N Y � e n e N Y Y t � Z P £ t c N \ N e � M M Z s c �
n \ s L Z s t s N Y 5 � � t £ � q \ Z � s c n \ t e µ \ t \ � ª Z c t j � � � · R � n s L
s L Z M Z N e � c Z M Z \ s e t £ j r N \ P j � � � L N } n \ l N e s c t \ l N \ s n �
| t c c Z Y N s n t \ G � n l G @ e L t � e s L Z j r } e G j � � � ­ t n \ s « c t ¢ �
N ¢ n Y n s � | t \ s t � c e G � t c | n \ l j � � � k J R N e « c Z P n | s Z P ¢ �
N | s n } Z � t \ Y � M t P Z Y e R � n Z Y P Z P s L Z c Z e � Y s n \ _ N ¢ Y Z � � � µ | · t £
j r k L | J � < 8 | G � µ e s N s | · > S ? �

F S ? z
� µ e � e | · G

_ L Z � � « Z c � ¥ N M n t � N \ P Z µ � ¥ · | t Y Y N ¢ t c N s n t \ M Z N e � c Z P

j � � µ A B · k @ | @ � < � | � � µ e s N s | · > S ? �
F S ? z

� µ e � e | · 7 9 J ; G _ L Z
w � M Z N e � c Z M Z \ s n \ | Y � P Z e N \ Z � s c N Y | � c c Z \ s | t M « t \ Z \ s R
� L n | L c Z P � | Z e s L Z N e � M M Z s c � £ t c s L n e c Z N | s n t \ c Z Y N s n } Z
s t j r 7 9 9 ; G j � � µ A B · M N � ¢ Z | t \ } Z c s Z P s t N \ Z © � n } N Y Z \ s
Z Y Z | s c t \ 5 N } t c N e � M M Z s c � � e n \ l s L Z s t s N Y \ Z � s c n \ t 5 � �
M Z N e � c Z P ¢ � � ¦ ° R � n Z Y P n \ l j r µ A B · µ _ N ¢ Y Z � � � µ P · · G _ L n e

} N Y � Z n e n \ l t t P N l c Z Z M Z \ s � n s L � ¦ ° ± e P n c Z | s M Z N e � c Z �



174

8

4  Z � ¦ q q � ¦ £ � Q � ? o B : B � � H � � % Q 7 > Q � $ � � % > � % � B ? > � � b 2 T

U ? $ " $ � B � > � � � % ? > , 7 > Q � $ � � % > � % � B 5 � D � 9 � � > B : H H � � $ % ¨ � � � > �

$ ? 7 > � � � T

6 : B � � H � � % Q � � � � � � 0 1 � � � �
� ? > M � � � $ H � > � $ M : B Q � ' � � $ % o � / T ` / T 
 / T -

� % 7 $ > � ' � > � $ M : B Q � ' � D � $ % � � % ? > ) T - / T | ) T e

� % $ � Q � % ? > � ' � > � $ M : B Q � ' � D � $ T / T - ) T ` / T f

� % 7 $ > � ' � > � $ M : $ � B ? ' 7 � % ? > D � $ T / T ) / T ) / T f

� % $ � Q � % ? > � ' � > � $ M : $ � B ? ' 7 � % ? > D � $ T / T / / T ) / T /

� % 7 $ > � ' D � $ � � t B 5 % o � D � $ T / T 
 / T e / T |

� % $ � Q � % ? > � ' D � $ � � t B 5 % o � D � $ T / T / ) T ) / T )

� % 7 $ > � ' D � $ � � t $ � B ? ' 7 � % ? > D � $ T / T - / T | / T 


� % $ � Q � % ? > � ' � > M 7 ' � $ $ � Q ? > T D � $ T / T / / T ) / T )

� � 4 � � 	 9 � Q � M $ ? 7 > � / T / / T - / T 


 ¢ 
 �
~

@ � � 	 9 � M � T / T / / T e / T -

�
~

@ � � 	 , > � 7 � $ ? > B 9 � M � T / T ) / T ` ) T -

¦ t � � $ > � ' > � 7 � $ ? > B 9 � M � T / T / / T - / T `

6 � Q $ % � Q � / T 
 / T 
 / T 


4 ? � � ' ) T 
 - T ` - T `

4  Z � ¦ q q q � � � � B 7 $ � H � > � ? o � 5 � � z � > � � $ & $ � B : H H � � $ : o ? $

D � $ % ? 7 B Q ? > B � $ � % > � B T  ' ' � > � ' : B � B � B B 7 H � � > 7 > � % B � ? $ � � � Y Z

B " � Q � $ 7 H T

¤ ? > B � $ � % > � B  B : H H � � $ : � b 2

� 2 > ? � � � % � % ? > � ' Q ? > B � $ � % > � � � � 
 ) ` a / c e a f g h j k
l h j m

� � � 
 � - / a ` c ) e a * g ~ j m
l ~ j k

� B � � � � t � o ? $ Q ? $ $ � ' � � % ? > B 2

9 2 � 0 1 
 � ) � � 2 � z 
 � � $ & $ � z 
 ) - a � c e a - g h j k
l h j m

� $ & $ 
 � - ` a - c ) e a ) g ~ j m
l ~ j k

Q ? $ $ � ' � � % ? > 
 � / T e / -

Q 2 � 0 1 
 � ) � � 2 � z 
 � � $ & $

� $ & $ 
 / � z 
 | a / c ` a * g h j }
l h j ~

� 2 � 0 1 
 � ) � � 2 � z 
 � � $ & $ � z � � � 2 
 
 a f c f a | g ~ j �
l h j �

� $ & $ 
 / � � � $ % D � � o $ ? H 6 . � 0 1

� 0 1 � � � 2 
 f a f b c - a - b g h j }
l h j ~

b � > � 6 < @ � ? � � ' Y Z s 7 t 2

M Z \ s t £ j r R N e e Z Z \ n \ � n l G @ G

� ¦ ° ± e P N � N \ P \ n l L s Z \ Z c l � e « Z | s c N µ � n l G � · L N } Z N Y e t

¢ Z Z \ � e Z P s t « c t P � | Z { � x Z � | Y � e n t \ « Y t s e N \ P Y n M n s e

t \ \ Z � s c n \ t 5 N } t c M n � n \ l « N c N M Z s Z c e G { � x t e | n Y Y N s n t \

M t P Z Y e ¢ Z s � Z Z \ s � t N | s n } Z 5 N } t c e � Z c Z ² s s t s L Z P N s N G

� t c e n M « Y n | n s � R t \ Y � s L Z Z \ Z c l � e « Z | s c N � Z c Z � e Z P n \ s L Z

² s R N \ P s L Z c N P n N Y \ N \ P P n c Z | s n t \ | t e ^ _ n \ £ t c M N s n t \ � N e

t M n s s Z P G _ L n e « c t | Z P � c Z « c Z e Z c } Z e M t e s t £ s L Z N ¢ n Y n s �

s t P n e | c n M n \ N s Z ¢ Z s � Z Z \ t e | n Y Y N s n t \ e t Y � s n t \ e G J M t P Z Y

� N e | t \ e s c � | s Z P £ t c s L Z Z � « Z | s Z P \ � M ¢ Z c t £ | t � \ s e n \

Z N | L Z \ Z c l � ¢ n \ ¢ � | t M ¢ n \ n \ l s L Z \ Z � s c n \ t e « Z | s c � M 7 9 � ; R

s L Z e � c } n } N Y « c t ¢ N ¢ n Y n s � R N \ P s L Z | c t e e e Z | s n t \ e 7 9 @ ; � n s L

� ¦ ° ± e c Z e « t \ e Z £ � \ | s n t \ e 7 I ; G

_ L Z c Z N c Z @ £ c Z Z « N c N M Z s Z c e n \ s L Z ² s i s L Z s t s N Y � q 5 � �

e � R s L Z P n � Z c Z \ | Z � � z ¢ Z s � Z Z \ s L Z e © � N c Z P M N e e Z e t £

s L Z s � t \ Z � s c n \ t M N e e Z n l Z \ e s N s Z e R N \ P s L Z M n � n \ l N \ l Y Z

^ G _ L Z 5 � � t £ L n l L Z c Z \ Z c l � \ Z � s c n \ t e £ c t M s L Z e t Y N c

 ! # c Z N | s n t \ � N e ² � Z P N s G | @ % 9 J � | M F z e F S 7 9 8 ; G W t \ �

s t � c e � Z c Z l Z \ Z c N s Z P n \ � � z N \ P s N \ z ^ £ t c � ° z µ ( | * | · k

8 | u 9 µ G J � · ` B | G G µ G B � · ` G | � 9 µ G G � · R N \ P 9 9 | I @ µ G G | L @ � · G

� n l G 8 µ N · e L t � e N Y Y t � Z P M n � n \ l « N c N M Z s Z c c Z l n t \ e � e �

n \ l t \ Y � � ¦ ° P N s N � n s L \ t N P P n s n t \ N Y Z � « Z c n M Z \ s N Y | t \ �

e s c N n \ s e t c n \ « � s e £ c t M e t Y N c M t P Z Y e G q � n \ | Y � P n \ l 5 � �

n \ £ t c M N s n t \ £ c t M s L Z W Y 7 9 B ; N \ P � N Z � « Z c n M Z \ s e 7 9 u A � J ; R

s L Z P N � N \ P \ n l L s e « Z | s c N £ c t M s L Z � ¥ Z � « Z c n M Z \ s 7 9 J ; R

N Y t \ l � n s L e t Y N c M t P Z Y « c Z P n | s n t \ e £ t c s L Z M t c Z c t ¢ � e s

+ + R + D + N \ P U q Z \ Z � s c n \ t 5 � � Z e 7 9 8 ; R s L Z | t \ s t � c e e L t � \

n \ � n l G 8 µ ¢ · � Z c Z « c t P � | Z P G _ L n e l Y t ¢ N Y N \ N Y � e n e e s c t \ l Y �

£ N } t c e s L Z § N c l Z { n � n \ l J \ l Y Z µ § { J · c Z l n t \ µ e Z Z _ N ¢ Y Z

� � · R N \ P s N \ z ^ } N Y � Z e - 9 G H Z « Z N s n \ l s L Z l Y t ¢ N Y N \ N Y � e n e

� e n \ l s L Z s t s N Y � ¦ ° Z \ Z c l � e « Z | s c � M n \ e s Z N P t £ e Z « N c N s Z

P N � N \ P \ n l L s e « Z | s c N l n } Z e \ Z N c Y � n P Z \ s n | N Y c Z e � Y s e G

� \ e � M M N c � R � ¦ ° L N e M Z N e � c Z P s L Z P N � � \ n l L s N e � M �

M Z s c n Z e t £ s L Z W W R ¦ W R N \ P w � c Z N | s n t \ c N s Z e G � c t M

s L Z e Z c Z e � Y s e s L Z ² c e s P n c Z | s M Z N e � c Z M Z \ s e t £ s L Z P N � �

\ n l L s N e � M M Z s c n Z e n \ s L Z q r 5 � � N \ P s L Z s t s N Y q 5 � �

£ c t M s L Z � � \ L N } Z ¢ Z Z \ P Z P � | Z P G J l Y t ¢ N Y ² s s t � ¦ ° ± e

P N � N \ P \ n l L s Z \ Z c l � e « Z | s c N N \ P P N s N £ c t M t s L Z c e t Y N c

\ Z � s c n \ t Z � « Z c n M Z \ s e e s c t \ l Y � £ N } t c e s L Z § { J e t Y � s n t \

n \ N � � 5 N } t c { � x \ Z � s c n \ t t e | n Y Y N s n t \ N \ N Y � e n e G

_ L n e c Z e Z N c | L � N e e � « « t c s Z P ¢ � i W N \ N P N i ¦ � w H W R � \ �

P � e s c � W N \ N P N R ¦ H W R ¦ t c s L Z c \ ° \ s N c n t � Z c n s N l Z � � \ P

W t c « t c N s n t \ R � \ | t R J w W § R ° \ s N c n t � t � Z c � Z \ Z c N s n t \ /

¨ � i k Z « s G t £ w \ Z c l � / ¨ ¥ i � � J H W G x Z s L N \ � s L Z � ¦ °

s Z | L \ n | N Y e s N � £ t c s L Z n c e s c t \ l | t \ s c n ¢ � s n t \ e G

4  Z � ¦ q ¢ � Z � B � � � " ? % > � B % > � 5 � � 6 2 " ' � > � o ? $ M ' ? 9 � ' � 6 2
� > � ' : B % B 7 B % > M � ' ' B ? ' � $ > � 7 � $ % > ? � � � � T � 4 % B � 5 � 9 � B � � � � Y Z

s 7 t o ? $ � � Q 5 " ? % > � , � > � 5 � B 7 > % � B ? o ) / � Q H l ~ B l h T 6 8 ~ 5 � B

7 > % � B ? o � ¢ ~ T � z % B � 5 � " $ � � % Q � � � � B : H H � � $ : o ? $ � � Q 5 " ? % > � T

9 � M % ? > : ~
; < =

� � ? o � 4 � z � b 2 6 8 ~ � � > ~ ? Q T ' T � b 2

� �  
 | T / � | - 
 T � e e T ` 
 a / A ) / l k / T f ` B
� @ 2 e | T | � | - ` T * 
 
 T * ) a f A ) / l � / T 
 
 * * T 


D ) E G T 9 T  5 H � � Á º Ç Ì I , � 5 : B T 9 � D T � � � � T � - / / - 2 , 6 < @ < ¤

� 9 � , B 7 9 H % � � � � o ? $ " 7 9 ' % Q � � % ? > T

D - E G T 9 T  5 H � � Á º Ç Ì I , � 5 : B T 9 � D T � � � � T L M , / | ) f / ) � - / / ) 2 T

D f E 6 T � T � % � 5 � : � D � > �  T O T 6 H % $ > ? D , % > � ÿ ä þ Ç Ñ Ñ ½ Ï Á Ó Á á ì
º Â ½ À » Ñ ½ À ¹ Ñ º Â » Ü Ë Ä Ñ ½ ¾ Ñ Ç À È ½ À Ý Ç Â º ½ ¾ Ì Á Ý Ë Ä Ñ ½ ¾ Ñ É Ý Â » ¾ Á Á È ì

½ À Ã Ñ » Å º Ë Á þ » Â ½ » À È ù » Â Í Ñ Ë » Ü , � � % � � � 9 : @ T U � Q � ' � $ � > �

! T 4 $ � > 4 5 � > 5 ¢ � > � ) * � e 2 , D ? ' T ¦ � % � % ? > B U $ ? > � % P� $ � B ,   % o �

B 7 $ � O D � � � � , ) * � e , " T f f 
 T

D ` E  T ! T Z � ' � ¨ � > � ! T 2 � > � B � $ , � 5 : B T 9 � D T � R M , f f e ` � ) * � � 2 T

D 
 E � T ¤ T   ? > ¨ � ' � ¨ �   � $ Q % � , ¤ T � � T> � �   � $ � : � > �  T O T

6 H % $ > ? D , � 5 : B T 9 � D T � V R , ) ) f / / ` � - / / ) 2 T

D e E  > ? > � ¨ � $ ? D � ' 7 � o ? $ � � � H % M 5 � 9 � � D % � � > Q � o ? $ B � � $ % ' �

> � 7 � $ % > ? B T

D | E 4 5 � 6 < @ ¤ ? ' ' � 9 ? $ � � % ? > , < 7 Q ' T q > B � $ T � > � � � � 5 T Y Z Z \ ,

) | - � - / / / 2 T

D � E � � � � % ' B ? o 6 < @ $ � B " ? > B � o 7 > Q � % ? > B � $ � � D � % ' � 9 ' � o $ ? H � 5 �



175

B

log(tan θ)

lo
g(
∆

m
  /

eV
  )

2

2 
   

   
2

90% CL

95% CL

99% CL

99.73% CL

LMA

LOW

VAC

SMA

(a)

-12

-11

-10

-9

-8

-7

-6

-5

-4

-3

-4 -3 -2 -1 0 1
log(tan θ)

lo
g(
∆

m
  /

eV
  )

2

2 
   

   
2

90% CL

95% CL

99% CL

99.73% CL

LMA

LOW

(b)

-12

-11

-10

-9

-8

-7

-6

-5

-4

-4 -3 -2 -1 0 1

U q   T ` �  ' ' ? � � � $ � M % ? > B ? o � 5 � � 6 2 " ' � > � � � � � $ H % > � � 9 : � : ~ � � � ? � � 2 6 < @ � � : � > � > % M 5 � � > � $ M : B " � Q � $ � � > � � 9 2 � % � 5
� � � % � % ? > � ' � t " � $ % H � > � � ' � > � B ? ' � $ H ? � � ' � � � � T 4 5 � B � � $ % > � % Q � � � B � 5 � 9 � B � � � T 6 � � � � t � o ? $ � � � � % ' B T

6 < @ � � 9 B % � � � 5 � � " � � � B > ? T " 5 : T � 7 � � > B 7 T Q �

D * E � T � $ � M ? � B � : Á º Ç Ì I , < 7 Q ' T q > B � $ T � > � � � � 5 T Y Z L � , - � `

� - / / - 2 T

D ) / E 6 T U 7 � 7 � � Á º Ç Ì I , � 5 : B T 9 � D T � � � � T L V , 
 e 
 ) � - / / ) 2 T

D ) ) E ! T < T Z � 5 Q � ' ' , � T ¤ T   ? > ¨ � ' � ¨ �   � $ Q % � , � > � ¤ T � � T> � �

  � $ � : � - / / - 2 , 5 � " � " 5 � / ) ) ) ) 
 / D - T

D ) - E ¤ T ¦ T @ $ � % ¨ Á º Ç Ì I , � 5 : B T 9 � D T � � � � T L � , - * / * � - / / / 2 T

D ) f E 6 T < � � � H 7 $ � Á º Ç Ì I � - / / - 2 , > 7 Q ' � � 5 � / - / ) / e - T

D ) ` E ! T < T Z � 5 Q � ' ' , � T � T � % > B ? > > � � 7 ' � � > � 6 T Z � B 7 ,  B � $ ? �

" 5 : B T ! � � � , * * / � - / / ) 2 T

D ) 
 E Z T 4 T ¤ ' � D � ' � > � Á º Ç Ì I ,  B � $ ? " 5 : B T ! Z \ V , 
 / 
 � ) * * � 2 T

D ) e E ! T < T  9 � 7 $ � B 5 % � ? D Á º Ç Ì I , � 5 : B T 9 � D T ¤ V � , / 
 
 � / )

� ) * * * 2 T

D ) | E ! T < T  9 � 7 $ � B 5 % � ? D Á º Ç Ì I � - / / - 2 , � B � $ ? � " 5 � / - / ` - ` 


D ) � E � T  ' � H � > > Á º Ç Ì I , � 5 : B T � � � � T Z Z \ � , ) e � - / / / 2 T

D ) * E 2 T � � H " � ' Á º Ç Ì I , � 5 : B T � � � � T Z Z Z M , ) - | � ) * * * 2 T

D - / E ¤ T � T ¤ � � � � � ? $ % Á º Ç Ì I , % > Ý Â » ¾ Á Á È ½ À Ã Ñ » Å º Ë Á å ¹ Þ Ý ñ Ö Ö Ø

ù » Â Í Ñ Ë » Ü , � 6 � " � � H 9 � $ - / / ) 2 ,  B B � $ M % , q � � ' : T



176

VITA

Miles Smith was born in Melbourne, Australia. In 1992, attending Monash Uni-

versity, he completed a Bachelor of Science Degree with Honors in Physics. Upon

graduation he was awarded the Laby Medal by the Australian Institute of Physics,

recognizing the top undergraduate physics student. In 1994, at Cambridge University

as a Trinity Scholar, he completed the Certificate of Advanced Study in Mathemat-

ics, focusing on Quantum Field Theory and General Relativity. After spending the

following year as the Broad Scholar at Rice University, he began at the University

of Washington. In 1996 he completed his Master of Science and went on to join the

Center for Experimental Nuclear Physics and Astrophysics. During his early years in

Washington, he was awarded the University’s Karrer Prize for a student who shows

promise of a productive career in physics (1996) and a National Interest Waiver from

the United States Government for a person of exceptional ability (1999). For his Ph.

D. research he joined an international collaboration of scientists working on the Sud-

bury Neutrino Observatory (SNO), located 6800 ft underground in Sudbury, Ontario.

In 2002 he was awarded a Doctor of Philosophy in Physics from the University of

Washington. He is currently spending a year from November 2002 - November 2003

at the South Pole, working for the University of Chicago.


